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Abstract

We study integer sequences using methods from the theory of continued fractions, or-
thogonal polynomials and most importantly from the Riordan groups of matrices, the
ordinary Riordan group and the exponential Riordan group. Firstly, we will intro-
duce the Riordan group and their links through orthogonal polynomials to the Stieltjes
matrix. Through the context of Riordan arrays we study the classical orthogonal
polynomials, the Chebyshev polynomials. We use Riordan arrays to calculate determi-
nants of Hankel and Toeplitz-plus-Hankel matrices, extending known results relating
to the Chebyshev polynomials of the third kind to the other members of the family of
Chebyshev polynomials. We then define the form of the Stieltjes matrices of important
subgroups of the Riordan group. In the following few chapters, we develop the well es-
tablished links between orthogonal polynomials, continued fractions and Motzkin paths
through the medium of the Riordan group. Inspired by these links, we extend results
to the Lukasiewicz paths, and establish relationships between Motzkin, Schroder and
certain Lukasiewicz paths. We concern ourselves with the Binomial transform of inte-
ger sequences that arise from the study of Lukasiewicz and Motzkin paths and we also
study the effects of this transform on lattice paths. In the latter chapters, we apply
the Riordan array concept to the study of sequences related to MIMO communica-
tions through integer arrays relating to the Narayana numbers. In the final chapter,
we use the exponential Riordan group to study the historical Euler-Seidel matrix. We
calculate the Hankel transform of many families of sequences encountered throughout.
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Notation

R The set of real numbers.

7 The set of integers.

72 The integer lattice.

Q The set of rational numbers.

C The set of complex numbers.

o.g.f. Ordinary generating function.

e.g.f. Exponential generating function.

c(x) The generating function of the sequence of Catalan numbers.
¢, The n'* Catalan number.

[x"|f(x) The coefficient of the 2" term of the power series f(x).
0™ The sequence 1,0,0,0, ..., with o.g.f. 1.

f(x) or Rev(f(x)) The series reversion of the series f(z), where f(0) = 0.
L A Riordan array.

L The matrix with fn,k = Lpt1 k.

(g,f) An ordinary Riordan array.

(g, f] An exponential Riordan array.

S The Stieltjes matrix.

H; The Hankel matrix of the coefficients of the power series f(x) where the (4, j)™*

element of the power series a;y; = [z"]f(z).
L = LS The Stieltjes equation.
B(n) The Sequence of Bell numbers.

S(n, k) The Stirling numbers of the second kind.



e N,.(n, k) The m' Narayana triangle, m = 0, 1, 2.

o (Axxxxxx)) A-number. The On-line Encyclopedia of Integer Sequences (OEIS [124])
reference for an integer sequence.

1, ifi=j

e ) The Kronecker delta, 9, ; = { 0, if i+


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=Axxxxxx
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Chapter 1

Introduction

This thesis is concerned with the connection between Riordan arrays, continued Frac-
tions, orthogonal Polynomials and lattice paths. From the outset, the original ques-
tions proposed related to aspects of the algebraic structure of Hankel, Toeplitz and
Toeplitz-plus-Hankel matrices which are associated with random matrices, and how
such algebraic structure could be exploited to provide a more comprehensive analy-
sis of their behaviour? Matrices which could be associated with certain families of
orthogonal polynomials were of particular interest. We were concerned with how the
presence of algebraic structure was reflected in the properties of these polynomials.
The algebraic structure of interest was that of the Riordan group, named after the
combinatorialist John Riordan. Riordan was an American mathematician who worked
at Bell Labs for most of his working life. He had a strong influence on the develop-
ment of combinatorics. In 1989, The Riordan group, named in his honour, was first
introduced by Shapiro, Getu, Woan and Woodson in a seminal paper [119].
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The Riordan group (exponential Riordan group) is a set of infinite lower
triangular matrices, where each matrix is defined by a pair of generating
functions
5 T x?
g(x) =go + g1z + g2+ ... (g(x) :904-91?4—9254'---),90 # 0
2
9 x x
f(x) = fiz + for+... (f(2) :fli+f2§+---)

The associated matrix is the matrix whose k" column is generated by

g(z)f(2)* (g(z), f(]f!)k). The matrix corresponding to the pair g, f is de-

noted (g, f)([g, f]) and is called a (exponential) Riordan array.

Shapiro and colleagues Paul Peart and Wen-Jin Woan at Howard University Washing-
ton, continue to carry out research into Riordan arrays and their applications. Riordan
arrays are also an active area of research in the Universita di Firenze in Italy, where
Renzo Sprugnoli maintains a bibliography [117] of Riordan arrays research. We will
introduce relevant results relating to the Riordan group in Chapter 2. In Chapter 3 we
classify important subgroups of the Riordan group using the production matrices of the
Riordan arrays. This preliminary classification of subgroups aids work in subsequent
chapters of this thesis.

As previously stated, original questions proposed related to aspects of the algebraic
structure of Hankel, Toeplitz and Toeplitz-plus-Hankel matrices which are associated
with random matrices. This led us to study the work of Estelle Basor and Thorsten
Ehrhardt [I8]. Basor and Ehrhardt proved combinatorial identities relating to cer-
tain Hankel and associated Toeplitz-plus-Hankel matrices with a view to studying the
asymptotics of those matrices. Through the algebraic structure of Riordan arrays we
found a novel approach to developing these combinatorial identities. Using Riordan
arrays we extended similar results to the family of Chebyshev polynomials. Part of this
chapter has been submitted for publication [I7]. A basis for this study is the Riordan
matrix representation of Chebyshev polynomials. We note that Chebyshev polynomi-
als recur in later chapters of this work, where again their links to Riordan arrays allow
us to find new results. Further research on Riordan arrays and orthogonal polynomi-
als resulted in the classification of Riordan arrays that determine classical orthogonal
polynomials [14].

Further to this, another question originally proposed involved investigating aspects
of random matrices with applications to the theory of communications. This was
with a view to classifying systems that exhibit special algebraic structures and the
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investigation of combinatorial aspects related to these algebraic structures. This work
is detailed in Chapter 8 and published in [13].

In the 1950’s Eugene P. Wigner (1902 - 1995), a Hungarian born physicist who received
the Nobel prize for physics in 1963, detailed the properties of an important set of
random matrices. Wigner used random matrices in an attempt to model the energy
levels of nuclear reactions in quantum physics. It was through the work of Wigner that
combinatorial identities in random matrices first emerged. Wigner’s work gave us one
of the most important results in the field of random matrices, the Wigner semi-circle
law:

Wigner’s semi-circle law states that for an ensemble of N x N real symmetric
matrices with entries chosen from a fixed probability density with mean 0
and variance 1, and finite higher moments. As N — oo, for all A(in the
ensemble), pa n(x), the eigenvalue probability distribution, converges to the

semi-circle density
2
—V1—2a2

™

We note that the density function /1 — 22 is the weight function of the Chebyshev
polynomials of the second kind. We will see through the medium of Riordan arrays
how these Chebyshev polynomials relate to the Catalan numbers.
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The Catalan numbers is the sequence of numbers with first few elements

1,1,2,5,14 ..., where the n'* element, c, of the sequence is defined as
1 2n)!
Cp = 2n = i n > 0.
n+1\n (n+1)n!

which satisfy the recurrence formula

n

Cp+1 = g CiCn—;

i=1
The generating function for the Catalan numbers, C'(x) is defined by

1—+1—4x

Clz) = 2x

A summary of the properties of the Catalan numbers can be found
at http://www-math.mit.edu/ rstan/ec/catadd.pdf, “The Catalan adden-
dum”, which is maintained by Richard Stanley [136].

Although Wigner does not explicitly name the Catalan numbers in his related pa-
per [I59], the Catalan numbers appear implicitly through his method of calculating
the moments by the trace formula

e — %E[tr(A’“)].

In studying the trace of the matrix, Wigner eliminates non-relevant terms in the trace
and concentrates on the relevant sequences, which he calls type sequences. It is through

the type sequence that we see the appearance of the Catalan numbers. Wigner denotes
the type sequence, t,. He finds that

te= ) tiitot
k=1

which is the recursive relationship for the Catalan numbers which we see written today

as
n
Cn+1 = E CiCp—i-
i=1


http://www-math.mit.edu/~rstan/ec/catadd.pdf
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Figure 1.1: A Dyck path

In 1999, Emre Telatar [143], a researcher at Bell Labs, used the distribution associ-
ated to a particular random matrix family to calculate the capacity of multi-antenna
channels. In [13] we calculate the channel capacity of a MIMO channel using Narayana
polynomials which are formed from the Narayana triangle. Calculations in [13] draw
on classical results from random matrix theory, in particular from the work of Vladimir
Marchenko and Leonid Pastur [83].

The (n, k)™ Narayana number, N, is defined as

1 n n—1
vz (1) (")

n
E Nn,k = Cn+1
k=0

where ¢, is the (n + 1)" Catalan number.

Further to this, loana Dimitriu [47] continued researching Wiger’s eigenvalue distribu-
tion and used this to establish combinatorial links to random matrix theory. Dimitriu
showed that the asymptotically relevant terms in the trace corresponded to Dyck paths.
Inspired by these links we extended our research to lattice paths.

This work on lattice paths was influenced by the far-reaching research carried out
by Xavier Viennot and Phillipe Flajolet. Both Viennot and Flajolet explored links
between orthogonal polynomials, continued fractions and various combinatorial inter-
pretations including lattice paths and integer partitions. Inspired by some of the work
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Figure 1.2: A Lukasiewicz path

carried out by Viennot [151] and Flajolet [56, 55] and through the medium of Riordan
arrays we established links between orthogonal polynomials, continued fractions and
certain lattice paths. Chapter 5 examines these links between Riordan arrays, their
production matrices and associated lattice paths. A significant new result concerns
Lukasiewicz paths and Riordan arrays possessing non-tridiagonal Stieltjes matrices.
This allowed us to extend to general Riordan arrays results normally studied in the
context of Riordan arrays with tridiagonal Stieltjes matrices. Riordan arrays having
tridiagonal Stieltjes matrices correspond to Motzkin and Dyck paths. We generalized
this fact to non-tridiagonal Stieltjes matrices in order to study the form of Lukasiewicz
paths and to classify those paths that relate to general Riordan arrays. In studying
paths relating to both tridiagonal and non-tridiagonal Stieltjes matrices we established
relationships between various Motzkin and Lukasiewicz paths which resulted in the
following bijections:

e The (2,2)-Lukasiewicz path and the Schroder paths.

e The (1,1)-Motzkin paths of length n and the (1,0)-Lukasiewicz paths of length
n+ 2.

e The Motzkin paths of length n with no level step on the x axis and the Lukasiewicz
paths with no level steps.

Extending on the research presented in Chapter 5, in Chapter 6 we studied a decom-
position of Hankel matrices, using Riordan arrays which related to Lukasiewicz paths.
Inspired by work carried out by Paul Peart and Wen-Jin Woan [103] we decomposed
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Hankel matrices in terms of Riordan arrays relating to Lukasiewicz paths. Peart and
Woan decomposed Hankel matrices into Riordan arrays with tridiagonal Stieltjes matri-
ces. To begin, we related the Hankel decompositions from Peart and Woan to continued
fraction expansions, orthogonal polynomials and Motzkin paths. We then studied the
decomposition of Hankel matrices into Riordan arrays which related to non-tridiagonal
Stieltjes matrices and consequently to Lukasiewicz paths. From this we established a
Riordan array decomposition relating Lukasiewicz to Motkzin paths. Due to the in-
variance of the Hankel transform under the binomial transform, we studied the form
of certain continued fraction expansions of generating functions arising after applying
the binomial transform. We also explored the use of differential equations to study
Lukasiewicz paths.

To conclude, and once again inspired by our interest in Hankel matrices, the final area
of research is that of the classical Euler matrices. We detailed the link between these
classical matrices and the Hankel matrices generated from the integer sequences that
form the Euler-Seidel matrix. Chapter 9 is based on a published paper [I5], and extends
on these results.



Chapter 2

Preliminaries

In this chapter we review mainly known results related to integer sequences and Ri-
ordan arrays that will be referred to in the rest of the work. In the final section, we
explore links between Motzkin and Lukasiewicz paths, Riordan arrays and orthogonal
polynomials.

2.1 Integer sequences and generating functions

Formal power series [55] extend algebraic operations on polynomials to infinite series
of the form

g=gx)= Z anx".
n=0

Let K(Z,Q,R,C) be a ring of coefficients. The ring of formal power series over K
is denoted by K[[z]] and is the set KN of infinite sequences of elements of K, with
operations

f: a,x" + i by = i(an + b,)x",
n=0 n=0 n=0

Z apx" Z by = Z Z(akbn_k)x".
n=0 n=0 n k=0

15
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Definition 2.1.1. The ordinary generating function (o.g.f.) of a sequence a, is the

formal power series
o0
= E anx”
n=0

Example. The o.g.f. c(z) = > 7, Cpa™ of the Catalan numbers C, = %H(Q") is

given by
1—-+v1—-4x
clr) = ———
2x
Definition 2.1.2. The exponential generating function (e.g.f.) of a sequence a,, is the

formal power series
n

o0

s

v) =D oy
n=0

Example. The e.g.f. of the quadruple factorial numbers % s given by

1
V1I—dz
Definition 2.1.3. The bivariate generating functions (b.g.f.’s), either ordinary or ex-

ponential of an array a, are the formal power series in two variables defined by

a(r.y) = > ana™y® (0.9.f.), (2.1)
n,k
= Zan,k%yk (e.g.f.). (2.2)
n,k )

The Laplace transform allows us to relate an e.g.f. ¢ of a sequence to the corresponding
o.gf g(x). If we consider an e.gf. ¢(p) = > 2, aly * then the Laplace transform of
¢(p) allows us to find the o.g.f.:

em

F(@) = g3 gyﬂ-— Zﬁ]" = [ ot i

or
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The coefficient of x™ is denoted by [2"]g(x), and from the definition of the e.g.f., we

have n![z"]g(z) = [%]g(x). For example [z"]—-— = (*"), the n'* central binomial co-

Vi-dz

efficient. Here, we use the operator [z"] to extract the n'* coefficient of the power series
g(x) [88]. We adopt the notation 0" = [z"]1 for the sequence 1,0,0,0,... (A000007).
The compositional inverse of a power series g = Y _, a,2" with a; # 0 is a series
f=>,_1bnx™ with by # 0 such that fog(z) = f(g(x)) = D> _,5 bulg(x))” = 2x. We
refer to the inverse of f as the series reversion f. We note that in some texts the series
reversion is referred to by the notation f<~'>. Lagrange inversion [55] provides a simple

method to calculate the coefficients of the series reversion.

n!

Theorem 2.1.1. Lagrange Inversion Theorem [55, Theorem A.2]

Let ¢p(u) = Y oo druf be a power series of Cllu]] with ¢o # 0. Then, the equation
y = 2¢(y) admits a unique solution in Clu]] whose coefficients are given by

y() =3 m g = o)

n
The Lagrange Inversion Theorem may be written as
6 ) = L1615 )
The simplest case is that of G(z) = x, in which we get
o)) = 1o ()

Example. We have zc(x) = z(1 — x) and so we have

aJocts) = 1) (s ) = 2 (1)

o) = 2o (1= )

n 1—=x

Thus,

Changing n — 1 to n gives us



http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000007
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We thus have

) = e (1)
B A
N nilg<njj>xj
- n—lm(i?)

We now look at [z"]c(z)*. For this, we use G(x) = 2* with G'(z) = k2*~! and apply
the Lagrange Inversion Theorem to

Thus we have

Changing n — k to n gives us

[z"])c(x)* = —[xn+k—1]kxk_1< 1 )n+k

1—=x

nk—l

_ k Z[xj]xk—l[xn+k—1—j] 1 e
n+k 4 1—ux

L e 1 n+k
_ k[x +k—1—(k 1)]< )

11—z




CHAPTER 2. PRELIMINARIES 19

Thus

o) = o a7] (12 )

T ntk 1l—x
We can simplify this using the Binomial Theorem. We get

[2"]c(z)f = k ) ( 1 )n+k

n+k 1—2z

Thus we get

[2"]e(x)* = n_’ik[x"] (1 i $)n+k - n-]T-k; (% +nk : 1)'

Again, using Lagrange inversion, we have

o)) = Lt (122

n 11—z



CHAPTER 2. PRELIMINARIES 20

Thus

Adjusting this term for the case of n =0, k = 0, we get [70]

[2"](zc(x))* = ko - (2:__:) ko <2n N k)

2n — k + 02n—k 2n — k + 02n—k n

By changing = to 2 in the above, we can easily arrive at expressions for [z"]c(x?)*
(this will give us the aerated versions of the sequences above). We prefer to use the
Lagrange Inversion Theorem again.

Our starting point is the observation that

Thus we we have
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Thus we have (changing n — k to n)

k
2)k _ n—_'_k[l,n—i-k—l]xk—l(l_l_lQ)n—i—k
L n+k—1

= o D W (L ay

[2"e(x

=0

k
— — [l’n](1+l’2)n+k

Thus we have

n ok ko, otk Kk (nAE\1+(=1)"
o)t = el ey = (M)

2

If the product of two power series f and ¢ is 1 then f and g are termed reciprocal
sequences and satisfy the following. For o.g.f.’s we have [161]

Definition 2.1.4. A reciprocal series g(x) = > _,a,x" with ag = 1, of a series
flx) = >, _obua™ with by = 1, is a power series where g(x)f(x) = 1, which can be

calculated as follows

i apx’" = — f: z": bit,_;x", ap=1 (2.3)
n=0 n=0 i=1

and for e.g.f.’s we have

Definition 2.1.5. A reciprocal series g(x) = Y., _o an’; with ag = 1, of a power series
f(@) =3, _obalr with by = 1, is a series where g(x)f(x) = 1, and can be calculated

as follows

Zoani—y; = — ZZ (Z) bian_ii—T, ag = 1. (24)

n=0 i=1
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2.2 The Riordan group

Riordan arrays give us an intuitive method of solving combinatorial problems, helping
to build an understanding of many number patterns. They provide an effective method
of proving combinatorial identities and solving numerical puzzles as in [86] rather than
using computer based approaches [87, [141]. Riordan arrays, named after the combina-
torist, John Riordan, [!| were first used in the 1990’s by Shapiro et al [I19] as a method
of exploring combinatorial patterns in numbers of Pascal’s triangle. Shapiro saw the
natural extension of Pascal’s triangle due to its shape, to a lower triangular matrix,
making use of matrix representation of transformations on sequences, then using this
to explore patterns in the numbers of Pascal’s triangle. This has become a classical
example of a Riordan array. It was while exploring these extensions of Pascal’s tri-
angle that it was realized that Riordan arrays have a group structure. Along with
using Riordan arrays as a method of proving combinatorial identities [I34] they have
also been used in performing combinatorial sum inversions [I33] [8§]. In the past few
years the idea of extending combinatorial theory to matrices as in Riordan arrays has
been extended to represent succession rules and the ECO method [135] which have
been translated into the notion of Production matrices [36]. Articles such as [37] have
investigated the relationship between production matrices and Riordan arrays. Links
between generating trees and Riordan matrices have also been explored [85].

The Riordan group [118, 1311, 115 134, [121) [35] is a set of infinite lower-triangular
integer matrices, where each matrix is defined by a pair of generating functions g(z) =
Yoo gn™ with go = 1 and f(z) = > 7| foa™ with f; # 0 [I31]. The associated ma-
trix is the matrix whose i-th column is generated by g(z)f(z)* (the first column being
indexed by 0). This modifies to g(x)@ when we are concerned with exponential gen-
erating functions, leading to the exponential Riordan group. The matrix corresponding
to the pair g, f is denoted by (g, f)(or [g, f] in the exponential case). The group law is

then given by
(9,f) - (h, 1) = (g(ho f),lof).

The identity for this law is I = (1, z) and the inverse of (g, f) is (g, f)~" = (1/(go f), f)
where f is the compositional inverse of f(f(x)) = f(f(z)).

If M is the matrix (g, f), and a = (ag, ay,...)" is an integer sequence with o.g.f. A

1John Riordan spent much of his life working at Bell Laboratories(Bell Labs). His published
work includes “An Introduction to Combinatorics” published in 1978 and Combinatorial Identities,

published in 1968.
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(x), then the sequence Ma has o.g.f. g(x)A(f(x)). The (infinite) matrix (g, f) can
thus be considered to act on the ring of integer sequences ZY by multiplication, where
a sequence is regarded as a (infinite) column vector. We can extend this action to the
ring of power series Z[[x]] by

(9, f) - Alz) = (g, f) - Alz) = g(z) A(f ().
This result is called the fundamental theorem of Riordan arrays(FTRA).

Example. For ordinary generating functions, the so-called binomial matriz B is the

1 T

element (=, =

) of the Riordan group. It has general element (Z), and hence as an

array coincides with Pascal’s triangle. More generally, B™ is the element (ﬁ, )

n

k)m"_k. It is easy to show that the inverse

of the Riordan group, with general term (

B~™ of B™ is given by (

1 T
1+ma’ 1+mx)'
Example. For exponential generating functions, the binomial matrix B is the element
le*, x| of the Riordan group which as above, coincides with Pascal’s triangle. More

generally, B™ is the element [e™*, x| of the Riordan group. It is easy to show that the

inverse B~ of B™ is given by [e”™", x].

Multiplication of a matrix in the Riordan group by the binomial matrix (inverse Bi-
nomial matrix) is what we will refer to as the Binomial transform (inverse Binomial
tranform). In other words, BA will be called the binomial transform of A.

Example. If a, has g.f. g(z), then the g.f. of the sequence

18 equal to

1@2 - (1 —1x2x) 9().

The row sums of the matrix (g, f) have g.f.

[ 1C)
l—z 1—f(x)

(9, f)-
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1 1
1 1 11
1 2 1 1 2 1
1 3 3 1 — 1 3 3 1
1 4 6 4 1 14 6 4 1
1 ) 10 10 5 1 1 5 10 10 5 1
1 6 15 20 15 6 1 1 6 15 20 15 6 1

Figure 2.1: Pascal’s triangle as a element of the Riordan group

while the diagonal sums of (g, f) (sums of left-to-right diagonals in the north east direc-
tion) have g.f. g(z)/(1—xf(x)). These coincide with the row sums of the “generalized”
Riordan array (g, zf). Thus the Fibonacci numbers F, ,; are the diagonal sums of the

binomial matrix B given by (ﬁ, ﬁ) :
10 0 0 0O
110 0 0O
12 1 0 00
13 3 1 00
14 6 4 10
1 5 10 10 5 1

while they are the row sums of the “generalized” or “stretched” (using the nomenclature
2

of [32] ) Riordan array <L L ) :

l—z’ 1—x

T e T e T o S SRS
R NN RO O
W= OO OO
- O OO OO oo
OO OO OO
OO OO OO
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We often work with “generalized” Riordan arrays, where we relax some of the con-
ditions above. Thus for instance [32] discusses the notion of the “stretched” Riordan
array. In this note, we shall encounter “vertically stretched” arrays of the form (g, h)
where now hg = hy = 0 with hy # 0. Such arrays are not invertible, but we may ex-
plore their left inversion. In this context, standard Riordan arrays as described above
are called “proper” Riordan arrays. We note for instance that for any proper Riordan
array (g, f), its diagonal sums are just the row sums of the vertically stretched array

(g9, xf) and hence have g.f. g/(1 —xf).

Each Riordan array (g(z), f(x)) has bivariate g.f. given by

g9()
1—yf(z)

For instance, the binomial matrix B has g.f.
1
- 1

T—y  1—a(l+y)

Similarly, exponential Riordan arrays [g(z), f(z)] have bivariate e.g.f. given by g(z)e¥/(®.

For a sequence ag,aq,as,... with g.f. g(z), the “aeration” of the sequence is the
sequence ag, 0, a1, 0, ay, ... with interpolated zeros. Its g.f. is g(2?). The sequence
ag, ag, a1, a1, dg, - . . is called the “doubled” sequence. It has g.f. (1 + x)g(x?). The
aeration of a matrix M with general term m;; is the matrix whose general term is
given by o
14 (=1)—J

B I —
27 2 2 ’

T
7

m

where mj ; is the i, j-th element of the reversal of M:

T

mm- = mm'_j .

In the case of a Riordan array, the row sums of the aeration are equal to the diagonal

sums of the reversal of the original matrix.

Example. The Riordan array (c(z?), zc(x?)) is the aeration of (c(x),zc(x)). Here

1—+v1—-4x

(z) = 2z
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is the g.f. of the Catalan numbers. The reversal of (¢(x),xc(x)) is the matriz with

general element

Y

n+k\n—k+1
k< 1 _
[ _n+]( k ) n+1

which begins

g Gy
O ot N O O
o o o O

o O o O

o O o O O

14 28 42 42

This is the Catalan triangle, A009766. Then (c(x?), zc(x?)) has general element

CH%)k+1u+04w*

n=k Jp4+1 2

)
2

and begins

[l Ve =
o O N OO = O
o w o = o O
= O = O O O
o = O O O o
_ o O O O O

This is the “aerated” Catalan triangle, A053121. Note that

(c(xz),xc(xz)):( L @ )_1.

1+ 22" 1+ 22


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A009766
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A053121
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We note that the diagonal sums of the reverse of (c(z),zc(x)) coincide with the row

sums of (c(x?), xc(x?)), and are equal to the central binomial coefficients (LZJ) A001405.
n)) L2UVI409

2.3 Orthogonal polynomials

Orthogonal polynomials [27, [51), 63, 142, [144] [106] permeate many areas of mathematics
which include algebra, combinatorics, numerical analysis, operator theory and random
matrices. The study of classic orthogonal polynomials dates back to the 18 century.
By an orthogonal polynomial sequence (pn(x))n>o we shall understand an infinite se-
quence of polynomials p,(z) where n > 0, with real coefficients (often integer coeffi-
cients) that are mutually orthogonal on an interval [z¢, z;] (where zy = —o0 is allowed,
as well as x; = 00), with respect to a weight function w : [xg,z1] = R :

/1‘1 () pm()w(x) dx = S/ B P,

zo

where

| s o=,

zo

We assume that w is strictly positive on the interval (xg,z;). Referring to Favard’s
theorem [27], every such sequence obeys a so-called “three-term recurrence” :

Prt1() = (an® + bp)pn(®) — crpp(z)
for coefficients a,,, b, and ¢, that depend on n but not . We note that if

pi(x) = k! + Ko/ 4. j=0,1,...

Enta , 1 k, kn—1hn
n — s bn = Un el s n — Unp .
¢ kn ¢ ( kn—l—l kn ¢ ¢ kn hn—l

Since the degree of p,(x) is n, the coefficient array of the polynomials is a lower tri-
angular (infinite) matrix. In the case of monic orthogonal polynomials the diagonal
elements of this array will all be 1. In this case, we can write the three-term recurrence
as

then

pn-l—l(x) = (I - 6n)pn(x) - O‘npn—l(x)> po(l') =1, pl(z) =1z — .


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001405
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The moments associated to the orthogonal polynomial sequence are the numbers

,un:/ x"w(z) dz.

Theorem 2.3.1. [27, Theorem 3.1] A necessary and sufficient condition for the exis-

tence of an orthogonal polynomial sequence is

Ho M1 ... Hn
n R N e
Ap = det(pivs)ijso = | . ) | #0,n>0.
Mn  Hpt1 --.  Hop

The matrix of moments above is a Hankel matrix, a matrix where the entry p,; =
tnak- We will refer to the Hankel transform of a matrix which is the integer sequence
generated by the successive Hankel determinants of a Hankel matrix. We can find
pn(x), o, and B, from a knowledge of these moments. To do this, let A, , be the same

determinant as above, but with the last row replaced by 1,z, 22, ... thus
fo Hi oo fn
An,m: ,ujl Iu.z 'U’”.'i'l .
1 =z ... x"
Then
(a) = 0o
n(T) = )
P An—l
More generally, we let H ( Zl Zk ) be the determinant of Hankel type with
1 ... k

1, 7)-th term fi,, ... That is
T Vg

Hug+or Hugve - Hug+og

H U1 ... Ug o Hug+vi Hugtve -+ -+ Hugtuy
v ... Vg . : :

Hug+vr Hugtva - Haugtoy

_ 01 ... n ;. 01 ... n—1 n
A"_H<01 n)’ A_H(Ol cooon—1 n+1)'
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Then we have
o A_;L _ A;L—l An—ZAn

ﬁn An An—l ’ = A?’L—l
and the coefficient of 2"t in p,(x) is —(By + B1 + B2 + -+ + Bn).

Consider the three-term recurrence equation associated to the family of orthogonal
polynomials {p,(x)},>o:

Prti(x) = (2 = Bn)pa(z) — anpp(2).
Rearranging, this gives us
2P () = anPn-1(2) + Bnpn () + pota (2),
expanding for the first few n we have
zpo(r) = aop-1(z) + Bopo(x) + p1(w),

zpi(z) = aapo(z) + Bipr(z) + p2()
zpa(z) = capi(z) + Bapa(z) + pa(x),

Y

where p_;(z) = 0. Hence we get the following matrix equation

Po Bo 1 Po
y4! _ a; B 1 y41
o | — ay Py 1 D2
Thus the matrix
Bo 1
(@31 51 1
J = (%) ﬁ2 1

represents multiplication by z on the space of polynomials, when we use the family
{pn(x>}n20 as a basis.

We have
60 — X 1
(03] 51 — X 1

pu(z) = a  fp—z 1

(679 ﬁn_x
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that is, p,(z) is the characteristic polynomial of the n-th principal minor of J.

sin(n+1)0
sin 6

Example. The Chebyshev polynomials of the second kind, p,(x) = ., x =

cos @, are orthogonal polynomials with respect to the weight /1 — 22 on the interval
(-1,1). They obey the three term recurrence

Prs1(z) = 20pp(2) — proi(x)

and the associated monic polynomials have the associated infinite tridiagonal matriz

01 00O0O
101000
01 0100
J=1001010
000101
000O0T1O0

2.4 Continued fractions and the Stieltjes matrix

Two types of continued fraction which can be used to define formal power series are the
Jacobi (J-fraction) continued fraction and the Stieltjes (S-fraction) continued fraction.
The J-fraction expansion for a power series f(x) =Y - a,z™ has the form

(2.5)

1—5037— 3
1—ﬁ133‘— 5
Q3T

1—521’—
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and S-fraction expansion has the form

> 1
Z a,r" = 5 (2.6)
-0 a1
n 1 _ 5
Qo
1= 2
a3
1—

At this point we note an important result due to Heilermann [76] which relates con-
tinued fractions, as defined above, and orthogonal polynomials which we introduced in

section [2.3]

Theorem 2.4.1. [76, Theorem 11] Let (a,)n>0 be a sequence of numbers with g.f.

> g anx™ written in the form of

Qo

(o]
g anpx’ =
n=0 Oéll’2

1—501’—

OKQSL’2

1—511’—

Then the Hankel determinant h,, of order n of the sequence (a,)n>0 is given by

n
_ n.n—1_n-2 2 _n n—k
hy, =agal a5 Lo _ja, = q Hak

where the sequences {auy, }n>1 and {Bn}n>0 are the coefficients in the recurrence relation
P.(x) = (x — Bp)Pr1(x) — anPuo(z), n=1,2,34,...
of the family of orthogonal polynomials P, for which a, forms the moment sequence.

The Hankel determinant [76] in the theorem above is a determinant of a matrix which
has constant entries along antidiagonals. We previously encountered this matrix form
in section 2.3] as the matrix of moments of orthogonal polynomials. The determinant
has the form

detosij<n(ait;).
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The sequence of these determinants is known as the Hankel transform of a,, and these
determinants have been well studied due to the connection to both continued fractions
and orthogonal polynomials [12| [33] (78, [109], both links arising from the above theorem.

Now, we introduce another theorem giving a matrix expansion relating to the coeffi-

cients of the J-fraction [156].

Theorem 2.4.2. Stieltjes expansion theorem [156, Theorem 53.1]

The coefficients in the J-fraction

aq

and its power series erpansion

are connected by the relations
Cprg = Kophog + a1kipkiq + a1a2kaphag + . ..

where

k‘()70:1, k‘r,S:O Zf r>s
and where the k, s for s > r are given recurrently by the matriz equation

koo 0 0 0 ... B 1 0 0 ... kop kii O
]{3071 ]{3171 0 0 ... aq 52 1 0 ... ]{70,2 ]{71,2 ]{72,2
]{5072 ]{5172 ]{5272 0 ... 0 (0] Bg 1 ... ]{70,3 ]{71,3 ]{72,3

k3,3
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Relating this back to theorem [2.4.1] the link between continued fractions and orthog-
onal polynomials can be seen once again, as we see the appearance of the tridiagonal
matrix relating to orthogonal polynomials, which we introduced in section 2.3l Note
in the theorem above, we obtain the form of the J-fraction in Theorem (2.4.1]) if we
replace the variable x by % and divide by .

In the context of Riordan arrays, we see the Stieltjes Expansion Theorem in [103],
defined as follows

Definition 2.4.1. Let L = (l,x)n k>0 be a lower triangular matriz with l;; = 1 for all
i > 0. The Stieltjes matriz Sy, associated with L is given by Sy, = L™'L where L is
obtained from L by deleting the first row of L, that is, the element in the n'™ row and

k™ column of L is given by Ly = lny1x

Using the definition of the Stieltjes matrix above [103] leads to the following theorem
relating the Riordan matrix to a Hankel matrix with a particular decomposition

Theorem 2.4.3. [103, Theorem 1] Let H = (hyi)n x>0 be the Hankel matriz generated

by the sequence 1,ay,as,as,... Assume that H=LDU where

1 0 0 0
l170 l170 0 0
l270 l271 1 0
L= (lnk>n,k20 = 5
l3o l3n l32 1

lao lag lao lags

d 0 0 0
0 d 0 0
D=|0 0 d, 0 ...|, d#0, U=L"T

0 0 0 ds
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Then the Stieltjes matriz Sy, is tridiagonal, with the form

Bo 1 0 0 O
a; B 1 0
0 ay B2 1
0 0 a3z fs ’
0 0 0 a4
where
Bo=ar, oar=di, Br=1lkt1k— lkrt1, Q1 = le, k = 0.

Now, we state two other relevant results from this paper, relating to generating func-
tions which satisfy particular Stieltjes matrices. The first result relates to o.g.f.’s.

Theorem 2.4.4. [103, Theorem 2] Let H be the Hankel matriz generating by the
sequence 1, a1, as, ... and let H= LDLT. Then Sy, has the form

apa 1 0 O
ap B 1 0
0 a g 1
0 0 a g ’
0 0 0 «

if and only if the o.g.f. g(x) of the sequence 1,a4,as, ... is given by
1

N 1-&1(17-0&15(7f

g()

where

f=a(1+Bf+af?).
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Peart and Woan [103] offer a proof of this in terms of the n'* row of the Riordan
matrix. However the result can be deduced if we refer back to Theorem [76] relating
to J - fractions. Referring to Theorem [76] the Stieltjes matrix above has the related
J-fraction

1
9(x) = 2
1T
1l—ajx— 5
ox
1—pfr——
Now letting
T
flz) = SR
ox
1—px— 5
ox
1—pr— —
we have 1
g9(z)

T —ayr —axf(z)

Solving both equations above give us the required result. Similarly for e.g.f.’s we have
the following result

Theorem 2.4.5. [103, Theorem 3] Let H be the Hankel matriz generated by the se-
quence 1,aq,as, ... and let H=LDLT. Then Sy, has the form

Bo 1 0 O

ap B 10

0 ay B2 1

0 0 as Bs ’
0 0 0 oy

if and only if the e.g.f. g(x) of the sequence 1,ay,as, ... is given by

g(z) = / (a1 — anf)dr, g(0) =1
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where

af 9 B
=1+ 8f+af’ f(0)=0.

The proof again in [103] involves looking at the form of the n'® column of the Riordan
array. However, intuitively this result can be seen from looking at the form of the
matrix equation L = LS. In the case that L = [g(x), f(z)] is an exponential Riordan
array, we have the following

Proposition 2.4.6. L = £ (L).

Proof.

d ad " s xn—l 0 "
dx <; g”(x)ﬁ) - Zgn(x) (n—1)! - ;gnﬂ(@m

n=1

Equating the first columns of matrices L and LS we have

z%@u»:%mw+mﬂ@ﬂ@

and second columns equate to

which gives us the required result. O

The Stieltjes matrix as we have seen above is a tridiagonal infinite matrix which is
associated with orthogonal polynomials. However in the context of the Riordan group,
we are concerned with general polynomials, and therefore have a generalization of the
Stieltjes matrix to the Riordan group. Referred to as a production matriz [36], B7], it
is defined in the following terms.

Let P be an infinite matrix (most often it will have integer entries). Letting ry be the
row vector

ro = (1,0,0,0,...),

we define r; = r;_1 P where ¢ > 1. Stacking these rows leads to another infinite matrix
which we denote by Ap. Then P is said to be the production matriz for Ap.
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If we let
u’ =(1,0,0,0,...,0,...)

then we have

ul
u'P
AP = UTP2
and
DAp = ApP

where D = (6; j41):j>0- In [103] [II5] P is called the Stieltjes matrix associated to Ap.
The sequence formed by the row sums of Ap often has combinatorial significance and
is called the sequence associated to P. Its general term a, is given by a, = u’P"e
where

In the context of ordinary Riordan arrays, the production matrix associated to a proper
Riordan array takes on a special form:

Proposition 2.4.7. [37] Let P be an infinite production matriz and let Ap be the
matrixz induced by P. Then Ap is an (ordinary) Riordan matriz if and only if P is of

the form
50 (%)) 0 0 0

& ar ag 0 0

& a a; o 0

o o o O

P = § a3 ay o1 Qo
54 Qg Q3 Qg Q1 O

& a5 o4 a3 g o

Moreover, columns 0 and 1 of the matrix P are the Z- and A-sequences, respectively,

of the Riordan array Ap.



CHAPTER 2. PRELIMINARIES 38

We now introduce two results [30, 37, B5] concerning matrices that are production
matrices for ordinary and exponential Riordan arrays which help us to recapture a
knowledge of the Riordan array from the Stieltjes (production) matrices.

Proposition 2.4.8. Let P be a Riordan production matriz and let Z(x) and A(zx) be
the generating functions of its first two columns, respectively. Then the bivariate g.f.

G(t,x) of the matriz Ap induced by P and the g.f. fp(x) of the sequence induced by P

are given by

Grito) = 20— fola) = 2 27)
where h(x) is determined from the equation
f(z) = Alz f(x)) (2.8)
and g(x) is given by 1
9(x) (2.9)

As a consequence

and

70 = 7150~ 7ey)

Proposition 2.4.9. [37, Proposition 4.1] [35] Let L = (ly1),, 150 = [9(2), f(2)] be an

exponential Riordan array and let
c(y) =co+cay+cy*+..., r(y) = 1o +riy + ey’ 4 ... (2.10)
be two formal power series that that

r(f(x)) = fl(z) (2.11)
(fz) = 2 (2.12)
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Then
(Z) ln+1’0 = Zzlczln,z (213)

g 1 .
(74) lnsig = rolng—1+ i Zz!(ci_k + kri—ge1)ln (2.14)
T >k
or, assuming ¢y = 0 for k <0 and ry, =0 for k <0,
1 .
bk = 7 > ilciok + kricgt)ng. (2.15)

Ti>k—1

Conversely, starting from the sequences defined by (2.10), the infinite array (), 1o
defined by (213) is an exponential Riordan array.

A consequence of this proposition is that the production matrix P = (pi,j)ij>o for an
exponential Riordan array obtained as in the proposition satisfies [37,135]

7! ,
pij = F(Cz‘—j +jricj+1)  (c-1=0).

Furthermore, the bivariate e.g.f.
_ Z kT
op(t,x) = - Dkt ]

of the matrix P is given by

where we have B
r(z) = f'(f(z)), (2.16)
and

c(r) = g’(f(:c)) (2.17)
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2.5 Lattice paths

A lattice path [79] is a sequence of points in the integer lattice Z2. A pair of consecutive
points is called a step of the path. A valuation is an integer function on the set of
possible steps of Z2 x Z2. A valuation of a path is the product of the valuations of its
steps. We concern ourselves with two types of paths, Motzkin paths and Lukasiewicz
paths [I51], which are defined as follows:

Definition 2.5.1. A Motzkin path [7§] = = (7(0),7(1),...,m(n)), of length n, is a
lattice path starting at (0,0) and ending at (n,0) that satisfies the following conditions

1. The elementary steps can be north-east(N-E), east(E) and south-east(S-E).
2. Steps never go below the © axis.

Example. The four Motzkin paths for n =3 are

Motzkin paths are counted by the Motzkin numbers, which have the g.f.

1—2—+v1—2x—322

212

Dyck paths are Motzkin paths without the possibility of an Fast step.

Definition 2.5.2. A Lukasiewicz path [78] m = (7 (0),7(1),...,m(n)), of length n, is a
lattice path starting at (0,0) and ending at (n,0) that satisfies the following conditions
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1. The elementary steps can be north-east(N-E) and east(E) as those in Motzkin
paths.

2. South-east(S-E) steps from level k can fall to any level above or on the x axis,
and are denoted as o, , where n is the length of the south-east step and k is the

level where the step ends.

3. Steps never go below the x axis.

Example. The five Lukasiewicz paths for n = 3 are

Theorem 2.5.1. [79, Theorem 2.3] Let

Hn = Z ()

TeM

where the sum is over the set of Motzkin paths 7 = (w(0)....m(n)) of length n. Here
7(j) is the level after the j* step, and the valuation of a path is the product of the
valuations of its steps v(w) = [[;_, v; where
1 if the it step rises
v =v(m(i —1),7(i)) = Bro1y if the i step is horizontal

Qri1y  if the i™ step falls
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level ¢ Br(i-1)

Then the g.f. of the sequence i, is given by
M(z) = Z JU
n=0

A continued fraction expansion of the g.f. is then

Example. A counting of a Motzkin path

v(1) = Bifacinas

42
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Similarly for Dyck paths we have

Theorem 2.5.2. Let

Hn = Z ()

meD

where the sum is over the set of Dyck paths m = (7(0)....m(n)) of length n. Here w(j) is
the level after the j™ step, and the valuation of a path is the product of the valuations
of its steps v(mw) = [[1_, v; where

» , 1 if the it step rises
v, = (i — 1), 7(0)) = e
Qr(i—1) if the i step falls

level ¢

Qr(j—1)

Then the g.f. of the sequence i, is given by
D(z) = Z JUI
n=0

A continued fraction expansion of the g.f. is then

Example. A counting of a Dyck path
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1
e I | Y U | e |

v(m) = ajadas
M (zx) corresponds to the J-fraction and D(x) corresponds to the S-fraction as in eq.
(2.5) and eq. (2.6) respectively.
Let

Hn ke = Z U(W)

7T€Mn’k

where M,, ; is the set of Motzkin paths of length n from level 0 to level k, and v(7) is
the valuation of the path as in Theorem 2511 Now, [56] defines vertical polynomials
Vin(z) by

n
=0
so we now introduce the following theorem:

Theorem 2.5.3. [151, Chapter 3, Proposition 7] Let { P,(x)}n>0 be a set of polyno-

mials satisfying the three term recurrence
P.(x) = (x — Bp)Pu1(x) —anPro(z) n=1,23,4,...

The wvertical polynomials {V,(x)},>0 are the inverse of the orthogonal polynomials

{Pa(z) Fnzo0-

This means that the matrix P = (p,, i )o<k<n is the inverse of the matrix V = (1,1 )o<k<n-
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Example.
1
C(z) =
22
1—z—
72
1—2z—
72
1—-2r— —
The first few rows of P are
1 0 0 0
-1 1 0 0
1 =3 1 0
-1 6 -5 1

which is the Riordan array

<1ix’ (141:)2)’

000
1 00
310 ...},
9 5 1

with inverse matric (fin k)o<k<n

ot N = =

which is the Riordan array

(c(x), c(z) — 1) .

To verify that pus1 =9, we sum the weights of the following paths

45
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Thus we have 31 =1+4+2+1+1=09.

We return to a theorem introduced previously [103], in which the Riordan array

1 0 0 0 O
lip 1 0 0 0
log lox 1 0 0
L = (lnk)n k=0 lso Ilsh 132 1 0
lag lig lao lig 1

was shown to satisfy the equations

lno = Boln—1,0 + a1lpn_1,,
and
Ing = ln—1p—1 + Brlpn—1k + arln—1 g1 (2.18)

We now understand this equation in terms of Motzkin paths.

1. lp—1 k-1 — lnx requires an added north-east(N-E) step at the end of each path
with the path value unchanged as the N-E step is 1.

2. lp—1k41 — Loy requires an added south-east(S-E) step at the end of each path,
changing the path value by «y, the value defined in Theorem 2511 for each S-E
step.
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3. lp—1x — Lok requires an added east(E) step at the end of each path, changing
the path value by S, the value defined in Theorem 2.5.1] for each E step.

Example. Here we use the Riordan array, (C(x—g)c_l,xc(:c) — 1) to illustrate.
1 0 0 00
2 1 0 00
5 4 1 00
L=
14 14 6 1 1
42 48 27 8 1

We calculate 1y using eq. (2I8) above, thus
lyg =130+ 231 + l39.

We note that the level steps have weight two which can be seen from the continued

fraction expansion of the g.f. of the Catalan numbers which has the form

c(r) -1 1
r 2
1—2x—

1—2x—

113'2

1—22 — —

We now count each of the Motzkin paths ls o, 131,132, and adjust each path according to

the steps laid out above. Each adjustment to the lattice path is highlighted in red.

Firstly, the paths below are those of length three and final level zero, I3, and an added

N-E step of weight one.
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We now look at the paths of length three and final level one l3;, and an added E step
of weight two.

Finally, the paths below are those of length three and final level two, l3 2, and an added
S-E step of weight one.

Summing over all paths above gives

lyg =130+ 2131 + l30 =14+ 2(14) + 6 = 48.
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Chebyshev Polynomials

In this chapter we introduce the Chebyshev polynomials named after the 19" century
Russian mathematician Pafnuty Chebyshev, which have been studied in detail because
of their relevance in many fields of mathematics. One use of Chebyshev polynomials
is in the field of wireless communication where Chebyshev filters are based on the
Chebyshev polynomials. We note that Chebyshev polynomials have also been used in
the calculation of MIMO systems [71]. MIMO systems are of interest to us in Chapter
Bl This chapter is broken down into two sections. In the first section we introduce the
Chebyshev polynomials and the properties of interest to us and show the formation of
the related Riordan arrays through their matrices of coefficients. We summarize these
results in the table in Fig. Bl Inspired by Estelle Basor and Torsten Ehrhardt [I§]
we extend results relating determinants of Hankel plus Toeplitz matrices and Hankel
matrices relating to the Chebyshev polynomials of the third kind, to the Chebyshev
polynomials of the first and second kind using properties of the polynomials we have
drawn to the readers attention in the first section. Note that we look at the polynomials
in reverse order as the polynomials of the third kind are those from [I§], so are a natural
starting point for our study.

49
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3.1 Introduction to Chebyshev polynomials

We begin this section by recalling some facts about the Chebyshev polynomials of the
first, second and third kind [I12].

The Chebyshev polynomials of the second kind, U, (x), can be defined by
15]

n—k .
Un(z) = ( i )(—1)k(2x) 2k (3.1)
k=0
or alternatively as
n/ntk nowl 4 (=1)"F
v =% (7 )eo= T e (32)
k=0
The g.f. is given by
= 1
Uy (o)t = ———.
; O = e

The Chebyshev polynomials of the second kind, U, (x), which begin
1,2z, 42% — 1,82 — 4z, 162" — 122% + 1,322° — 3223 + 6, . ...

have coefficient array

1 0 0 0 0 0
0 2 0 0 0 0
-1 0 4 0 0 O
o -4 0 8 0 0 (A053117)
1 0 —-12 0 16 0
0 6 0 =32 0 32

This is the (generalized) Riordan array

1 2x
14+22"1+4+22)

We note that the coefficient array of the modified Chebyshev polynomials U, (z/2)
which begin
Lz, 2> — 1,25 —2z,2" =322 +1,...,


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A053117
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is given by
1 0 0 0 00
0O 1 0 0 00O
-1 0 1 0 00
0 -2 0 1 00 (A049310)
1 0 -3 0 10
0o 3 0 —4 01
This is the Riordan array
1 T
<1+9:2’ 1+x2) ’
with inverse
100 00O
01 0000
101000
020100
203010 ; (A053121)
050401
509 050

which is the Riordan array <c(m2), xc(m2)>.

1—+v1—4x
c(x):T

is the g.f. of the Catalan numbers C,, = 7#1(2:) The Chebyshev polynomials of the

second kind satisfy the recurrence relation,
Un(x) = 22U, —1(x) — Up—a(x)
and by the change of variable from x to z/2 we have

Un(2/2) = 2Un-1(2/2) — Un—2(2/2),


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A049310
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A053121
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for the modified polynomials, with corresponding Stieltjes matrix

0000

(>l eNell o)
OO OO o O
N eelell =l
OO = O = O
O RO = OO
RO = O OO

The Chebyshev polynomials of the third kind can be defined as

125+]

Vi) = 3 (-1t (” - ’“) (212 (<)t 1)

k=0

with g.f.

it 1—¢
S V= L
— 1—2xt+t

They relate to the Chebyshev polynomials of the second kind by the equation
Volz) = Up(x) — Uy—1 ().
The Chebyshev polynomials of the third kind, V;,(z) which begin
1,20 —1,42% — 20— 1,82% —4a® — 4 +1...

have coefficient array

10 0 0 0 0
-1 2 0 0 0 O
-1 -2 4 0 0 O

1 -4 -4 8 0 0

1 -4 -4 -8 16 0

This is the (generalized) Riordan array

1l—=x 2
1+22" 1422/

02
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23

We note that the coefficient array of the modified Chebyshev polynomials V,,(z/2)

which begin

Le—1l,2°—xz—1,2°—2>—2x0+1...

is given by
1 0 0 0 00
-1 1 0 0 00
-1 -1 1 0 00
1 -2 -1 1 00
1 2 -3 -1 10
This is the Riordan array
1—2z x
<1+x2’1+x2) ’
with inverse,
1 0 0000
1 1 0000
2 1 1000
33 1100 ’
6 4 4110
10 10 5 5 1 1
which is the Riordan array ,
(M)xc(ﬁ))_
V1 — 422

The Chebyshev polynomials of the third kind V,, satisfy the recurrence relation,

(A061554)

Vogi(z) = 22V, (x) — V1 (2),

with corresponding Stieltjes matrix for V,,(z/2), given by

OO OO OO+

OO OO = O

- OO O = OO

- OO = O = OO

0

O =R O OO

RO RO O OO

0

SO = OO OO



http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A061554
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Again we note that the Chebyshev polynomials of the fourth kind, W,,(x) are simply the
third polynomials with a change of sign. Related Riordan arrays for these polynomials
can be seen in the table below.

The Chebyshev polynomials of the first kind, 7},(x), are defined by

5]
. n n—k (_1)k n—2k
rw =5 (") e (53)

NIE]

for n > 0, and Ty(z) = 1. The first few Chebyshev polynomials of the first kind are
12,20 —1,42% — 32 ..

and have g.f.

- 1—at
T.(o)th = ———,
; O = e
They satisfy the recurrence relation
Toi1(x) = 22T, (x) — Th—1(z).

The situation with the Chebyshev polynomials of the first kind differs slightly, since
while the coefficient array of the polynomials 27, (x) — 0", which begins

1 0 0 0 0 0
0 2 0 0 0 0
2 0 4 0 0 0
0 6 0 & 0 0 7
2 0 -16 0 16 0
0 10 0 —40 0 32

is a (generalized) Riordan array, namely

1—22 2z
1+22" 1422/’
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that of T,,(x), which begins

1 0 0 0 0 0
0 1 0 0 00
-1 0 2 0 00
0O =3 0 4 00 (A053120)
1 0 -8 0 8 0
0 5 0 =20 0 16

is not a generalized Riordan array. However the Riordan array

1—22 x
1+ 22" 1+ 22

which begins

1 0 0 0 00
0O 1 0 0 00
-2 0 1 0 00
0O =3 0 1 00 (A108045)
2 0 -4 0 10
0 5 0 —-501

is the coefficient array for the orthogonal polynomials given by (2 — 0")7,,(x/2).

We see from the table in Fig. B.1] that the inverse of the matrix of coefficients of the
Chebyshev polynomials has Riordan array of the form (g(a:), :):c(x2)>, with k" column

generated by g(z)(xc(2?))*. For this reason we introduce and prove the next identity
before continuing to the next section.

Proposition 3.1.1.

(we(z®)™ = e(2?) (—1)* (m _lf - 1)x2k‘m+2 - L:fJ(l)k (m _: - 2) 2kt
B (3.4)


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A053120
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A108045
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o6

Chebyshev polynomial Stieltjes matrix Coefficient Inverse coefficient
array array
020
1 01
_ 2 3 1—22 2

Th(x) =1,2,22* — 1,42° — 3x,... 010 <1+i2,1+"§2>
010
2 01

(2—-0)T,(z/2) =1,2,22 — 223 ... 01 o <i—ﬁ§’ #) <\/1_1W,$C(x2)>
010
1 01 .

Un(z) = 1,22,42% — 1,823 — 4z . .. T2 T2 (c(xz),xc(xz))
010
1 10
1 01

Vi(z) = 1,20 — 1,422 — 22— 1... 010 <11J:I"”2,1f$2> <1\J/r%?,mc(m2)>
-1 1 0

W, —1.9 1422 £ 97 — 1 1 01 1+ x V1-4z2-1 2

n(l’) - x + ) €x + x 0 1 0 (1+:B2’ 1+I2) W—Zx—l’xc(x )

Figure 3.1: Chebyshev polynomials and related Riordan arrays
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Proof. Firstly, it is clear that the identity holds true for m = 1. We now assume true
for m, and endeavor to prove by induction that

(e = o) S (") - 3y (k)

k=0

Expanding (zc(z?))(zc(x?))™ we have

(ze(a?))? L:223(1)J<—1>k (m e 1)x2k_m+2 s LMETSJ(—D'“ (m e 2) p2homt

which expands further as

o ("L e (7))

k=0

- (—1)F (m _lf - 1)$2k_m+1.

Now, to sum over possible values of z, we change the summation of

to become

|

3

-1

- k: - 1 m - m - 1 m
(_1)(k—1) <m k - 1 )ka—m—l—l - (_1>L?J (m mL 2 1 )x2L7J—m+l'
k=1 3] -

Now with the above changed summation (zc(x?))™ becomes
1211

(_1)k<mk_ k 1_ 1) g2k—mtl
1

[™54)

(—1)t2! (m L_%LJ%— 1‘ 1)I2L’;J—m+1) > (_1)'f(m _: - 1) L2h—mA1

k=
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Next, we will simplify further investigating separately the terms for m even and odd.

For m odd, (zc(x?))™"! becomes

L’;J—l(_l)k (m _ k) et (o) (m - (LL’EJJ) - 1)x2<LmTlJ>—m+1

(—1)* (m _]f - 1)x2k—m+1

c(z?) <x_m+1+

k=1

which simplifies to

o By () () )

thus

This gives eq. (3.4). Similarly, for m even, we have (zc(z?))™™! as

)1 e

c(zz)( 2 (—1)’f(mk_ k);p?’f—m+1+(_1)L?JI2L’SJ—M+1)_ 3 (_1)k<m —: - 1)x2k—m+l

k=0
thus

1% |25 ]

(ze(z)™ = c(a?) > (~1)F (mk_ k) g N (1) (m _: B 1) 2kt

k=0 k=0

which also gives eq. (B.4]), and completes the induction. O
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Corollary 3.1.2. For m even

EOO ! m—k—1\(2r+m—2k
—1) 2r
- 2(2r—1+m—2k:)< k )( 2r+m—2k )z (3.6)

2

> 1 m—k—1\/2r+m-+1—2k
—1)* 2r+1 .
2 2 (1) 2(=2k + m + 2r) ( k ) < 2rtm 12k )5’3 (3.7)

1752)

ety S (M e S (R e

k=0 k=0
<1 /o) g2 ez m—k—1 2 m—k—1
- _ i -1 k - 2k—m - -1 k - 2k—m
;1—2n<n)2 k:0< )< K )x *3 ;( ) I

RIS (1! m—k =1\ (20 +2 =2k 5.4
2am 1+2n—2k\  k n+1—k
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Z Z m—k‘—l 2n—|—2—2k5 3:2”_’_2
1—|—2n—2k5 k n+1—k

L77L+1J k=0

3

1™52)

_ (_1)k (m —]f - 2) L2k

0

¥ ‘

B
Il

Form > 1

J R 1 <m—k—1><2n+2—2k) _—
L Z - x
zm L £ 1—|—2n—2k: k n+1—k

1™52) I
_ (_l)k (m _k - 2) p2k—m+2
k=0

Now for m > 1, we have

s Lm 1J
_1 m—k—1\(2n+2-=2k\ 5, .o
(e =3 > D (= 1+2n—2k< k )<n+1—k)x
_LmHJ k=0
(3.8)
Extracting odd and even terms gives the required result.

3.2 Toeplitz-plus-Hankel matrices and the family of

Chebyshev polynomials

We extend results from [18], relating determinants of Hankel matrices to determinants
of Toeplitz-plus-Hankel matrices, to the family of Chebyshev polynomials using Rior-
dan arrays. Firstly, we take this opportunity to present the relevant result from [18].
We observe the relationship between the Toeplitz-plus-Hankel matrices, Hankel matri-
ces and the matrix of the inverse of the coefficients of the Chebyshev polynomials of
the third kind. We provide an alternative proof of this result through the medium of
Riordan arrays. We then extend these results to Toeplitz-plus-Hankel matrices relating
to the first and second Chebyshev polynomials.
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3.2.1 Chebyshev polynomials of the third kind

Theorem 3.2.1. [18, Proposition 2.1] Let {a,};>_ . be a sequence of complex numbers

—0o0

such that a,, = a_, and let {b,}°°, be a sequence defined by

n—1
-1
b, = Z (n I )(a1—n+2k + Ag—nyok)- (3.9)

k=0

Define the one-sided infinite matrices
A= (ajx+ aj+k+1)§,0k:o B= (bj+k+l);'>,olc:0

and the upper triangular one-sided infinite matrix

where £(n, k) = (LéJ)‘ Then B = DTAD.

We note that D? = L is the Riordan array

L (%,xc(ﬁ))

and
1+ ze(x?) o\ 7! l—-x
<7,xc(a¢ )) = <7, 7>
V1 —4z2? 14221+ 22
Referring back to the table in Fig. (B we see that the Riordan array above is the

Riordan array of the inverse of the coefficients of the Chebyshev polynomials of the
third kind.

This result is the preliminary result in [I8] showing the relationship between certain
symmetric Toeplitz-plus-Hankel matrices and Hankel matrices. This preliminary result
leads to the following result connecting determinants of these matrices.
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Theorem 3.2.2. [I8, Theorem 2.2] Let {a,}°%

oo and {b, }22, fulfill the assumptions
of the previous proposition. For N > 1 define the matrices

Ay = (aj—k + aj-i-k-i-l);'\,fk_:lO’ By = (bj+k+1);',vk_:10

Then det Ay = det By .

With the aid of Riordan arrays, we define a transformation B. We then show that this
transformation is equivalent to the transformation b, = >, _, (Z) (An—2k| + Ajn—2k+1])-

The g.f. of the central binomial coefficients (LZ J) is given by
2

1+ (ze(2?))*  V1—4a?+22 -1
1 —azc(2?)  2z(1 —22)

We can show that the coefficient array of the orthogonal polynomials with weight
is the matrix

1—=z T

1+a2" 1+2%2)

1 — zc(2?)
with general term

Va—z2

2—x

We have

Then the LDU decomposition of the Hankel matrix H = H(LnJ) for (LZJ) is given by
5 2
H=L-I-L'=LL',

where the diagonal matrix is the identity since the Hankel transform of (Lz J) is all 1’s.
2
Now we have the following identity of Riordan arrays

1 1—22 =z 1—z x
|| —,— —y T | -
142’ 14227 1+ 22 142271+ 22
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Thus
L _ 1—x’ T -t
14+22" 14+ 22
B 1 — 2?2 T -1 1 -1
o\ 14227 1+ 22 1+a’
1—22 =z -1
B <1—|—x2’1+x2) (I+a3),
where

is the matrix with general term

Thus we have

t
1—22 =z ! ' 1—22 =z !
H=(—— - (1 (1 S
(1+x2’1+x2) (1+z2)-1+22) <<1+x2’1+x2) ’
where
(1+z2) (14z,2)

is the matrix

1100 00

1 21000

012100

001210

000121

0 00O01 2

We now form the matrix

B=L- (1+z2) = -2 @ \7 (1+z,2) (1+z,2)
- 9 - 1"—3}'2’1—'—3}'2 9 9 .
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This matrix begins

1 1 0 0 00
1 2 1 0 00
2 3 2 1 00
B = 3 6 4 2 10
6 10 8 5 21
10 20 15 10 6 2

We note that the matrix B is the matrix formed from expanding eq. (3.9]), that is

b 1 1.0 0 00 "
b 1 2 1 000 o
b 2 3 2 1 00 o
o l=] 3 6 4 210 o
b 6 10 8 5 21 o
_ 10 20 15 10 6 2

We can regard this as the Riordan array

( 11—z x )_1 ((1 + 2x)c(2?) ( 2)>
, = | —————=, xc(x”) |,
(14+2)(1+22)" 14 22 V1 — 422
with a column with elements (Lz J) prepended. Alternatively, we can regard it as a
2
“beheaded” version of the Riordan array

l—2z = ! 1+ 2z 9
— = | ——, zc(z?) |,
14+2" 14 a2 V1 — 42

where the first column terms are divided by 2.

By definition, we have

1—a? € Y 2 2\\¢
Higy =8 <<mm) ) =B - {e(z’), ze(@))"
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We can derive an expression for the general term of B in the following manner. De-
compose (1 +z,z) - (1 + z,z)" as the sum of two matrices:

100000 010000
110000 . 01 1000
01100 0. 001100
001100 . +( 000110 7
000110 . 000O0T11
000O0T1T1. 000O0O01

which is (1 + z,z) and a shifted version of (1 + x,z). To obtain B we multiply by

};—;i, 15z ). This gives us
1 0 0000 01 0 00O
1 1 0000 01 1 00 0
2 1 1000 0 2 1 100
B=| 3 3 1100 +10 3 3 110 7
6 4 41 10 0 6 4 4 1 1
10 10 5 5 1 1 0 10 10 5 5 1

where the first member of the sum is the Riordan array

_ 22 -1 2 -1
1—=z T (1+ ) 1—=z x
_ . Tr.xr) = .
T+22" 1+ a? ’ (1+z)(1+22)" 14 a?

This matrix has general term (Lﬁ J), and hence B has general term
2

() # (i) -0 ()

Thus the B transform of a,, is given by

Z((LiJ) ’ (LLJ) -0 (LHJ)) "

which can also be written as

Z ((L%J)(l 0+ (LLJ)) &
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n

since 0F - (LQJ
2

) =0F. (LéJ)' We can also write this as

If we now extend a, to negative n by a_, = a,, we see that this last expression is

equivalent to

i (Z) (An—2k + an_2r11)-

k=0

We now extend the results above to the first and second Chebyshev polynomials. We
note that as seen in the table in Fig. (8.1 the third and fourth polynomials differ only
in signs and as the relating Toeplitz-plus-Hankel and Hankel matrices also only differ
in signs we will not extend results relating to the fourth Chebyshev polynomials.

3.2.2 Chebyshev polynomials of the second kind

Proposition 3.2.3. Let {a,}32 __ be a sequence of complex numbers such that a, =

n=—oo

a_p, and let {b,}>2 | be a sequence defined by

n—1
n—1
b, = Z ( I )(al—n+2k — (3-nt2k)- (3.10)

k=0

Define the one-sided infinite matrices

A = (aj-r — ajipr2)jh=0 B = (bjrrt1)jr=o
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and the Riordan matriz

= (c(xz), xc(:cz)).

[ el Ve N R
S o O N o = O
o O w o = o o
S = O = O O o
a O = O o o o
o =R O O O o o
- o O O O O O

Then B = LAL”.

Proof. We have

(o 1) = (ela?)aela®) =T,

and we note from the table in Fig. ([B.I]) that L is the inverse of the matrix of coefficients
of the Chebyshev polynomials of the second kind and has general term

k+1 (n + 1) (14 (=1)"F)

n—k

c(z?) is the generating function of the sequence of aerated Catalan numbers
1,0,1,0,2,0,5,0,14, ...

which can by represented by

2 2T

—_ n 2
CREN I L/
-2

The LDU decomposition of the Hankel matrix H = H( L () (H(,Dn)) is given by
2 )

n+1

H=L-I-L'=LL,
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where the diagonal matrix is the identity since the Hankel transform of n+r1 ("Zl)
2

is all 1’s. Now we have the following identity of Riordan arrays

1 1—22 =z 1 x
— |\, | =7, — |-
1 — a2’ 1+22" 1+ 22 1+ 22" 1+ 22

Thus
L 1 T -1
N 1+ 22" 1+ 22
1— 22 T -1 1 -1
pr— _— — . 71:
1+ 22" 1+ 22 1 — 22’
1—2* =z - 9
N <1+xﬁ’1+a?) (=),
where

1 — 22 T -1
142271+ 22

(325

is the matrix with general term

Thus we have

H— - @ _1.(1_ 2x) - (1—a? )t -2 @
S\l + 2214 a2 T o 14221+ a2

where
(1 — xz,x) . (1 — xQ,x)t

is the matrix

68

(1+(=D")

2

))
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We now form the matrix

-1
B=L- (1—x2,x) = <ﬁ,ﬁ) ~(1—$2,x) . (1—$2,x)t.

Let us look at the first few rows of the matrices forming the decomposition

100000 10 -1 0 0 O
01 0000 01 0 -1 0 0
101000 00 1 0 -1 0
020100 o0 0 1 0 -1
203010 o0 0 0 1 0
050401 00 0 0 0 1
The matrix B begins

10 -1 0 0 O

01 0 -1 0 O

10 0 0 -1 0

B=102 0 -1 0 -1

20 1 0 -2 0

05 0 -1 0 =3
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We note that the matrix B is the matrix formed from expanding eq. (BI0), that is

10 -1 0 0 O
bl Qo
0601 0 -1 0 O
b2 aq
10 0 0 -1 O
bg a9
=102 0 -1 0 -1
b4 as
20 1 0 =2 0
b5 ay
0605 0 -1 0 =3

We can derive an expression for the general term of B in the following manner. De-

compose (1 — 22, x) - (1 — 2%, x)" as the sum of two matrices:

10 0 0 00 00 1 0 0 O
0O 1 0 0 00 oo o0 1 0 0
-1 0 1 0 00 00 -1 0 1 O
0 -1 0 1 00 -100 0 -1 0 1 )
0 0 -1 0 10 00 0 o0 -1 0
0O 0 0 -1 01 00 0 0 0 -1

which is (1 — 22, x) and a shifted version of (1 — 22, x). To obtain B we multiply by
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<i+§2, 1+x2) This gives us
100 000 001000
01 00O0O 000100
101000 001010
B=]1020100 -1 000201 )
203010 002030
050401 000504

where the first member of the sum is the Riordan array
1— 22 - 1 -
-2 @ N7 (L = )T
1422714 2?2 1422714 a2

k+1 (n+1) (14(=D"—F)

This matrix has general term , and hence B has general term

n+1\2zk 2
k+1(n+1\A+ED"F) k=1/n+1 (1+(—1)“—k)+0k_ 1 (n+1\ 1+ (-1
n+1 2 n 41\ 2=kt 2 n+1\ % 2 '

Thus the B transform of a,, is given by
"i EAln+1\ (14 (D)"Y k-1 1\ (4 (DY
n+ 1\ Sk 2 n+ 1\ 2oke2 2 g

S
n+1\ 3 |

2

which by a change of summation we rewrite as

L3]

n—2k+1/n+1 ok 1 /m+1\1+(-1)™)

S ok — G on—2kt2, _ = ~ . )
E ( 1 < I )(Cl ok — Gn—2k42) + i\ o 5 (p—2k+2

k=0
Now, as n — 2k + 2 # 0 for any k we have

L5

rar n+1 k n—2k n—2k+2)-
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If we now extend a, to megative n by a_, = a,, we see that this last expression is

equivalent to

i (Z) (@n—2k — An—2n+2).

k=0

0

Corollary 3.2.4. Let {a,}>__ and {b,}2, fulfill the assumptions of the previous

—00

proposition. For N > 1 define the matrices
Ay = (aj—k - aj+k+2);‘\,7k_:10’ By = (bj-‘rk-i-l);'\,fk_:lo

Then det Ay = det By.

Proof. From proposition B.2.3] we now have the decomposition for the N x N sec-
tion of the infinite matrix decomposition satisfying By = LnANLN? and as L =
(¢(2?), xc(x?)), which is a matrix with all ones on the diagonal we have det By =

det AN. O

3.2.3 Chebyshev polynomials of the first kind

Proposition 3.2.5. Let {a,}> be a sequence of complex numbers such that a, =

n=—oo

a_p, and let {b,}> | be a sequence defined by

n—1
n—1
b= ( i )al_n+2k. (3.11)

k=0

Define the one-sided infinite matrices

A = (aij + airj) im0 B = (bjrar1)jr=o
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and the Riordan matriz

which begins

DS O N O =
o
—
o = O O O
= o o O O

Then B = LD, AD, LT, where D, is the diagonal matriz

1

% 0 0 0 0

0 v2 0 0 0

0 0 v2 0 0
D, =

0 0 0 V2 0

0 0 0 0 2

Proof. We have

1-22 «x - 1 (22) L

—_— = | ———, zc(x =1L,

1+22" 1+ 22 V(1 — 42?)
and we note from the table in Fig. (8] that L is the inverse of the matrix of coefficients
of the Chebyshev polynomials of the first kind and has general term

<n) (1+ <;1>"—k>

2

The LDU decomposition of the Hankel matrix H = H((L) (H(,Dn)) is given by
)

H=L-D-L'=LDL',
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where D is the diagonal matrix

o o o o =
o O O N O
o O N O O
S N O O O
O O O O

We note that D; - D; = D, except for the (0, O)th entry where an adjustment is made
to allow for the entries in the first row and first column of the Hankel matrix A. In
the first row and column of A where a,_; = a;1; the first row has entries 2a; and the
first column has entries 2a;. The (0, 0)" entry of Dy - Dy is 1 to allow for this doubling

factor. Now we have the following identity of Riordan arrays

(—ata). (o T Yol =
’ 1422 14+22) \14a2"1+22)°

Thus
1—22 = !
L = ,
142271+ 22
- \ime1re) (-9
1 z \ ! 1
— | —
1+22" 1+ 22 1— a2’ ’
where

is the matrix with general term

k:+1<n 1)1+(—1)"—’f.
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Thus we have

1 z \ 7 1 1 ! 1 x
H=(—— - o D — -
(1+:):2’1—|—x2) (1—x2’x) (1—x2’$) <<1+x2’1+x2

where

is the matrix

101010
02020 2
103030
020404
103050
020406

We now form the matrix

1 1 r \ ! 1
B=L -[(—— S N .D.
(1—x2’x) <1+x2’1+x2) (1—x2’x)

Let us look at the first few rows of the matrices forming the decomposition

100000 100000 100000
01 00O0O 01 00O0O 020000
101000 101000 002000
020100 01 0100 000200
203010 101010 000020
050401 01 0101 000O0O0 2

75
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The matrix B begins

&
I
e D (@) DO e} —
o] D (@) [\ (@)
] oo (@) DO o] (@)
] DO (@) ] (@)
] \&} (@) (@) ] (@)

[\
=)
—_
e}

We note that the matrix B is the matrix formed from expanding eq. (3.I1), that is

1 00 00
by

020 00
b

2 0 2 0 0
bs

=06 0 2 0
by

6 0 8 0 2
bs

020 0 10 0

N O O O O O

N O O O O O

a1
a2
as
Gy

as

76

We can derive an expression for the general term of B in the following manner. De-

compose (==, z) - D as the sum of two matrices:

O R O = O
_ O = O = O
O R O = o O
_ o = o o o
o = O O o o
- o o o o o
o o o o o o

= o = O = O

S = O = O O

_ o = O O O

o = O O o O

_ o O O O O
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which is (1=, %) and a shifted version of (;=3,z). To obtain B we multiply by

122>
(ﬁ, H%)_l. This gives us
1 0 00 00 0O 0 00O0O
01 0000 0 1 0000
2 0 1000 0 01000
B=[0 3 0100 +1 0 3 0100 5
6 0 4010 0 04010
0 10 0 5 0 1 0 10 0 5 0 1

where the first member of the sum is the Riordan array

1 T -1 1 1— 22 T -1
_— . — . = _— .
142271+ 22 1 — a2’ 142271+ 22

. . n ) (+H(=1""F)
This matrix has general term ( nek ) 5 , and hence B has general term
2

(ﬁzf) (1+ (;D“‘k) N <£k) (1+ (;1)”"“) ok, (nibk) (1+ (;D"‘k).

2

2

2

Thus the B transform of a,, is given by

15

() B () B g (1) L0,

k=0 2 2
A change of summation gives

(06 ()

If we now extend a, to megative n by a_, = a,, we see that this last expression is

equivalent to eq. (B.I1)), that is
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O

Corollary 3.2.6. Let {a,}° and {b,}5°, fulfill the assumptions of the previous

n=—oo

proposition. For N > 1 define the matrices
Ay = (aj—k + aj+k);'\77k_:107 By = (bj+k+1)§\,fk_:10
Then detAny = 2N"2detBy.

Proof. From proposition [3.2.5] we now have the decomposition for the N x N section

of the infinite matrix decomposition satisfying By = Ly (D7) yAn(D;) L% and as

1
L= (7,%@2)),
V(1 —4x2)
which is a matrix with all ones on the diagonal, and

N—-2

det (D) = V2

we have

det By = V2 det Axv2 © = 2N"2det Ay



Chapter 4

Properties of subgroups of the

Riordan group

In this chapter we look at the form of Stieltjes matrices of certain subgroups of the
Riordan group. The subgroups we concern ourselves with in this section [120] are

e The Appell subgroup,

z)

— Ordinary Appell subgroup: (g(z),
— Exponential Appell subgroup: [g(x), x}

e The Asssociated subgroup,

— Ordinary Asssociated subgroup: (1, g(x))
— Exponential Asssociated subgroup: [1, g(x)}

e The Bell subgroup
. g
— Ordinary Bell subgroup: (—, g(x))
x

— Exponential Bell subgroup: [% g(x),g(x)] = [h(z), [ h(z)]

79
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e Hitting-time subgroup

- g(x
— Ordinary Hitting-time subgroup: ( i 9 ),g(x))
g

4.1 The Appell subgroup

4.1.1 The ordinary Appell subgroup

Riordan arrays in the Appell subgroup have the form (g(x),z) with inverse (Tlm),m)
and they satisfy the group law as

We recall from [37] that given a Riordan array A = (g(z), f(z)), its Stieltjes (produc-
tion) matrix P will be of the form

fo (7)) 0 0 0
& ar o 00
§ ay ap op O
P=| & a3 aa a1
§4 a4 a3 ay oy
& a5 g a3 g oy

where

and

)

is the gf of the first column of P, that

where A(z) is the g.f. of ag, ay,. .. (
iS, of 60,61,....
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Proposition 4.1.1. Let A = (g(x),z) be a member of the Appell subgroup of the
Riordan group. Then its Stieltjes (production) matriz P is given by

& 1.0 0 00
& 01000
& 001 00
P=|goo0oo010
&4 00 0 01
& 0 0 000
where
1 1
Alx) =z and Z(x)z—(l——). (4.1)
x g(z)

Proof. We have f(x) = z and hence f(r) = Z = x. Thus

Also

O

Corollary 4.1.2. Let P be the Stieltjes matriz of the Appell group element (g(x),x).

Then

27 2(2) = 3 [~ [+ g (),

—~ g(x)
where Z(x) is the g.f. of the first column of P.
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Proof. By the above, we have

Hence

M) = [ L 9@ -1
[2"]Z(x) []g(x) .

= Yt (gl) — 1)

— g(x)

= s (e () — 0
= Yl g (a),

" g(x)

=

since there is a contribution from 0"~**! only when k = n + 1. O

Corollary 4.1.3. The tridiagonal Stieltjes matrices corresponding to Riordan arrays

from the ordinary Appell subgroup have generating functions

Alx)=1, Z(x)=p+ax

Proof. Riordan arrays from the Appell subgroup with corresponding tridiagonal ma-

1
(1—5$—a1’2’x)

(1 — pr —az?, ).

trices have the form

with inverse

Applying eq. ([@J]) gives the result. O]
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Example. The Riordan array L from the Appell subgroup with

1

g(x) =

l—2z-—
222

1l—2—
3z
l—x——-—— ...

R —
where g(x) is the g.f. for the Young tableauz numbers. L satisfies the matriz equation

LS = L where the first few rows expand as

1 0 0000 110000 . 1 1 0 000
1 1 0000 1 01000 . 2 1 1 00O
2 1 1000 1 00100 . 4 2 1 100
4 2 1100 3 00010 . =110 4 2 1 10
10 4 2110 7 00001 . 26 10 4 2 1 1
26 10 4 2 1 1 23000 0 0 . 76 26 10 4 2 1

Z(x) generates the sequence which counts the number of indecomposable involutions of

length n [124](A140456).
Example. The Riordan array L from the Appell subgroup with

1

g(r) =

1l—x—
222
1—2x—

3x?

1-3z-— ...
v 1 —4x — 422
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where g(z) is the g.f. for the Bell numbers. L satisfies the matriz equation LS = L

where the first few rows expand as

1 0 0 00O 1 10000 11 0 000
1 1 0000 1 01000 2 1 1 000
2 1 1000 1 00100 5 2 1 100
5 2 1100 2 00010 =1L 5 2 110
155 2110 6 00001 52 15 5 2 1 1
52 15 5 2 1 1 22 00 0 00 203 52 15 5 2 1

Here Z(x) generates the sequence which counts the number of set partitions of n which
do not have a proper subset of parts with a union equal to a subset(number of irreducible

set partitions of size n) [124] (A074664).

4.1.2 Exponential Appell subgroup

We now consider the exponential Appell subgroup, comprised of arrays of the form

l9(z), x].

We recall that for an exponential Riordan array [g(z), f(z)], its Stieltjes (production)
matrix will have bivariate g.f.

e"(c(z) +r(z)y), (4.2)
where _
oy — S
9(f(x)
and

r(z) = f'(f(2)).
For the exponential Appell subgroup, we then have
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Proposition 4.1.4. Let A = [g(x),x] be a member of the exponential Appell subgroup

of the exponential Riordan group. Then its Stieltjes (production) matriz P will have

~(54)

Proof. We have f(z) = z and hence f(x) = z and f’(z) = 1. Thus r(z) = 1. Also, we

bivariate g.f.

have

The result follows from eq. (42l . O
Corollary 4.1.5. The e.q.f. of the first column of P is given by

gle) _d
D) 7 In(g(2)). (4.3)

We note that for k£ < n, the (n, k)-th element of P is given by

<Z) gn—kv

where the elements of the first column are

€0,81,82, - - -

Corollary 4.1.6. The n-th element of the first column of P is given by

- k L :L,n—k—i-l T
Sl o)

Proof. The first column of P has e.g.f. given by %, thus its n-th element is given by
g'(z)
g9(z)

nl[z"]|£=. Now

8 = Y )

_ Z[ﬁ]ﬁ[z”-“wg(z).

~—
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O

Corollary 4.1.7. Ezponential Riordan arrays in the Appell subgroup with a corre-

sponding tridiagonal Stieltes matrices have the form
[6(Bx+ax2/2)’ [L’] (44)

with inverse [e~Pree®/2) )

Proof. From eq. (4.3) we have

o(r)elr) = = g(a).

Expanding for Riordan arrays with corresponding tridiagonal Stieltjes matrices we then

have

9()(5 + o) = < g(x).

Solving the differential equation gives

g(x) = el

The related Stieltjes matrix has first few entries

B 1 0 0 0 0
a B 1 0 0 0
020 8 1 0 0
00 3¢ 8 1 0
00 0 40 B 1
00 0 0 5a 8
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We note that with o = 1, 8 = 0 the Riordan array

ol =[S 5],

n=0

—1 —x?

and [¢**,2]"" = [e7*",z]. The binomial transform of the Riordan array [e**",z] can
be easily shown to be [e®’*% z] and the 3" binomial transform is the Riordan array
[e®**+8 ] giving the Riordan array form as in eq. (@A)

As we have seen in the previous section, the Stieltjes matrix of Riordan arrays of
the form [e®’, z] is tridiagonal. _Let us look at the form of the n'" column through
expanding the equation S = L~!L.

Proof. The Stieltjes matrix S = L~'L. Expanding for L = [¢®*, z] we have

— d 2
L= am27x 7 L—l — —axQ’ ’ L= _—[e* ]
s e (e 2]
thus we have
— d 22"
L—lL — —az? % az®
‘ dz <e n!)
—ax? ax? xn—l ) azx "
= € e axe —
(n—1) nl
xn—l n+1
T o1 20 n!
n—1 n+1
= 7 +2a(n+1) i

O

Example. Let us look at the Stieltjes matriz of the Riordan array [62:”2,1’]. From the
above, the n'* column has the form

d " xn—l xn-ﬁ-l
6—2952% (62“’25) = +4(n+1)
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which in matriz notation is

1 0 0 0 0 1 0 0 01 0 0
0 1 0 o0 4 0 1 0 40 1 0
4 0 1 0 ...|]lo 12 0 1 Cfos oo
0 —12 0 1 8 0 24 0 oo 12 0
8 0 —24 0 0 240 0 40 00 0 16

Proposition 4.1.8. The Stieltjes matriz of successive Binomaial transforms of [e_‘”Q, x|

has n'* column

xn—l " n+1
+— 4+ 2a(n+1 )
(n—1)! p n! ( ) n!
Proof.
—ax?+4 Bz d o2+ Bz x" —ar?+4 Bz ax?+Bz xn—l ax?+Bx x" ax?+Bx x"
e — e — ] = e e — + 2axe — 4+ e —
dx n! (n—1)! n! n!
n—1 n n+1
i i
= +— 4+ 2a(n+1 )
(n—1)! p n! ( ) n!
]

Example. Once again with o = 1/2, the n'* column of the Stieltjes matriz correspond-
2

ing to the B binomial transform of the Riordan array [e™2 x| is

2 2 2
6_5w—§£ (eﬁw+§ x_n) = e_ﬁm—% (6302+6xxn+1 + 6%+5xﬁxn 6””2+B:cxn—1)
dx n! n! n! (n—1)!
xn—l—l 51’“ l.n—l
T R P
n! nl (n—1)!
xn—l Bﬂfn (n + 1)xn+l

R TR T
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Thus L™'L is the tridiagonal matriz

6 1 0 0 0 O
1 10 0 0
0 2 1 0 0
S = b
003 38 1 0
000 4 5 1
0 00 0 5
Example.
66:0—1-% _ pa" z?m )
— n! m:02mm!
With 8 = 0 we have
100 0 0O
01 0 0 00O
X g2 1 01 0 00
L= [Zi 3 } - . [(A001147)
= 2" 030100 ———
306 0 10
0 3 0 10 0 1
1 0 0 0 00
0 1 0 0 00
R =T e N -1 0 1 0 00
L 1_[2271”[’4 :[Z(_) onpl’ }_
=0 : "e0 n 0 -3 0 1 00
3 0 -6 0 10
0 3 0 —-10 0 1



http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=(A001147)
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4.2 The associated subgroup

4.2.1 Ordinary associated

subgroup

Riordan arrays (1,zg(z)) form the associated subgroup. They satisfy the group law

where

(1, 29(2))(1, 2f(2)) = (1, 2.f (zg(x)))

and have inverse Riordan arrays of the form (1,7g(z)).

Proposition 4.2.1. Let A = (1,zg(x

)) be a member of the associated subgroup of the

Riordan group. Then its Stieltjes (production) matriz P is given by

(8%

a3

Oy

Qs

where

Proof. From [36] we have

Also

(%)) 0

5
o
(e}
o o o O

a1 O

Qg

Q3 Qo
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O

Corollary 4.2.2. Tridiagonal Stieltjes matrices relating to Riordan arrays from the

ordinary associated subgroup have generating functions

A(r) =1+ Br +ax?, Z(z) =0.

Proof. Riordan arrays from the Appell subgroup with corresponding tridiagonal ma-

trices have the form

(1’ = fs _ng(x)))

SO

) =1+ fz + az?.

Applying eq. (4.0) gives the result. O
Example.

1 0 0 00 O 01 00O0O0 01 0 0 0 O

01 0 00O 01 1000 01 1 0 0 0

01 1 000 011100 0 2 2 1 00

0 2 2 100 011110 =0 5 5 3 1 0

05 5 310 021111 0 15 14 9 4 1

0 15 14 9 4 1 06 2111 0 52 44 28 14 5

The sequence A(x) counts the number of connected partitions of n (A099947) [12])].


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A099947
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Example.
10 0 0 0 0 010000

0O 1 0 0 0 O
01 0 0 0 O 011000

0O 1.1 0 0 O
01 1 0 0 0 011100

0 2 2 1 0 O
0 2 2 1 0 0 001110

=10 4 5 3 1 0
04 5 3 1 0 010111

0 10 12 9 4 1
0 10 12 9 4 1 001011

0 26 32 25 14 5
0 26 32 25 14 1 040101

The sequence A(x) counts the number of irreducible diagrams with 2n nodes (A172395) [124).

4.2.2 Exponential associated subgroup

Proposition 4.2.3. Let A = [1, f(x)] be a member of the exponential associated sub-
group of the exponential Riordan group. Then its Stieltjes (production) matriz P will

have bivariate g.f.

e (f'(f(2))y).
Proof. We have g(z) = 1 and hence ¢(z) = 0. Also, we have

r(z) = f'(f(2)).

The result follows from eq. (4.2]). O


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A172395
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The first few rows of tridiagonal Stieltjes matrices in this subgroup expand as

01 0 0 0 O

o 1 0 0 O

0O a 26 1 0 O

0 0 3¢ 36 1 0

0 0 0 6a 48 1

0 0 0 0 10a 58

with general element

nNap—-1,n—1 (n + 1)(a'n,n—1)
e R T

By expanding the second column of the matrix equation LS = L we see that generating
functions from the associated subgroup with tridiagonal Stieltjes matrices satisfy the
differential equation

ag(z)?

2

L) =1+ pglo) +

Solving the ordinary differential equation gives

—b+ Vb2 — 2ctanh<%x\/ b2 — 2¢ — Arctanh(\/bf_izc))

g(x) = — .

Example. We take a member of the associated subgroup, [1,g(z)] where the related

Stieltjes matrix has first few rows

0100 0O
0110 0 O
01210 0
0033 10
0006 41
0000 10 5
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Expanding the first column of the matriz equation L = LS, the e.g.f. of the related

Riordan matriz of the associated subgroup satisfies the equation

o) =1+ g0) + (/2.

Solving gives
(2) = —1+tan( = + =
xg(x) = — an| = +— |.
g 2 "1
Expanding for the first few terms we have 1,1,2,5,16,61...(A000111).

Example. Again, we take a member of the associated subgroup where g(x) is an e.g.f.

and the related Stieltjes matriz has first few rows

0100 0 O
0010 0 O
0101 0 O
0030 10
0006 01
0000 10 O

Expanding the first column of the matriz equation L = LS, the e.q.f. of the related
Riordan matrixz of the associated subgroup satisfies the equation

L) =1+ g(@)/2

and solving gives

zg(z) = V2tan (%)

Expanding for the first few terms we have 1,1,4,34,496, ... which is the aerated se-

quence of reduced tangent numbers(A002105).


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000111
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4.3 The Bell subgroup

4.3.1 Ordinary Bell subgroup

Elements of the Bell subgroup have the form (g(z), zg(x)) and satisfy the group law as

(9(x),zg(x)) - (f(x),2f(x)) = <g($)f($g($)),wf(wg(w)))-
The Bell subgroup decomposes into the associated and Appell subgroups as

(9(2), zg(x)) = (9(x),x) - (1, 29(x)).

Now, before we continue we introduce the following proposition which we will be of use
to us in the section below.

Proposition 4.3.1.

=7g(x) (4.6)

Proof.

so we have

(Lz) = (g9(x),z9(x))" (9(x), zg(x))

SO
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Proposition 4.3.2. Let A = (g(z),zg(x)) be a member of the Bell subgroup of the
Riordan group. Then its Stieltjes (production) matriz P is given by

& ap 0 0 0 O
& ar a9 0 0 O
& a a1 o9 0 O
P=1|¢& a3 ag a4 a9 0
§a au a3 ay a1 Qg

& a5 o4 a3 g o

where
x 1
Az) = ) and Z(z) = =) 1. (4.7)
Proof. We have f(x) = zg(x) and hence f(x) = Zg(z). Thus
Ale) = 7g()
Also
1 1
) = 7 (- )
1 _ 7g(x)
~ 7g(7) (1 v )
ot 1
- Tg(e) @
U

Corollary 4.3.3. The tridiagonal Stieltjes matrices corresponding to Riordan arrays

from the ordinary Bell subgroup have generating functions

Alx) =1+ Bz +ax?, Z(x)=p+az
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Proof. Riordan arrays from the Bell subgroup with corresponding tridiagonal matrices

have the form

1 T
<1 — Bz —az?g(z) 1 - fz — aw2g(€6))
with

1 x _1_< 1 x )
<1—ﬁx—ang(x)’1—5x—ax2g(x)) S \1l+Br4ar?’ 1+ pr+az?)

Thus
x

1y Br + ax?’
Applying eq. (471) gives the result. O

7g(z)

4.3.2 Exponential Bell subgroup

For the exponential Bell subgroup we have Riordan arrays of the form [g(z), [ g(z)],
or alternatively [-L h(z), h(z)].

Proposition 4.3.4. Let A = [g(z), [ g(z)] be a member of the exponential Bell sub-
group of the exponential Riordan group. Then its Stieltjes (production) matriz P will

o (9 e@) T )
(g(fg(x)) +g(/g( )y |-

have bivariate g.f.

Proof.

and

r(z) = f'(f() = g( [ 9(x)).

The result follows from eq. (4.2]). O
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Now once again, we look at the form of the related tridiagonal Stieltjes

matrices by

equating columns of LS = L, and we get the related tridiagonal Stieltjes matrices with

first few elements

v 1 0 0 0

o p 1 0 0

0 a 28—v 1 0

0 0 3a—36 30—2y 1 .
0 0 0 2(3ac — 48) 45 — 3y

with (n,n)" and (n,n — 1) entries

Nap—1n—1 — " (n+1)(ann—1—9)

R (n—1)

Expanding the first column of the equation LS = L we have the equation

v9le) 48 [ gla)da = 7 g(a)

Let us look at an example.

Example. With v,d equal to one we have the e.g.f. of the form
1

1 —sinzx

with the sequence of coefficients having first few terms 1,1,2,5,16,61 ...

(4.8)

which 1s the

sequence of the Euler numbers(A000111) and also counts the number of alternating

permutations on n letters. We have

110 0 0

1 21 0 0

033 1 0
S —

006 4 1

0 0 0 10 5
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Example. With v = 1,6 = 3 we have the e.g.f. of the form

3
(Vaeos () —sin(2) )

with the sequence of coefficients having first few terms 11,3,9,39.... This is the se-
quence (A080035) which counts the number of permutations on n letters without double

falls and without initial falls. We have

11 0 0 0

22 1 0 0

06 3 1 0
S —

00 12 4 1

00 0 20 5

4.4 The Hitting time subgroup

4.4.1 Ordinary Hitting time subgroup

The hitting-time subgroup [26] of the Riordan group is comprised of matrices of the

()

We have the following Stieltjes matrix characterization of the hitting-time subgroup.

Proposition 4.4.1. For a Riordan array (g(x), f(z)) to be an element of the hitting-

time subgroup, it is necessary and sufficient that

Z(x) = A'(z).
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Proof. We show first that the condition is necessary. Thus let

A= (ot 1) = (G5 h@) )

h(x)
Then
A=50 Thw

Thus

) = A
and

1A

h(z) =«
Now

_ 1
" h(w) R (h(z)
h((@)

and so

Now since
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we have

(Y () = 20 A_(;;f/(x),
and so we get
Z(x) = @ (1 — A(:C)A@)A_(;;f,@))
_ A(z)  A(x)? A(z) — 2 A'(2)
x x A(x)?
_ A(z)  A(x) N zA'(z)
~ A)
Thus let
Z(x) = A(x),
where
flz) = A(z) or A(z) = %
Now
Z(x)zi<1—L).
f(z) g9(f(2))
Thus
- 1
o) = =7
and hence
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From this we infer that

1

90 = Tz @)
1

T2 A @)

—_

@@ )
11—z @)

|

1
| e f@UIUG)

O

Corollary 4.4.2. Riordan arrays with tridiagonal Stieltjes matrices which are elements

of the hitting time subgroup have the form

(1 — Bz i 2ag(z) 1 - ﬁazx— ag(x))'

Proof. Let

B x  l—az— /2*(a? —48) — 20z + 1
1 — Bz —ag(x) a 20x

S0
zg'(x ) 1 x
9(x) \/:)32 —4px) — 20 + 1 T 1z 2a9(x)
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Example.

SO O O N =
e s N T
e N T = T T )
= = O O O

The related Riordan array has the form




Chapter 5

Lattice paths and Riordan arrays

In this chapter we will study the well-known Motzkin and Lukasiewicz paths. Motzkin
paths have well established links to orthogonal polynomials; as we have seen in [56],
the entries of the tridiagonal Stieltjes matrix represent the weights of the possible steps
in the Motzkin paths. We begin this chapter by introducing lattice paths, particularly
Motzkin and Lukasiewicz paths which we study through the medium of Riordan arrays.
We give a constructive proof of how Riordan arrays with non-tridiagonal Stieltjes ma-
trices relate to Lukasiewicz paths. We then develop these paths through the medium
of Riordan arrays.

Let us recall the definition of a lattice path which we introduced in section 2.5 A
lattice path [79] is a sequence of points in the integer lattice Z2. A pair of consecutive
points is called a step of the path. A valuation is a function on the set of possible steps
of 72 x Z*. A valuation of a path is the product of the valuations of its steps. We
concern ourselves with two types of paths, Motzkin paths and Lukasiewicz paths [151],
which are defined as follows

Definition 5.0.1. A Motzkin path [78] © = (7(0),7(1),...,7(n)), of length n, is a
lattice path starting at (0,0) and ending at (n,0) that satisfies the following conditions

1. The elementary steps can be north-east(N-E), east(E) and south-east(S-E).

104
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2. Steps never go below the z azis.

Dyck paths are Motzkin paths without the possibility of an FEast(E) step.

Definition 5.0.2. A Lukasiewicz path [78] m = (7(0),7(1),...,7(n)), of length n, is a

lattice path starting at (0,0) and ending at (n,0) that satisfies the following conditions

1. The elementary steps can be north-east(N-E) and east(E) as those in Motzkin

paths.

2. South-east(S-E) steps from level k can fall to any level above or on the x axis,
and are denoted as o, , where n is the length of the south-east step and k is the

level where the step ends.

3. Steps never go below the z azis.

Finally, we introduce the Schroder paths, as we will encounter these paths at a later
stage

Definition 5.0.3. A Schréder path m = (7(0),7(1),...,7(2n)), of semilength n, is a

lattice path starting at (0,0) and ending at (2n,0) that satisfies the following conditions

1. The elementary steps can be north-east(N-E), east(E) and south-east(S-E) with

easterly steps begin twice the length of the north-easterly and south-easterly steps.

2. Steps never go below the z azis.

5.1 Motzkin, Schroder and Lukasiewicz paths

Firstly, let us illustrate the construction of the (n + 1) row of the Riordan array. The
(m,n)™ entry of the Riordan array is ,,, where m is the length of the path and n is
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the height of the final position of the last step. In [50], we see that the entries of the
tridiagonal Stieltjes matrix represent the weights of the possible steps in the Motzkin
paths. From the 0 column calculated from the Stieltjes equation L = LS, as

lnt1,0 = lnoBoo + ln1cip

so clearly, l,41 is calculated from [, o with a level step at the zero level, and [, ;, with
an added south-east step, oy g so for m > 0,

ln—l—l,m - ln,m—l + ln,mﬁm,m + ln,m—l—lam-‘rl,m- (51)

From (5.0]) we see the paths contributing to l,41,, are as follows

e Paths of length n finishing at level m — 1(l,,,,—1), adding one N-E step of weight
1.

e Paths of length n finishing at level m(l,,,,), adding one E step of weight B, .

e Paths of length n finishing at level m + 1(l,, ;n+1), adding one S-E step of weight
Xm+1,m-

Now, consider a Riordan array with non-tridiagonl Stieltjes matrix,

Boo 1 0 0 0
aig P 1 0 0
g Qo1 oo 1 0
Q30 Q31 32 ﬁ3,3 1
Qg0 Qg1 Q4o 043 ﬁ4,4 1

Q50 Qs1 Q52 Q53 Q54 55,5

o O OO

(5.2)

Here we have the possibility of any length of south-easterly step, so for the 0 column
we have
lnt1,0 = 1n0B00 + lnjoipg + lnocog + - - 4 Ly nan o,

and for any m we have

ln+1,m = ln,m—l + ln,mﬁm,m + ln,m—l—lam—l—l,m + ln,m+2am+2,m +-+ ln,nan,m- (53)

From (5.3)) we see the paths contributing to the I, = Lukasiewicz path are as follows
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e Paths of length n finishing at level m — 1(l,,;n—1), adding one N-E step of weight
1.

Paths of length n finishing at level m(l,,,,), adding one E step B, .

Paths of length n finishing at level m + 1(l,, ;11), adding an @11, Lukasiewicz
step.

Paths of length n finishing at level m + 1(l,, ;m12), adding an 12, Lukasiewicz
step.

Paths of length n finishing at level m + 1(l,, ), adding an «, ,, Lukasiewicz step.

Note that in this chapter we adopt the following notation for our Motzkin and Lukasiewicz
paths. («, f)-Motzkin path and («, §)-Lukasiewicz paths can be viewed as coloured
Motzkin/Lukasiewicz paths in the sense that there are 5 colours for each level step and
a colours for each down step.

5.1.1 The binomial transform of lattice paths

The Binomial transform of generating functions has been of interest to us in previous
chapters. We now look at the effect of the binomial transform of a Riordan array in
terms of steps of Motzkin paths. Let us first look at Dyck paths, which have no level
steps and then introduce the level steps via the Binomial transform.

The sequence that counts Dyck paths has g.f.

1 — /(1 —4ax?)
2002 '

g9(x) =
The general Riordan array corresponding to Dyck paths has the form

(1— 1 —daz?) 1— (1—4%2)).

2012 ’ 20
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When a = 1, this is the sequence of aerated Catalan numbers. The g.f. of the Dyck
paths has continued fraction expansion

ax?
[

Now, the 3™ binomial transform matrix has first few rows

1 0 0 0
B 1 0 0

B2 28 1 0 ... 1 -

6% 38 35 1 ... :(1_5;6’1_5:6)‘
B 483 68 4B ..

Calculating the binomial transform of (g(x), zg(z)) we have

1 x 1—+/(1—4ax?) 1—/(1—4ax?)
(1—ﬁx’1—ﬁx)( 2ax? ’ 2ax )

resulting in the Riordan array with first column having the g.f.

-/ -10(2)")

2(c%)"

1-pBz

which has continued fraction expansion,

ar
1—px— 5
ax
-t - ———
o

1—-pr— —

From the continued fraction expansion we have seen in [56], the binomial transform
has introduced the level steps in the Motzkin paths.
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Now, let us look at the contribution of the binomial matrix to each path in our Riordan
array. Let,

ap,0 0 0 0
aio a1 0 0
G20 dg1 dA22 0
aso @31 G322 Aasgs
Qa0 A41 A42 Q43

Let us now look at the paths in the Riordan array after multiplication by the Binomial
matrix,

1 0 0 0 Ce Q9,0 0 0 0 0
ﬁ 1 0 0 . 1o Q11 0 0 0
52 25 1 0 N Q20 Q21 22 0 0
3 36° 38 ... aso agy azz aszz 0
Bt o4p® 65% 4B ... aq,0 Q4,1 Q42 Q43 Q44
ﬁs 554 1053 1052 s aso0 G551 G52 G53 A54

We denote the elements in the Binomial transformed Riordan array, bl. We investigate
the contribution to one such element, bl5o. From the matrix multiplication above we
have

blso = <§) B5a0,m + <i> ﬁ4a1,m + <§> 53€L2,m + (2) 536L3,m + (?) Bagm + <g> Bas m

We can now see the effect of the binomial transform on each of the level steps that
contribute to the new step bl :

° (g) B%ag 0, is the Dyck path of length 0, with a choice of 1 place for the 5 level

0-0)0)

with no choice of length of level paths as we are filling one position only.

e Now for (Z) B*a1 9, is the Dyck path of length 1, with a choice of 2 places for 4
level steps, and choice for arranging the level steps giving,

(5 -06) G
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e Now for (g) B3ag,, the path is length 2 with a choice of 3 places for 3 level steps,
and choice for arranging the level steps giving,

(6)-()C)+ G0+

e Now for (‘;’) %as o, the path is length 3 with a choice of 4 places for 2 level steps,
and choice for arranging the level steps giving

(6 -0 +G)0)

e Now for (51’) Baa,, the path is length 4 with a choice of 5 places for 1 level steps,

(1) -6

We illustrate the effect of the binomial transform in the table below. The red dots
represent the Motzkin path a,, ,, where n is the path length and m is the level of the
last step. Note that as the paths may take on different forms, depending on m, the
dots represent each of the N-E or S-E steps.
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1

a07m o
(}) *—0—90 00 0° *—0—0—0— 00
a1.m e O
2 *—o—9o 0o *—0—0—0—00 o000 0o

() (1)

*—0—0—0 00

*—0 00 0o

*—0 00 9°

*—00 000
o000 0o

az,m e o0 o
—— oo 9900 o
(1)
® o000
o000 oo
(;)(f) oo o000 9o 90090 o 00000

—0o 0000
0000

(s)

*—00—0 00

*—0 00090

o—00 0090
o000 00

asm e o 0o
: — o900 0 o
()
e eo0—0o0o0
e e 0009
(;L) o009 90000 0 © 00000

o000 00
o000 0 0

o—o0 0 0 O
o0o—o00 0 O
o 060900 O
e 6 6000
e 6 & 000

Now, for any lattice path step and the binomial transform we have

(n)ﬂma'n—m =
m

min(m,n—m+1)

2

q=1

(n—m+1) (m— 1)5man_m
q m—dq

111

e For the path a,,_,, we have n — m + 1 choices of positions for the m level steps,

with m < n.

e Now, we can choose g of these n — m + 1 positions to place the m level steps.
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e [f we choose q of the n —m + 1 positions to place the level steps, we now need to
choose the number of level steps to put at each of the ¢ positions.

Example. Let us look at the binomial transform of the step lso of the Dyck paths,

which are counted by the aerated Catalan numbers. We have the following equation

bls o = (?) 55a0,m + (i) 54a1,m + (g) 53a2,m + (Z) 53a3,m + (i)) Baym + (g) Bas -

Since we count only paths of even length given that for Dyck paths since level steps are

not permitted, we have

bls,o = (2) B5a0,m + (g) ﬁ?) (g) 53€L2,m + (?) ﬁa4,m-

We now illustrate each of the components of bls .
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In the section above, we used Motzkin paths to illustrate the Binomial transform,
however the Binomial transform of the Lukasiewicz paths follows the same construc-
tion. Thus from the construction of the Binomial transform above, we conclude that
if a bijection exists between a Motzkin path and a Lukasiewicz path, the bijection is
preserved under the binomial transform.

5.2 Some interesting Lukasiewicz paths

In this section we concern ourselves with Lukasiewicz paths where the S-E steps are
restricted. We begin with the following proposition concerning Lukasiewicz paths with
S-E steps which all have the same weight attached.

Proposition 5.2.1. Lukasiewicz paths with steps weighted

0 0 0 0 .
a 1 0 0 0 .
a a 1 0 0 .
a a a 1 0 . (5.4)
a a a a g1 .
a a a a a .

have o.g.f.

_ 1420 =8) = V((B+ Dz —1)° —daz®

2x(1 — Br + ax) (55)

g9(x)

Proof. From the Stieltjes equation we have the following

g9(x) + Brg(x)? + ax’g(z)’ + az’g(x)* 4 - - = g(z)?
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SO

and solving for g(x) we have

C142(1-8) = /(B4 1)z —1)? — daa?
B 22(1 — fx + ax) '

g9(x)

]
Now, we look at two particular Lukasiewicz paths, where the possible S-E steps have
the same weight.
5.2.1 Lukasiewicz paths with no odd south-east steps

Let us look at the Lukasiewicz paths that have no odd south-east steps so we have
related Stieltjes steps

Boo 10 0 0 0
0 Bs 1 0 0 0
Q3.0 0 52,2 1 0 0
0 Qasg 0 Q33 0

1
Q40 0 Q42 0 54,4 1
0 Q51 0 Q53 0

and from the Stieltjes equation we have

Bf(x) + anor®(f(2))® + ager(f(z))® + - = 22—
Rearranging gives

L+ Baf (@) + anor®(f (@) + agor®(f () + - = f(a).
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Now, let y = xf(z),
1+ﬁy+af%%w5+~-=%.
Solving we have
1+ By +ay’(l+y*+...) =
2(1 = y*)(1+ By) +zay’ = y(1 - y?)
x4+ xBy — xy? — 2By + xay® =y — o>

SHES

Solving for z we have
r+ 2By — 2y — 2By + ray® =y — o

e y—y
L+ By — > + y¥(a — B)

and
v (za —xB+1) —ay® +y(zB — 1) + 2 = 0.

Solving for y, the first few terms of the g.f. expansion are
x4 o+ B2t 4 ...
Example. For the (1,1)-Lukasiewicz paths of the form above we have the g.f.
z(22% — 9z — 18)

W s TEs ( B TS 3>3/2>
3

x
3 3
of the sequence 1,1,1,2,5,...(A101785). The paths corresponding to length 4 are illus-

trated below.
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According to [T2])], (A101785) also counts the number of ordered trees with n edges in

which every non-leaf vertex has an odd number of children. The corresponding Riordan
1—22  z(1—22)\"
1+z—22" 1412 — 22 ’

5.2.2 Lukasiewicz paths with no even south-east steps

array s

Let us look at the Lukasiewicz Paths that have no even south-east steps so we have
related Stieltjes steps

Boo 1 0 0 0
Q1,0 51,1 1 0 0
0 Q91 52,2 1 0
asg 0 ago B3z 1
0 asn 0 aug Paa 1
asg 0 as2 0 ass Bsp

o O OO

and again from the Stieltjes equation we have

Bf(x) + aror(f(2))? + azex®(f(z)* + -+ = =0,
Rearranging we have

L+ Baf(x) + az®(f(2))* + agoz’ (f(2)) + - = f(2).
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Let y = xf(z), then
1+5y+ay2+ay4+...:%,

Solving we have
L+ By+ay* (492 +...) =

8 I

2(1 = y*) (1 + By) + zay® = y(1 - y*)
r+ 2By — xy? — 2By + ray? =y — o
and solving for x we have
. y—y
T+ By e —1) - 5y

and
r+ylxB—1) +ay’(a—1)+y3(1 —zp) =0.
Solving for y above we obtain the first few terms of the g.f. expansion as

r+ B+ 23 (a4 82) + Bt (Ba+ ) + .. ..

The corresponding Riordan array is

1—22  z(1—22)\"
1+ —22" 142 —22 )

Example. The (1,1)-Lukasiewicz paths of the form above have g.f.

3v3z
arcsin m
3

2v/3 sin (

3
of the sequence with first few terms 1,1,2,4,10,26,73,...(A049130). We illustrate the
paths of length 4 below.

Y Y Y
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--

th

lewicz pa

5.3 A (B,5)-Lukas

From (B.5]) above, if @ = § we have the g.f.

1+a2(1—8)—/((8—-1x)>—2z(6+1)
5 .

zg(z)
Let us look at an interesting example.

Example. The (2,2)-Lukasiewicz paths have g.f.

2 —6x+1

l—2z-—

zg(x) =
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which is the g.f. of the sequence with first few terms 1,2,6,22,...(A4006518). The

corresponding paths for n = 3 are shown below.

Y Y Y

1 1 1
| _vwguz =4
1

The above example leads us to the next section where we provide a bijection between
certain Lukasiewicz paths and Schréder paths.

5.3.1 A bijection between the (2,2)-Lukasiewicz and Schréder

paths

In this section we give a constructive proof of a bijection between the (2,2)-Lukasiewicz
paths and the Schroder paths. Firstly we introduce the different steps possible in the
(2,2)-Lukasiewicz paths and the Schroder paths. w is the the N-E step (1, 1), and d the
S-E step (1, —1), in both the Lukasiewicz and the Schréder paths. E steps possible are
b= (1,0) in the Lukasiewicz paths and b = (2, 0) in the Schroder paths. We denote b,
and by the two choice of colours for the E steps in the Lukasiewicz paths. Lukasiewicz
steps are denoted [" = (1, —n). We denote d; and ds the two choice of colours for the
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S-E steps in the Lukasiewicz paths, and similarly /7 and [ the choice of Lukasiewicz
steps.

Denote L,, the set of (2,2)-Lukasiewicz paths of length n and Sy, the set of Schréder
paths of length 2n. Now, we construct a map ¢ : L, — Sa,. Given a (2, 2)-Lukasiewicz
path P of length n we can obtain a lattice path ¢(P) of length 2n by the following
procedure,

1. u remains unchanged
2. Replace by with b*, and by, with a ud step.
3. Replace d; with b*d, and dy with a udd step.

4. Replace [ with b™d", and [§ with ud"™!

Conversely, we can obtain the (2,2)-Lukasiewicz paths of length n from the Schroder
paths of length 2n by the following procedure,

1. u remains unchanged
2. Replace bt with b; and ud with a by step.
3. Replace b*d with dy, and udd with a dy step.

4. Replace bTd™ with [}, and ud™™ with [3.

Let us look at the paths for n =4
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o brbu—= A adb b bbb A b adbt
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5.4 A bijection between certain Lukasiewicz and

Motzkin paths

The g.f. of interest here is that of the inverse binomial transform of the Catalan
numbers, also known as the Motzkin sums [124]. The tridiagonal Stieltjes matrix
corresponding to the Motzkin sums, which count the Motzkin paths of length n with
no horizontal steps at level 0 has the form

N e I e N S )
O = = =
B -
—_ -0 O

the first column of the related Riordan array having g.f. in continued fraction form of
1
2

T

(A005043).

1—-
] z?
— T —
x?

R ——

The Stieltjes matrix corresponding to the Lukasiewicz steps has first few entries

1
0
1
1

o = = O
RO RO
O~ OO

with the first column of the related Riordan array satisfying the equation
(9(x)?(z +2%) — g(x)(1+2) + 1 = 0.

Solving the equation above gives

CVBr -1V —14az+1
B 2z(x + 1) ’

g9(x)
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which again counts the sequence of Motzkin paths (A005043).

Here we give a constructive proof of a bijection between the (1,0)-Lukasiewicz paths
and the Motzkin paths, without the possibility of a level steps on the x axis. Again, we
recall that u represents N-E step (1, 1), d the S-E step (1, —1). E steps are b = (1,0)
and Lukasiewicz steps are [ = (1, —n),

Denote M,, the set of Motzkin paths of length n with no level steps on the xz-axis and £,
the set of (1, 0)-Lukasiewicz paths of length n. Now, we construct a map ¢ : M,, — L.
Given a (1,1)-Motzkin path P of length n with no level steps on the z-axis, we can
obtain a lattice path ¢(P) of length n by the following procedure,

1. We move along the path until we find the first S-E(d) step, we then move to the
step before the S-E step.

e [f this is a ud step move onto the next S-E step

e if thisis a bd step, it now becomes ul ( . .. ubbbbudbubbduddd - - - — . . . ubbbbudbubuluddd . . .
).

2. Now, we move to the next step left of the ul,

e if this is ud step we stop and move onto the next S-E step( . . . ubbbbudbuduluddd - - - —
.. .ubbbbudbuuduluddd . . . ).

o If thisis a b step bul becomes uul?( . .. ubbbbudbubuluddd - - - — . .. ubbbbudbuuul*uddd . . .
).

e [f the step is a u, we now have uul giving N-E and a Lukasiewicz step in suc-

cession of the same length. Since these are the same length we now proceed
to the next S-E step. (... ubbbbudbuuuludddd--- — ... ubbbbudbuuuludddd . ..

).

3. Repeat 1 and 2 until their are no remaining E steps.

Conversely, we can obtain the (1,1)-Motzkin paths of length n with no level steps on
the z-axis from the (1, 0)-Lukasiewicz paths of length n by the following procedure,

1. Start at the right most [ or d step. If the next step to the left of this is u, stop
and move on to the next [ or d step.
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2. If the next step is a d step, starting with the right most u step, we find the cor-

responding u step at the level of the d step. We now leave both these unchanged

and move to the next left d or [ step.

starting with the u step at the corresponding level,

we count n + 1 corresponding u steps, ignoring any ud steps between the u steps.

The u™*1" step now becomes ub™d.

Y

3. If the next step is a step "

4. We move onto the next d or [ step and repeat. Repeat until all [ steps have been

removed.

Let us illustrate the moves in two paths below

. ubbbuduudul*ud -

C—

cuuvvuduudulPud . .

Cee—
C—=

ubbbudbudulud
ubvuuduudul*ud - -

. ubbbudbudbdud -
. ubbuuduudul>ud -

Conversely we have

. ubbbudbudbdud . . .

— ..

vuvnwduudul ud - - -
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R

. ubbuuuudu ! ddd -
uuvuwunnudul*ddl’

.

.ubbuuubudulddd- .
ubvuuwuuudul*ddl - - -

..

- ubbuuubudbdddd -
ubbuvwuuudul’ddd - - -
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Example. We look at the paths for n =3

We look at the paths for n =4

Example.

5.5 Lattice paths and exponential generating func-

tions

In this section we study certain paths that are enumerated by e.g.f.’s. Firstly, we
introduce the following proposition

Proposition 5.5.1. Lukasiewicz paths with level and north east steps of all the same

weight which are enumerated by e.qg.f.’s satisfy the ordinary differential equation

% fa) = f@)oe" + 8- a). (58)
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Proof. We begin by looking at exponential Riordan arrays of the form L = [f(x), z].

Expanding the first column of the matrix equation L = LS where

Boo 1 0 0 0 0
arg Big 1 0 0 0
Qoo Qo1 oo 1 0 0
L= asp as1 aza f33 1 0 ; (5.9)
Qg0 Qg1 Q42 043 54,4 1
Q50 Q51 Q52 Q53 (054 55,5
we have
d SL’2 3
%f(x) = Boof(x)+arpf(z)r + asof(x ) + agof(x )3 +.
x? x3 '
= f(x )(500—0—0410:6—0—04202 +a303' +...).
1.2 1'3 l.n
Now let a(z) = ﬁ00+0410$+04202 +04303 = nO 0,0 = Boo
d
—f(z) = f(z)a(z)
If = Q10 =020, 5070 = ﬁ, then
d x? x3
%f(x) = f(z)B+ f(z )(al‘+a§+a§+---)

= f@)B+af(z)(e"—1)
= flx)(ae"+ 5 —a).
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Example. Lukasiewicz paths enumerated by e.qg.f.’s with no level step satisfy the ODE

F()(~a+ 0e®) = < f(r).

Solving for f(x) we get the e.g.f. of the sequence with first few terms which expand as
1,a,q, (3 + a), (10a® + a), (15a3 + 2502 + ), . . . (A000296).

Corollary 5.5.2. Lukasiewicz paths with o, 5 = 1 are enumerated by the e.g.f. of the

Bell numbers

Proof. Solving the differential equation
d €T
T f() = [@)ae" + 6 - a),
x

results in e.g.f.’s of the form

eae”—a—l—ﬁx—ax'

For a, 5 = 1 we have
fla) ="

which is the e.g.f. of the Bell numbers. O

Now, we expand e®¢" ~o+#7=az ¢4 study the Lukasiewicz steps which are enumerated by
the Bell numbers, the first few terms in the series expand as

2 3 4
1+ Bz + (a+62)% + (3aB+a +63)% + (3a” + 6 +4af + o + 54)%+
5

(150%3 +100% + 100 + 100 + 50 + 0+ F°) 2+

6
(150% + 450282 + 60028 + 2502 + 1508 + 20a8° + 15082 + 608 + a + 66)% yo
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The corresponding Stieltjes matrix related to the Lukasiewicz path expansion of the
Bell numbers begins

g 1 0 0 0
a g 1 0 0
a 2a 1 0
a 3a 3a [ 1
a 4da 6o 4o B

The related Riordan array has the form

[601(@596—1)4-9:(5—&)’ [K]

We note that

i) el 1@ ~1)/ ()i - )a’(5 o)

Il (n—k)!

=0 i= j=

nl[z"]e

We see from the above that we now have a Stieljtes matrix of Lukasiewicz steps that
also enumerates the Bell numbers. We note that we have previously encountered the
Bell numbers in the form of the continued fraction expansion [56]

1

or
1—pz— 5

2ax
1—26x —

3ax?

1—30x —

dax?
1—

The first few terms of this power series expands as
14 Bz + (a+ 822 + (4aB + 5°)2° + (3a® + 11af”® + )z’ +

(25028 + 2603% + °)2° + (150° + 1300252 + 5703 + %)
(2100?83 + 54607 8% + 12003° + B7)a”



CHAPTER 5. LATTICE PATHS AND RIORDAN ARRAYS 131

The related tridiagonal Stieltjes matrix has first few rows

B 1 0 0 0
a 286 1 0 0
0 2a 38 1 0
0 0 3a 48 1 ,
0 0 0 4a 53
00 0 0 5a

and related Riordan array has the form

e De(25e) o1y

We note that

(o)l g 1 (CDP () (B — () (8 %)
(= —1+a(252) 2 B B

nl[z"]es P = h)

From the above we see that a bijection between the Lukasiewicz and Motzkin paths
that enumerate the Bell numbers exists.

5.6 Lattice paths and reciprocal sequences

In this section we will look at lattice paths that relate to certain set partitions. Before
we proceed we take this opportunity to define set partitions and the subsets of set
partitions that will be of interest to us in this chapter. In [56], Flajolet shows a
bijection between weighted lattice paths and set partitions both counted by the Bell
numbers. We use this bijection to study the subsets of partitions which relate to certain
paths.

Definition 5.6.1. [81] Let X be a set. A set partition of X is a collection P on
nonempty, pairwise disjoint subsets of X whose union is X. Each element of P is called

a block of the partition. The cardinality of P (which may be infinite) is called the number
of blocks of the partition.
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For example if X ={1,2,3,4,5,6,7,8}, then P = {1,6}{3,4}{2,5,7,8}.

Definition 5.6.2. [81] Let S(n, k) be the number of set partitions of {1,2,...,n} into
exactly k blocks. S(n, k) is called a Stirling number of the second kind. Let B(n) be the
total number of set partitions of {1,2,...,n}. The sequence B(n) is called the sequence

of Bell numbers.

Before we proceed we note that some generating functions which we will encounter
in the chapter below, and that we have previously encountered in Chapter 4| count
certain subsets of set partitions, so we take this opportunity to define the partitions
that will be of interest to us here.

Definition 5.6.3. [80/ A partition of [n] = {1,2,...,n} is called connected if no

proper subinterval of [n] is a union of blocks (sometimes referred to as irreducible dia-

grams).

Definition 5.6.4. [80/ irreducible partition are partitions which cannot be “factored”
into sub partitions, i.e. partitions of [n| for which 1 and n are in the same connected

component.

Ak Eart

connected irreducible

Figure 5.1: A representation of partitions [80]

In the section below we study paths related to g.f.’s of the form
—). (5.10)

As this relates closely to the reciprocal sequence of the g.f. g¢(z), we will refer to
the sequence z(z) as the adjusted reciprocal sequence throughout this chapter. Let us
recall the definition of reciprocal function from [162] which we will use to calculate the
adjusted reciprocal sequence.
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Definition 5.6.5. A reciprocal series g(x) = >, _,a,x" with ag = 1, of a series
flx) =3, _obaa™ with by = 1, is a power series where g(z)f(x) = 1, which can be

calculated as follows

i a,x" = — i i bit,_;x", ap=1 (5.11)
n=0

n=0 i=1

Using the definition above, we can calculate the paths corresponding to the adjusted
reciprocal sequence. As we are interested in studying subsets of partitions relating
to paths, we will begin by studying the Bell numbers which count all possible set
partitions. We start by taking the continued fraction expansion of the “ weighted” Bell
numbers where we can distinguish the weights for the steps at each level

1

ax
1—px—

2012

3ex?
1 - 3wz — ——

1 — 2~z —

Now, expanding the first few members of the sequence relating to the g.f. above, we
have

1, 8, B2 +a, B2+ Ba+af+2va, B+ BPa+ Baf+aB? + 2Bva+2vaf+ o’ + 4y a+ 2.

Let us look at the corresponding paths
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B+ Ba + Baf + af? + 2Bya + 2vaB + o + 492 + 28

We note that the reciprocal sequence is calculated recursively, so we now proceed
by using the paths above to calculate the paths of the adjusted reciprocal sequence
recursively. Let us expand the first few paths of this recursive procedure. Firstly
expanding (5.I1) for the first few elements we have
® (T = —(bla()).T,
— ay consists of the paths of b;.

o ayr? = —(bay + byag)a?,

— agy consists of the paths of by which can not be formed from the union of
paths bja; = b?.

[ CL3.T3 = —(b1a2 + b2a1 + b3a0)$3,

— a3 consists of the paths of b3 which can not be formed from the union of
paths of b1a2 = bl (b2 — b%) and b2a1 = bgbl.

[ CL4.T4 = —(b1a3 + b2a2 + b3a1 + b4a0)374,

— ay4 consists of the paths of by which can not be formed from the union of
paths Of b1a3 = bl(bg — bl(b2 — b%)), bg(lg = bg(bg — b%),bgbl.
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and so on until

— a, consists of the paths of b, which can not be formed from the union of
paths of bia,_1, bsa,_o and so on until b,_j1a;. That is, a, consists of the
paths in b,, that can not be constructed by some union of paths from by — b,,.

Now replacing the weighted lattice path steps in the expansion above we have first few
terms

ap = —{blao} =0

az = —{bai+ba}=—{-68+(F+a)}=—a

az = —{biaz+bas +bsao} = —{ — fa— B —aB + B* + Ba+ aB + 2va} = —{2ya}
ay; = —{blag + boay + bsa; + b4ao}

= —{ - ((6(53 +270)) + (B2 + @)a + (B2 + Ba + af + 27@)5)

- (54 + B%a + BaB + af? + 2Bva + 2vaf + o + 4y2a + 25a) }

= —{4y*a +26a}

so we can describe the first few terms of the adjusted reciprocal sequence in terms of
weights of lattice paths as

B, a, 2va, 4y + 20 . . .

with corresponding paths below, which are the paths for each n which cannot be formed
by a union of paths from 0 — n

2va

Now, similarly, for partitions corresponding to these paths, since no union of paths
creates these paths, no subsets of these partitions exists. That is, we are counting the
number of set partitions of n which do not have a proper subset of parts with a union
equal to a subset 1,2, ..., 7 with 7 < n. Now, let us look at some sequences of interest.

Example. Let g(x) be the g.f. for the Bell numbers, so we have the adjusted reciprocal

sequence
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with first few elements 1,1,2,6,22,92,426,2146, ... (A074664). This sequence counts
the number of set partitions of n which do not have a proper subset of parts with a

union equal to a subset 1,2, ....,7 with j < n. Fig. (523) shows the first few paths and

corresponding partitions

Example. We consider the Young Tableaux numbers, which count all the partitions
for each n which have less than two element in each partition. The g.f. of the Young

Tableaur numbers has a continued fraction expansion of the form

1

l—o—

212

1l—x—
32

1—x—4a2
We look at the adjusted reciprocal sequence for the Young Tableauz. The first few coef-
ficients of z(x) expand as 1,1,1,3,7,23,71,255, ... (A140456), so this sequence counts

the number of set partitions of n, considering only sets of partitions of size less than or

1l—xz—

equal to two, which do not have a proper subset of parts with a union equal to a subset

1,2, ...,j with j < n. Fig. [(2Z.3) shows the first few paths and corresponding partitions.

Example. We consider the Bessel numbers, which count the number of non-overlapping

partitions. The Bessel numbers have a continued fraction expansion of the form

1
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{12}
L sy, {123)
S 0nEHsnza, (1324
{12 43{3}.{1 3 4}{2} (143{2 3}
{ 15H{2H{3H4}, {15}{2 4}{3},
A {1352}, . {1nss),
Ty (U2 SHBHA 1 28 i (15}{2 34},
514}, {1351{24)
{ 145H2{3},{1 2345}, {14}{2 5}{3},
(1345}{2).{1245}{3). {13 4}{2 5}
{1332 514}, {1 4}{2H3 5} |
{15}{2 3H{4} {15}{2}{3 4}
{13}{ 245}, (3 4}{1 2 5},
(1454{23) (3511 2 4)

Figure 5.2: Paths and partitions corresponding to the adjusted reciprocal sequence of

the Bell numbers
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L (1) N {12}
LN sy
SRR {1 3}2 4},
LU sy s
{1542 43},
15}{2}{31{4},
{15H2}{3}{4) A
{1312 5}{4}, . sy
{1512 3}{4} {151{2}{3 4}

Figure 5.3: Paths and partitions corresponding to the adjusted reciprocal sequence of

the Young numbers
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B 1} AN {12}

L sy, {123)

VU e

N {12413}, {14}{2 3}
(134}{2),{1234)
{ 15H{2}{3}{4},

135}{21{4},

3 ) { H2H4} (1 5}2 4143,

@ {12534} { 1 2 3 (1523 4)
5H4}, ’
{145H{2}{3}.{12345), 135524
{1345{2}.{1245}{3}.
{15}{23}{4} {15}{2}{3 4}
{145}{2 3} (3 43{125},

Figure 5.4: Paths and partitions corresponding to the adjusted reciprocal sequence of

the Bessel numbers

Then the adjusted reciprocal sequence z(x) for the Bessel numbers has first few co-
efficients of z(x) given by 1,1,2,5,15,51,189,748,3128,13731 ... (A153197), so this
sequence counts the number of set partitions of n, only considering sets of non - over-
lapping partitions, which do not have a proper subset of parts with a union equal to
a subset 1,2, ....7 with j < n. Fig. (5.4]) shows the first few paths and corresponding

partitions.
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L aw

et {13){24),
{1 4}{2 3}

Figure 5.5: Paths and partitions corresponding to the adjusted reciprocal sequence of

the double factorial numbers

Example. Our last example is the double factorial numbers, which count all partitions
for each n which have only an even number of elements in each partition. The double

factorial numbers have a continued fraction expansion of the form

1

3a?
1-— T a2
We look at the adjusted reciprocal sequence for the double factorial numbers. The first
few coefficients of z(x) expand as 1,0,1,0,2,0,10,0,74,0,706 ... Aerated (A000698),
so this sequence counts the number of set partitions of n, considering only sets of even

partitions, which do not have a proper subset of parts with a union equal to a subset

1,2,...,7 with j <n. Fig. (53) shows the first few paths and corresponding partitions.


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000698

CHAPTER 5. LATTICE PATHS AND RIORDAN ARRAYS 141

5.7 Bijections between Motzkin paths and constrained

Lukasiewicz paths

In section we have looked at the adjusted reciprocal sequence relating to Motzkin
paths. Let us now look at the adjusted reciprocal sequence for the Lukasiewicz paths.
From section [5.2] we have the following continued fraction expansion for Lukasiewicz
paths with all Lukasiewicz steps of weight @ and level steps of weight £,

1
z(z(f—a)—1)
z(z(f—a)—1)

1+z(1-p5)+
1+z(1-p5)+

Similarly, as for the Motzkin paths shown in section 5.6l the adjusted reciprocal sequence
counts the Lukasiewicz paths that do not return to the x axis. Looking at one such
example of these paths, with § = 0 and o = 1 we have the

1
g(x) = —
Lo+ —
1+2(1) +

is the sequence of Motzkin numbers (A001006).

From above, we introduce the following bijection between the (1, 1)-Motzkin paths of
length n and the (1,0)-Lukasiewicz paths of length n + 2 which do not return to the
x-axis until the final step.

Before we give the bijection, let us look at the paths corresponding to n = 1,2,3 and
4. For n = 1 we have the following path
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For n = 2 we have the following two paths

For n = 3 we have the followin

For n = 4 we have the following nine paths
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Denote M,, the set of (1,1)-Motzkin paths of length n and L, o the set of (1,0)-
Lukasiewicz paths of length n 4+ 2. Now, we construct a map ¢ : M,, = L,,1o. Given a
(1,1)-Motzkin path P of length n we can obtain a lattice path ¢(P) of length n + 2 by
the following procedure,

1. Firstly, before the first step of the (1,1)-Motzkin path add a N-E step u, and at
the end of the (1,1)-Motzkin path, add a step S-E step, d. We now have a path
of length n + 2 which does not return to the z-axis.

2. All ud steps remain unchanged

3. For each E step b find the corresponding d step at that level, the E step b becomes
a N-E step and the d step becomes [. If there is another E step at the same level,
leaving the ud steps between them unchanged, this becomes a u step and the [
becomes [?

4. Repeat the last step until there are no E steps in the path. In general, if we have
r E steps at the same level, ignoring all ud steps, the r E steps become u steps
and the corresponding Lukasiewicz step becomes ["*!

Conversely, we can obtain the (1, 1)-Motzkin paths of length n from the (1, 0)-Lukasiewicz
paths of length n + 2 by the following procedure,

1. For each Lukasiewicz step, (" of length r, find the corresponding r» + 1 N-E steps,
u, ignoring all ud steps. The first u step remains the same, change the following
r N-E steps to E steps, b. The [" step now becomes a N-E step d.

2. Remove the first u and last d step to create the (1, 1)-Motzkin path of length n.
Example. ... ubbduubudbdbbd - - - <+ ... uu uubudbdbbdd . . .

SoLLuu uubudbdbbdd - - - + ... uu uw ud o bbdd - - . un uw ud o bbdd . . .
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We note that as the binomial transform preserves the bijection, so following from above

we can show a similar bijection between the paths of length n counted by the Catalan
numbers and the (1, 1)-Lukasiewicz paths of length n+ 2 which do not return to the -

axis until the final step. The paths counted by the Catalan numbers are (1, 2)-Motzkin

paths. Let us denote the two choices for the level step as b; and by.

Let us look at the paths corresponding to n = 1 and 2. For n = 1 we have the following

paths

For n = 2 we have the following two paths
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To show the bijection between the (1,2)-Motzkin paths and the (1, 1)-Lukasiewicz
paths, we have the following procedure:

Denote C, the set of (1,2)-Motzkin paths of length n, where the level steps have two
choices namely, b; and by, and W,, 5 the set of Lukasiewicz paths of length n+ 2, which
do not return to the z-axis until the last step. Now, we construct a map ¢ : C, — W, yo.
Given a path P of length n we can obtain a lattice path ¢(P) of length n + 2 by the
following procedure,

1. Firstly, before the first step of the (1,2)-Motzkin path add a N-E step u, and at
the end of the (1,2)-Motzkin path, add a step S-E step, d. We now have a path
of length n + 2 which does not return to the x axis.

2. All ud steps remain unchanged

3. For each E step b; find the corresponding d step at that level, the E step b;
becomes a N-E step and the d step becomes [. If there is another E step at the
same level, leaving the ud steps between them unchanged, this becomes a u step
and the [ becomes /2. E steps by remain unchanged

4. Repeat the last step until there are no F steps b; remaining in the path.

Conversely, we can obtain the (1, 2)-Motzkin paths of length n from the (1, 1)-Lukasiewicz
paths of length n + 2 by the following procedure,

1. For each Lukasiewicz step, " of length r, find the corresponding r + 1 N-E steps
u, ignoring all ud steps. The first u step remains the same, change the following
r N-E steps to E steps, b. The [" step now becomes a N-E step d.

2. by steps remain unchanged, as do ud steps.

3. Remove the first u and last d step to create the (1,2)-Motzkin paths of length n.

Example.

gives the eight paths
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cvvvulPvuuudldd . . .

S

=
=
<
3
i
=)
3
S
S
i
=)
i
=)
3

cvwuuul*uubudddd . . .

.

.. uby by duubyuddd - - -

< . cuuubluwuudldd . ..

.. ubibyduubiuddd - - -

. ouvbuluvuudldd ..

.. ubgb duubiuddd - - -

< .. uubbduuuudldd . . .

.. ubsbyduubiuddd - - -

- wubuluubudddd . . .

..

. vwuubluubudddd . . .

‘R

.. ubibayduubyuddd - - -
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. uwubbduubudddd . . .

..

.. ubyboyduubyuddd - - -



Chapter 6

Hankel decompositions using

Riordan arrays

This chapter is inspired by Peart and Woan [103], who studied Hankel matrices using
a Riordan array decomposition, where the Riordan array has an associated tridiagonal
Stieltjes matrices. As we saw in the last chapter, these Riordan arrays relate to Motzkin
paths. In this chapter, we study these Hankel matrices, decomposing them in an
alternative manner, where the related Riordan array in the decomposition has a non-
tridiagonal Stieltjes matrix. The Stieltjes matrices are those that relate to Lukasiewicz
paths. In the previous chapter we studied Lukasiewicz paths. In eq. (B35 from
proposition [5.2.1] we showed that Lukasiewicz paths with steps weighted

g6 1 0 0 0 O
a B 1 0 0 0
a a S 1 00
a a a 10 (6.1)
a a a a 1
a a a a a B

have o.g.f.

_1+2(=p) = V((B+ De — 1) — daz®

79() 2(1 — Bz + ax)

148
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In this chapter we look at Hankel matrix decompositions involving Riordan arrays
with generating functions of this form. From studying this alternative decomposition
we study the relationship between Motzkin and Lukasiewicz paths through the medium
of Riordan arrays.

In the first section we will introduce and develop on results relating to Riordan arrays
of g.f’s of the form in [103]. We then introduce results relating to Hankel matrices
decompomposed into Riordan arrays relating to certain Lukasiewicz paths. As the
Hankel transform is invariant under the Binomial transform, we concern ourselves with
g.f’s of the Binomial transform of certain functions. Finally, before we leave this
chapter we look at a second decomposition of a Hankel matrix. Generating functions
relating to Hankel matrices in this section are unrelated to paths, and are simply
inspired by earlier work in the chapter.

6.1 Hankel decompositions with associated tridiag-

onal Stieltjes matrices

Firstly, let us recall some relevant results relating to Hankel matrices of the form studied
in [103].

Theorem 6.1.1. [103, Theorem 1] Let H = (an)n >0 be the Hankel matriz generated

by the sequence 1,ay,as,as, ... Assume that H= LDU where

1 0 0 0
lio 1 0 0
log lop 1 0
L= (lnk>n,k20 = 5
lso l3h l32 1
lag lag lao lugs
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dy 0 0 0
0 d 0 0

D=0 0 d 0 ...|, di#0, U=L"
0 0 0 ds

Then the Stieltjes matriz Sy, is tridiagonal, with the form

Go 1 0 0O O 0 O
o B 1 0 0 0 0
0 ap 7 1 0 0 O
0 0 as By 1 0 O )
0 0 0 as B/ 1 O
0 0 0 0 a p1 1
where
Bo=ar, ar=di, Brp=lwir—lpr, o= dg—:, k>1.

Following from this result, theorems [2.4.4] and which we introduced in section 2.4]
define the Riordan arrays that satisfy theorem [6.1.1l1 Here, for o.g.f.’s, drawing from
the continued fraction expansion of the related g.f.’s we offer the following proof,

Proposition 6.1.2. If the Stieltjes matrix S has the form
Bo 1 0 0 0
(03] 51 1 0 O
0
1

S=10 a /i 1
0 0 a B
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then the related Riordan array (g(z),zf(x)) has the form

1 T
(1 — fox — aqz(zf(x)) 1 — fra — Oézx(xf(x))) (6.2)

where

(brx—1) — \/(51x —1)2 - 4042:52.

6.3
20001 (6.3)

vf(z) = —

Proof. Let g(z) = > @nyn, with ay = 1. A continued fraction expansion relating to

the Stieltjes matrix S above has the form [70]

1 1
g(x) = o T 1 for — aqz(zf(x))
1-— ﬁo.ﬁ(} -
) Oé21’2
e 1— fo — 2
where x f(z) is
T 1
zf(r) = o? 1= b — aga(zf(x))
1— 511’ -
OK2$2
1-— 611’ -

1= fro— 2

Solving for z f(x) gives

(b —1) — \/(ﬁlx —1)2 — 4ay2?

200

resulting in eq. (6.3)). O

vf(r) = —

Note that if 5; = fy and a3 = as we obtain the Riordan array

(o) () = ! : )

1 — Boxr — aqz(xg(x))’ 1 — for — ayx(zg(x))




CHAPTER 6. HANKEL DECOMPOSITIONS USING RIORDAN ARRAYS 152

From [76], the Hankel determinant h,, of order n of a,, = [2"]|g(x) is

hy, = afay tad ™. a2 o,
From the form of the continued fraction expansion of g.f.’s satisfying theorem [(.1.1]
the Hankel determinant h, of order n of a, = [2"]g(x), when the Riordan array L
satisfying theorem has the form (g(z),zf(x)), with ag = 1, is

n . n—1_n—2 2 n—1 Z@:?i n—1 n?—8ni2
hn =ag0] oy " o501 =] a7 =a] Tay, P
and when the Riordan array L satisfying theorem [6. 1.1 has the form (g(x), zg(z)), the
Hankel determinant is,

n—1 . 2
_ _ "y n“—n
by, = alay ol ™. aja, 1 = ozlzl—‘ =a 2 .

In this chapter we concern ourselves with the Binomial transform of certain functions.
We take this opportunity to present the following result.

Proposition 6.1.3. Let LDL” = H, with H a Hankel matriz, D o diagonal matriz
and L be a Riordan matriz (g(z).f(x))([(9(x).f(x)]) with related Stieltjes matriz S, so
that L—'L = S. Then, the Riordan array related to the binomial transform of the Hankel
matrix H has Stieltjes matriz S + 1.

Proof. The Binomial transform of H in matrix form is QHQ? where

e e
w = o O

0
0
0
1

w [\) — (@)
o o o o
I
VR
—_
| | =
H\.
—_
| | =
8
N————
I
W&
&

Now if LL” = H we have the binomial transform of H

QHQ" = QLL"Q"
= QL(QL)"
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The Stieltjes matrix S of the Riordan array L satisfies the equation L™'L = S. Thus

we wish to show that the Riordan array QL satisfies the equation
(QL)'QL=L'Q'QL=1+S. (6.4)
Firstly we show that

Q'QL=L+L

For 0.g.f.’s we have

(1i$71155)<1i$71f$)(g(x),f(:c)): (141—x’1ix)(1img(1fx)’f(1fm>)'

The first column of the “beheaded” Riordan array above is

9(1%) —1
X

and the n'" column X .
() ()"

X

Now, left multiplication of the matrix Q! gives the resulting first column

1
1 —=9@ -1 gy

1+ N T +g(:):)

T
1+x
and n'" column

1
1 1=
1+2x

+[=
I
+
Q
O
~
&
3

T
These columns form the matrix L + L. Similarly, for e.g.f.’s we have

d

el [eg(a). S (a).
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Expanding the first column gives

d

[e™% 2] (e"g(2)) = [, x](em% 9() + €°g(2)) = = g(x) + g(2),

and for the n* column we have
(et (sl ) el - 2 (sl ) 4 g 120

These columns form the matrix L + L.

Now we have shown for both e.g.f.’s and o.g.f.’s that
Q'QL=L+1L.
Pre-multiplying by the matrix L= gives eq. (6.4)). O
Corollary 6.1.4.
L (Q"L)'Q"L = nI +S.

Similarly to above, we can show that

(Q'L)'Q"L =nL +L,
with the binomial Riordan array

i 1 1
Q= (1—nx’1—nx)

for 0.g.f.’s and [e"*, x] for e.g.f.’s.

The Hankel matrices formed from the series f(x) listed in the table below decompose
according to Theorem [6.I.11 That is, H = LDL. For the power series in the table
below, D is the diagonal matrix and L is the Riordan array (f(z),xzf(z)).
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Power series A-number
1 —+1— 422
Zn =0 Zk 0 % (%) (212) 0" =2hgn 2—x2$
Aerated (A126120)
o\ (1—2)— /(1 —12)—4a?
Yo OZk 0%( )(%)x 22
(A001006))
D om0 D ko %ﬂ (215) (2k)2 e 972
(A000108)
wvonoe | (1=3x) = /(1 —3x)? — 4a?
P OZk 0 %( )(2k)3 i 9,2
(A000108)
(1 —hx) — /(1 — hx)? — 4a?

> o Zk 0 % (%) () B 2"

212

In table above, when h = 0 we have the sequence

oo 5]

2. T

n=0 k=0

+1

()

which has a non zero term when n = 2k. Thus we have

tion.

o0

> i

o0

n 1 on on
=3 ()

the sequence of aerated Catalan numbers. We now offer the following proof by induc-

155
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http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001006
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Proposition 6.1.5. The binomial transform of the sequence
i = (%) (n) .
oot E+1\ k) \2k

18 the sequence
131

5 %4—1 <2:) (27;) (h+ 1)

n=0 k=0

Proof. We assume true for n and by induction we prove true for n+ 1, that is we prove

the following,

0B - S

B 1 <2k)<n)"_2k <n—2k)hm
e k+1\k)\2k) &=\ m

m=

Firstly, when n = 0,

0 19) 0—2k
5 0 L (2R (7 1 (2k\ [0 5 02\ 0,
r E+1\ k 2k p E+1\ k 2k . m

r=0 k=0

By a change of variable

i A\ <21 2K\ [ ok 21 /% "i’“ n 2 A )
r kE+1\ k) \2k B k+1\ k) ~= \2k+m 2k '
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By the cross product of Binomial coefficients we have

%H (2:) g <2k: Z m) (%; m) "= i 1 (2:) ”ik (27;) (n " %) "

15

Riordan arrays formed from the power series f(x) in the table below, once again sat-
isfy the decomposition LDL?T = H. For the power series in the table below, D is the
diagonal matrix where the n'™ element of D, D,,,, is m™, for some m > 0 and L is the
Riordan array (f(z),xf(z)).
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Power series A-number
1—+1— 822

S D e () Gor e |
Aerated (A052701))

S S e () e | LT VTR

(A025235)

00 5] 2k\ (n\on— n (1 - 2'7;) - \/<1 - 2'7;)2 — 82
Dm0 2kt0 k%l ( k ) (2k) 2n—2hoky A2
(A071356)

(1 —3z) — /(1 — 32)2 — 822

En OZk 0%( )(n 2k)3n kak " 41’2
(A001002)
1—+1—1222

5, S o () ( )0k | VL

Aerated (A005159)
(1—2)—+/(1—2)%— 1222

> OZk 0%(%) (n 2k)3k " 622
(A025237)
ok o okok m 1—22)— /(1 —2x)2— 1222
5y S () ( 2 et | 20V 2
(A122871)
ok okok n 1—-32) — /(1 —3x)2— 1222
5y S () ( et | L3V 50

(A107264)

(1= hx) — /(1 — ha)? — 4ma?

2ma?

P OZk Ok—li-l (%f) (n 2k>hn b
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http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A025235
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A071356
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001002
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A005159
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A025237
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A122871
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A107264
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6.2 Hankel matrices and non-tridiagonal Stieltjes

matrices

Now, as shown in the last section, we looked at Hankel matrices which decomposed into
L;DL;”, where the Riordan array L; has an associated tridiagonal Stieltjes matrix.
Here, we decompose the Hankel matrix H(x), where L = (f(x), zf(x)), into

LB-D- (LB)” (6.5)

where the Riordan array, L; from the previous section has been decomposed further
into the product of two Riordan arrays, the second array being defined throughout this
section as the matrix B, which is the “shifted” Binomial matrix with the first column
0™. The first few rows have the form

10000
01000
01100 x

B=|p191 0 :(1,1_x). (6.6)
01331

The generating function of the first column of the Riordan array L, f(z), is the gen-
erating function in eq. (5.5) with o = 5 = fy. That is, f(x) is the g.f. for Lukasiewicz
paths with east(E) and south-easterly(S-E) steps of the same weight, thus the related
Stieltjes matrix has the form

o 1 0 0 0 O
Bo fo 1 0 0 0
Bo Bo Bo 1 0 O
Bo Bo Bo Bo 1 0 (6.7)
Bo Bo Po Bo Bo 1
Bo Bo Po bo Po Po
Thus Hy is the Hankel matrix where a, = [2"]f(x), to which we associate the g.f.
f(z) =327 a,a™ where
1
flz) =

(1= (B —D)z) —xf(x)
1—(Bo— Dz —+/(1—(B— x)?2 — 4z
2x
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and f(z) satisfies the equation

vf(2)? — f(x)(1 — (B — 1)x) +1=0.

L is the Riordan array (f(z),zf(x)) and D is the diagonal matrix

10 0 0 0
0 6o 0 0 O
0 0 B2 0 0
D=1o 0 0 8 o
00 0 0 &
Proposition 6.2.1.
H;(r) =LB-D-LB". (6.8)
where
1—(Byg— 1o —+/(1—(6y—1)x)? —4x
f(!lf) _ ( 0 ) \/(Qx ( 0 ) ) :
with

x
B=|(1
(775)

and D is the diagonal matriz with D, ,, = ;.

Proof. Let the Riordan arrays L = (f(z),zf(z)) and LB = (f(z), 2 f1(x)). Thus

LB — L<1, * )
11—z

_ <1 —(Bo—1Dz— /(1= (Bo—Da)2—4x 1—(1+ By)x — /(1= (8o — 1)x)% — 4a

2x ’ 260!13’
= (L4 boxfi(z), 2fr(x)),

with

vfi(x) = 1—(1+By)r — \/2(;0; (Bo — 1)z)2 _41,’

)
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which satisfies the equation

Box(afi(2))* + (2 fi(2))(@(1+ fo) — 1) + = =0.

Now, we can rewrite LB as

1 T
(1 — Box — fox(zfi(x)) 1 — (Bo + 1)z — 5093(55f1(93))).
This satisfies Theorem with associated Stieltjes matrix

B 1 0 0...
Bo Bo+1 1 0...
Ste= |0 Bo By + 1 1... ;
0 0 Bo Bo+1...
thus eq. (6.8) is also satisfied. O

Corollary 6.2.2. The n'" Hankel transform of a, = [2"]f(z) where H; satisfies eq.

n(n+1)

BR) is By * -

Investigating the form of the Hankel matrix formed from the sequence of coefficients
of the series reversion of

T VA (e G o
. ,

wf(z)

we let

(o) = Rev(af(a)) =

and find for the form of the Hankel matrix H,, that we have the decomposition
H,=L"'M-D-(L"'M)” (6.9)
where M is the matrix with first column 0" and second column with g.f.

_1- (1+ Bo)z — /(1 = (Bo — 1)x)? — 4a
2B0{L’ ’

zf (z)
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All other columns are zero.

Now, let us look at some examples of g.f.’s that satisfy Theorem above.

Example. Let L = (f(x),zf(z)), where

o
C1-af(@)

is the g.f. of the sequence of Catalan numbers (A0001081). Two continued fraction

f()

forms of the g.f. of the Catalan numbers are

flx) = =

Now, we have Hy = LB - (LB)7T, the first few rows of this matriz equation expand as

T T
100 0.. 1 00 O0.. 1 00 0.. 1 00 0..
110 0.. 01 0 O0.. 010 O0.. 110 0..
2 21 0.. 01 10.. 01 10.. 22 10..
5 5 3 1.. 012 1.. 012 1.. 5 5 3 1.
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The associated Stieltjes matrices of L and LB are

110 0...
11 10...
111 1...10,
111 1...

St

which are the Lukasiewicz paths with weight of one for all E and S-E steps, and

110 0..
121 0..
Stce=|[0 1 2 1..
001 2..

which are the Motzkin paths with weight of one for all S-F steps and weight of two for
all E steps, except the x-axis E step, which has weight one.

We note that L™ = (g(x),zg(z)) = (1 —2,2(1 —z)) and Hy =L'M-D - (L~'M)”

expands as
T
1 0 0 10 0.. 1 0 0 1 0 0.. 1 0 0
-1 1 0 0 1 0.. 0 -1 0.. 0 1 0.. -1 1 0
0 -2 1 0 2 0.. 0 0 -1 0 2 0.. 0 -2 1
0 1 =3 05 0.. 0 0 0 0 5 0.. 0o 1 =3

Example. Let L = (f(x),zf(z)) where f(x) satisfies the equation

f@)z = f(z)(1—2)+1=0,
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with
l—z—+V22—-6z+1
f([lf)— 21’ )

which is the g.f. of the sequence of the large Schrider numbers,(A006318). Two forms

of the continued fraction expansion of f(x) are given by

1 1
flx) = =

l—2z— 1—2x —

l—g————— 1— 3z —

1—7— — 1— 30— —

Now, H; = LB - D - (LB)”, which expands as

1 0 0 O0.. 100 0.. 1 000 1 00 0.. ! 1 0
2 1 0 0.. 01 00.. 0200 010 0.. 2 1
6 4 1 0.. 01 10.. 0040 01 10.. 6 4
22 16 6 1.. 012 1.. 000 8 012 1.. 22 16

The associated Stieltjes matrices of L and LB are,

SL =

NN NN
NN N
N N = O
= O O
- o O O

- o O O
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which are the Lukasiewicz paths with weight of two for all E and S-E steps, and

SLB =

S O NN
S N W =
W = O
w = o O

which are the Motzkin paths with weight of two for all S-E steps and weight of three for

all E steps, except the x-axis E step which has weight two.

We note that L' = (g(x), zg(z)) = (1_“’ x(l_x)). H, =L 'M-D-(L7'M)" ezpands

T+2’ 1tz
as
T
1 0 0.. 1 0 0.. 1 0 0... 1 0 0.. 10 0
-2 1 0.. 0 1 0.. 0 -2 O0... 0 1 O0.. -2 1 0..
2 -4 1.. 0 3 0.. 0 0 —-2... 0 3 0.. 2 -4 1
-2 8 —6.. 0 11 0.. 0 0 O0... 0 11 0.. -2 8 —6.

Example. Let L = (f(x),xf(x)), where f(z) satisfies the equation
f@)z — f(2)(1-22) +1=0
with

_1—2$—\/4x2—8$+1
N 2z ’

()

which is the g.f. of the sequence of planar rooted trees with n nodes and tricolored end
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nodes (A047891). Two continued fraction expansions of the g.f. have the form,
1 1
flz) = =
x 322
1—-2z— 1—-3z—
x 322
1-2z2———— 1—4x —
T 3z
1—-2x— — 1—d4er— —
We have Hy = LB - D - (LB)” which ezpands as
T
1 0 00 1 00 0.. 1 00 O 10 0 O0.. 1 0
3 1 00.../]10 10 O.. 030 0 010 0.. 3 1
12 6 1 0 01 1 0.. 009 0 01 1 0.. 12 6
57 33 9 1 01 2 1.. 00 0 27 01 2 1.. 57 33

The associated Stieltjes matrices of L and LB are

St

I
W oW W w
W W W e
W W = o
w = o o
_ o o o

which are the Lukasiewicz paths with weight three for all E and S-FE steps, and

SLB =

o O w w
=~ = O O

10
4 1
3 4
0 3

o = O O

- o O O
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which are the Motzkin paths with weight of three for all S-E steps and weight of four

for all E steps, except the z-axis E step which has weight three.

We note that L' = (g(x), zg(z)) = ( Loz x(l_x)). H,=L"'M-D-(L'M)” expands

1+2z27 142
as
T
1 0 0... 1 0 0... 1 0 0 1 0 0.. 1 0 0
-3 1 0... 01 0... 0 -3 0... 0 1 0.. -3 1 0
6 —6 1... 0 2 0... 0 0 -=-3... 0 2 0.. 6 —6 1
—-12 21 -9... 0 4 O0... 0 O 0 0 4 0.. —-12 21 -9

Corollary 6.2.3. A bijection exists between Lukasiewicz paths with weight o for all E

and S-F steps, where the first few elements of the associated Stieltjes matriz expand as

a 1 0 0 O0...
a a1 0 0...
a a o 1 0...

a a o o 1...

and Motzkin paths with weight of « for all S-F steps and weight of a+1 for all E steps,
except the x-axis E step which has weight a. The first few elements of the associated

Stieltjes expand as

Proof. Proof follows from eq. (6.8]). O
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We now turn our attention to Riordan arrays L = (g(z),zf(z)) with g(x) # f(z) and
we introduce the following proposition. In terms of paths, we will now look at paths
where the weights of the steps returning to the x-axis, or level steps on the z-axis differ
from the other possible steps of the paths considered.

Proposition 6.2.4.
H,(z) =LB-D-LB",
where the Riordan array

1 T

= (Bo— )z — 2aj(@) (1- (B - Da) — 2/ (@)

L = (glo).af (o) = ( ) G0

with
of(x) = 1—(p— 1z — \/(; — (b1 — 1)z)? —455’
and L has the associated Stieltjes matriz
Bo 1 0 O0...
ap B 1 0...
SL,=|ay B S/ 1...
ag P1 P1 Pi.-.

We note that following the notation of the Stieltjes matrix above, S-E steps returning
to the axis have the same weight, ay with E steps on the z-axis having weight S,. All
other S-E and E steps have weight f;.

Proof. Now for LB = (g(),zf1(z)), with L = (g(z), z f(x)) we have the Riordan array
L(l T ):< 1 1—(1—0—51):5—\/(1—(ﬁ1_1)x)2_4x)
1= (B — -

"1—=2 %)x—%xf(x)’ 251

1-(1 r—+/(1—(B1—1)x)2 -4z
As l’fl(l') _ (1+B1) 2(51 (B1—1)z)

we can rewrite LB as

1
<1 . BOZE _ Oé()!lﬁ'2f1(ll§')7xf1<x>)7
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which has associated Stieltjes matrix

Bo 1 0 0...
a B+l 1 0...
Site=1] 0 B pfr+1 1...
0 0 B Bi+1...

We can rewrite

LB — ( 1 T )
1— Bor — apz(xfi(x)) 1 — (B + D — Biz(xfi(x)) )
The Riordan array above satisfies Theorem [6.1.1], thus

H,(z) =LB-D-LB".

Example. We consider the g.f. with continued fraction expansion

1

2z
1l—o—

which is the g.f. of the sequence (A026671).

The associated Stieltjes matrices of L and LB are

St

Il
NN W
T T

—

—

169
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which are the Lukasiewicz paths with weight of one for all E and S-FE steps except those
returning to the x-axis, when the F step has weight three and the S-F steps have weight

two, and
310 0..
2 2 10..
Stce=|[0 1 2 1..
001 2..

which are the Motzkin paths with weight of one for all S-F steps and weight of two for
all E steps, except the x-axis E step which has weight three and the S-E step returning

to the x-axis has weight of two.

6.2.1 Binomial transforms

Now, as the Hankel transform is invariant under the Binomial transform [78], we are
interested in the form of the Binomial transform of the generating functions above.
Firstly let us look at generating functions of the form in eq. (6.8)), that satisfy the
equation

vf(x)? — f(z)(1 = (B — 1)x) +1=0.

We have the following proposition

Proposition 6.2.5. An o.g.f. which satisfies

(1 = Ba) f(2)* = f(2)(1 = (B = 1+ B)2) +1=0 (6.11)
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with continued fraction expansion of f(x)

f(z) = :
1= (B =1+ )z — w1 = )
1= (Bi—1+ )z w1 — )
1—(51—1+5)x—x(1_ﬁx)
has related Stieltjes matric
B+p 1 0 0...

b1 B+ b1 1 0...
Bl Bl B+51 1...
B B B B+pBr...

Proof. Applying proposition 2.4.8 to the Riordan array (f(z),xf(x)), where zf(z) is

1= (B -1+ B — (1- Ba)ef(z)

gives the required result. O

wf(z)

Corollary 6.2.6. The ™ binomial transform of the Riordan array (fs(x),xfs(x))
with f(x) satisfying

of(2)* = f(z)(1 = (Bi = 1)a) +1=0
satisfies

(1 — ) fo(2)* — fo(x)(1 = (Br — 1+ B)z) + 1.

Example. For 31 = 2 we have

of(z)* = flz)(1—2)+1=0
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with
_r—=1+ Va2 -6z +1

—2x

f(z)

The g.f. f(x) has a continued fraction expansion

(I—z)—
x
(1—2)——
which is the g.f. for the sequence of the large Schréeder numbers (A006318). The

Hankel matrixz decomposes as

1 0 0 O0.. 1 0 0 0.. 1 00 O0.. 1 00 0.. 1 0
2 1 0 0.. 010 O0.. 0 2 0 O0.. 01 0 0.. 2 1
6 4 1 0.. 011 0.. 0 0 40.. 01 10.. 6 4
22 16 6 1.. 012 1.. 000 8.. 012 1.. 22 16

so h, = 9™ s the n'* Hankel transform with first few elements

1,2,8,64,1024, . . . (A00G125).
Now, the binomial transform, (g1(z), xfi1(x)), with § =1 satisfies,
o(1—2)fi(2)’ = f(x)(1 = 22) +1=0
with

20 — 1+ v/8x2 —8x + 1
2x(z — 1) ’

fi(x) =

S = O O
- o o O
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and fi(x) has a continued fraction expansion

1
(1 —22) z(1—x)
(1—22) (1l —x)
(1-21) — o1 - 2)

which is the g.f. for the sequence (A174347).

Now we look at g.f.’s of the form where g(z) # f(x), and the Riordan array L =
(9(x),zf(x)) has

1 1
I N V10 KA R e B P e Vo)

In terms of paths, all E and S-E steps have the same weighting, except for that of the
E step on the x-axis.

The associated Stieltjes matrix has the form

B+p/ 1 0 0.,
Bo B+ o 1 0..
Bo Bo  B+5 ..

+05---

Bo Bo Bo B

The g.f. of g;(x), the g.f. of the first row of the Riordan array after multiplication of
the Binomial array, has a continued fraction expansion

1

z(1 — fBx)
z(1 — fBx)

1—(Bo—14p)x—

1—(B+p -z —
1—(Bo—1+pB)x—

z(1 — px)
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We note that

L1 — (932(50—51)—95(50—51 —-1)—1 r(r—1) )
2B —x(B+ Fo) — 1 "Brr—x(B+Bo) - 1)

Let us look at some examples of Riordan arrays of the above form.

Example. For 5y =0, =2 with $ =0,1,2,

B 1
122 —af(x)

g(z)
and g(x) has a continued fraction expansion

1

1—2x —

x
1= l—xz...
The coefficients of the related power series form the sequence (A001700). Note that for
L = (g(x),zf(x)) then

L' = (22 -3z + 1,2(1 — 2)).
The Binomial transform of g(z) is

B 1
C1-3r—2(1 —2)f(2)

g1(x)

and g1(z) has a continued fraction expansion
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The coefficients of the related power series form the sequence (A026378). If Ly =

(g1(x), zf1(x)) then the Riordan array

Lfd__<—@x2—3x+1) ﬂx—l))‘

B ?—z—1 "22—z-1
Rev(z fi(x)) are the alternating signed Fibonacci numbers. The second Binomial trans-
form (ga2(x), zfo(x)), with = 2, has

B 1
1 —dx —2(1 - 22)f(x)’

ga()
and go(z) has a continued fraction expansion

1

(1 —2x)z
1—4x —

(1 —2x)z

1— 20—
T 2 —a(1—22)...

The coefficients of the related power series form the sequence (A005573).

L2_1 = ((92(1’),$f2(55)>)_1 = (_;2;; __2?;x—_'_11)7 2x§(f 2_1’11 1)

where Rev(z fa(x)) is the sequence |[A028859. In general, the related Stieltjes matrices

for each of the B values above is

248 1 0 0..
1 148 1 0...
1 1 148 1... |,
1 1 1 1+48...

where the related Lukasiewicz paths have weight one for all the S-E steps, and weight
B for all E steps, except those E steps on the x-axis, where they have weight B + 2.
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Now finally we turn our attention to the binomial transforms of g.f.’s of the form in
eq. ([612) where g(z) # f(z), and the Riordan array L = (g(z),zf(z)) has the form

1 x
(1 = (Bo— F)z = Gaf(x) (1= (b —1D)x) - xf(a:))'

Here, we have the binomial transform

1 T
(1 —(Bo— P+ B)x— 31— B)zf(z) (1 — (B — ) —z(1 —ﬁ)f(x))

Example. We look at the first binomial transform of the g.f.

1

2
1—x—

1 —

x
1— —

which is the g.f. for the sequence(A026671). The associated Stieltjes matriz is

N NN W
T T
— = = O
==

with related Lukasiewicz paths with E and S-FE steps all of weight one except for E steps

on the z-axis having weight three and S-E steps returning to the z-axis having weight


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A026671

CHAPTER 6. HANKEL DECOMPOSITIONS USING RIORDAN ARRAYS 177

two. We have a continued fraction expansion for the binomial transform

1

2z(1 — x)
1—2x—

(1l —x)

1l—2—
z(1—x)
g — =

which is the g.f. of the sequence (A026671), with corresponding Stieltjes matriz

41 0 0..
2 21 0..
21 2 1...10,
211 2.

which has the same steps as the Stieltjes above, excepts for an increase of the weight of

one for each of the level steps.

As we noted in section [B. 1Tl where we constructed the binomial transform of a Motzkin
path, a bijection between a Motzkin and Lukasiewicz path is preserved under the
binomial transform. We refer the reader to section [5.4] where we have constructed one
such bijection satisfying the g.f.’s from this section, where the related Stieltjes matrices
have the form

== O
o= O
= O = O
O = O O

which are the Lukasiewicz paths with weight of one for all S-E steps and no E steps
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permitted, and

SLB =

oo~ o
O = =
F S
—_—_0 O

which are the Motzkin paths with weight of one for all steps except no E steps permitted
on the x-axis. We note that this is the inverse binomial transform of the g.f. from
example

6.3 A second Hankel matrix decomposition

Finally before we leave this chapter we naturally lead ourselves to consider a similar
decomposition as in eq. (6.8), where we look at the Riordan array decomposition
involving the inverse of the “shifted binomial” matrix B, as defined in the last section.
This inspires the last section in this chapter. We note that we do not consider related
lattice paths in this last section as the form of the Stieltjes matrix does not correspond
to any paths that we have previously encountered. Once again, we will also look at the
binomial transforms of Riordan arrays satisfying our new Riordan array decomposition,
and again we will consider the form of their associated Stieltjes matrices.

We now introduce the following decomposition of a Hankel matrix H, :

H,=L'M-D-(L'M)", (6.12)
where the Hankel matrix H,, is the matrix where a,, = [2"]g(x) and L is the Riordan
array (g(x),zg(z)), where

(1 +n2)
1+ (2n+ )z + (n?+ fn+ 1)a?’

g(z) = (6.13)

with 8 > 0, D a diagonal matrix, and M the matrix with first column 0" and second
column equal to Rev(zg(x)), where
x
R = = 6.14
ev(zg(w)) = xf(z) T ey oy ey -y s ey T M
V(B2 —4) — 228+ 1+ z(8+2n) — 1
2(n —z(fn+n2+1)) '

(6.15)
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We will see in the examples below that the Hankel matrix Hy, with a, = [2"]f(x)

where f(x) is the g.f. of the series reversion of g(z), decomposes into LB™™ -LB™™" |

for some m, where L = (f(z),zf(z)) and B = (1, Hix), so so we have the following,

st ri) = (i)
(s s )

Now —2f (m)z)) simplifies to

I+n(zf(

1— Bz —/22(B2 —4) — 223+ 1
2 ’

giving the Riordan array (g(z), zf(z)):

VaR(B2—4—2zB+1)+x(B+2n)—1 1— Bz —/22(32—4) — 228+ 1
< 2(n — x(Bn+n? + 1)) ’ 20 )

which is the Riordan array

(—Fr @y @)

which has a corresponding tridiagonal Stieltjes matrices.

Let us look at some examples. Note that as the g.f.’s of the Riordan arrays depend on
two variables, we will use the notation L = L,, g for the rest of this section.

Example. For 5 =1, MDM has the form

100 0.. 1 0 0 O 1 000 !
01 00.. 0 -1 0 0 0100
01 00.. 0 0 -1 0 0100
0 2 0 0.. 0 0 0 -1 0200
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The second column of M is the g.f. for the sequence of the Motzkin numbers. Now,

B =1, we have Ly, ¢, let us now look at the Riordan arrays generated whenn = 0,1 and

2.

Forn =0 we have,

-1 1 x
O I+ a2 1+ +a?

with first few rows of the Riordan array

1 0 0 O0..
-1 1 0 O0..
Lo=]0 -2 1 0...],
1 1 -3 1..
and associated Stieltjes matriz
-1 1 0O 0
-1 -1 1 0
-4 -2 -1 -1
LnO = (f<$>,$f($)), where
x

zf(x)

T Iz —a(ef(a)
which is the g.f. of the sequence of Motzkin numbers (A001006). The first few rows
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of the Riordan array expand as

1 0 0 0..

1 1.0 0..
Loo=12 21 0...],

4 5 3 1..

with associated Stieltjes matrix

110 0..

111 0..
SLn 0 01 1 1..

001 1..

We note that (Lyp) - (L] ;) = H.

Forn =1 we have

-1 _ 1+a z(1l+ x)
n,l 27 2 |
1+3x+322" 1+ 3x + 3x

with first few rows of the Riordan array

1 0 0 0.
-2 1 0 0..

Li=]3 -4 1 0..],
—3 10 —6 1..
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with associated Stieltjes matrix

-2 1 0 0
-1 -2 1 0
Sp1=[-2 -1 -2 1
-4 =2 -1 =2...
L.1=(f(z),xf(x)), where
x

zf (z)

T 1—3z+ (af(2)(1—32)
which is the g.f. of the sequence of numbers of directed animals of size n (A005775),

with first few rows of the Riordan array

10 0 0..
2 1 0 0..
LTL71 - 5 4 ]_ O .. )
13 14 6 1..
and associated Stieltjes matriz,
2 1

—_
[\)

— N = O

N = o O

We note that Ly, 1(B™") - (L, (B™Y)T = Hy. The first few rows of L,1(B™!) expand
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as,

1 0 0 0.. 1 0 0 O0.. 1 00 0..
2 1 0 0.. 0 1 0 0.. 2 10 0..
5 4 1 0.. 0 -1 1 0...1=15 3 10...0,
13 14 6 1.. 0o 1 -2 1.. 139 4 1..
with associated Stieltjes matrix,
210 0..
111 0..
St,.BH=10 1 1 1..
001 1..

Finally, for n =2 we have

L1 _ 1+ 22 z(1+ 2x)
2\ 145z + 722" 145z + 722 )’

with first few rows of the Riordan array

1 0 0 0.
-3 1 0 0.

L= 8 -6 1 0...],
—-19 25 —9 1..
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and associated Stieltjes matrix,

-3 1 0 0

-1 -3 1 0
Sii=1]-2 -1 -3 1

—4 -2 -1 -3...

i

vf(2) = 1= b+ (2f(2))(2 — Tz)’

which is the g.f. for the sequence (A0597538). The Riordan array has first few rows

1 0 0 O0..
3 1 0 0..
L.o=110 6 1 0...],
34 29 9 1..
and associated Stieltjes matriz,
3 1

Sr..=-2 1

—_
w

—_ W = O

w = O O



http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A059738

CHAPTER 6. HANKEL DECOMPOSITIONS USING RIORDAN ARRAYS 185

We have L, o(B7%) - (L, 2(B72))" = H;

1 0 00.. 1 0 0 O0.. 1 0 0 0..
3 1 0 0.. 0 1 0 O.. 3 1 0 0..
L,oB?) =110 6 10...[]0o -1 1 o...[ =10 4 10...|,
34 29 9 1.. 0o 1 =2 1.. 34 15 5 1..
with associated Stieltjes matrix,
31 00..
1 11 0..
St..B2=[0 1 1 1..
00 1 1..

Now, we have seen some examples above of Stieltjes matrices related to generating
functions of the form in eq. (G.I5). From eq. (A7) in proposition A.3.21 we saw that
the rows of the Stieltjes matrix corresponding to the Riordan array (g(x),zg(z)) of the
Bell subgroup have the form

A(z)

and Z(z) =

~ g(w) zg(x) @

Using this result, we have the following
Corollary 6.3.1. The Stieltjes matriz of the Riordan array (f(x),zf(x)) where

T 1-Cnt B+ (n— (n2+ Bn+ Da)f(x)

vf (z)

1s formed by the power series

Alz) =1+ (B +n)x + 2? Z(—n)mxm+2
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and

Z(z) = (B+n)x+a> Y _(—n)"a™

m=0

Proof. The rows of the Stieltjes matrix corresponding to the Riordan array (f(z), zf(x))
of the Bell subgroup have the form

x 1 1
Ax) = =) and Z(z) = ) -
From eq. (6.13) we have the series reversion of x f(x)
B B (14 nx)z
vev(zf(x)) = wg(w) = 1+ (2n+ B)a + (n2+ Bn + 1)z2)’
We have
and

(14 (2n+ Bz + (n* + fn+ 1)2?)
(1+nz)x

- % =(B+n)z+2? i(—n)mme’2

m=0

Z(x) =

Now, we note that the g.f. from eq. (G.12)

(1+ nzx)
14+ 2n+ Bz + (n?2+ Bn + 1)a?

g(r) =

can be rewritten in the form
1

1+ (n+B)r+ 12

In the table in Fig. (63]) below we see that for each [, the functions

(1+ nzx)
14+ 2n+ Bz + (n?+ Bn + 1)a?

g(r) =
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are successive inverse transforms for increasing n and for the series reversion,

1= @n+ Bz + (n—(n?+ fn+ r)rf(r)
V22 —4) —2xb+ 1+ 2(b+2n) — 1
2(n —z(fn+n?+1))

Rev(zg(z)) = =f(z) =

for each value of n the functions x f (x) are successive binomial transforms for increasing
values of 3. This leads us to the final proposition in this chapter:

Proposition 6.3.2. The inverse binomial transform of

(2) (1+nx) 1
€Tr) = = s
I 14+ @2n+ B)z+ (n? + fn+ 1)a? 1+(n+ﬁ)x+1fix
18
1
22
1 1 _
+(n+1+p)r+ e
and the binomial tranform of
x

Rev(zg(z)) = = f()

T 1-(Cn+ B+ (n— (24 B+ Da)zf(x)

1=+ B+ 1))z + (n—(n?+ (B + Dn+ Dr)rf(z)

Proof. Using Riordan arrays we proceed by showing that left multiplication of g(z) by
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the inverse of the Binomial Riordan array gives the required g.f. That is

1 1 1 1
1+2’ 142 22 14 (L)Z
1+ (n+ B)z + L+ (n 4 8)(1%) + ——e
1+nz e 14n(v)
nx
1
_ 1 +1—|—x
1+ 2
ne  xz(n+p) nz*(n+p) x
1
+1+JJ+ 1+z i (1+2)? +(1+x)2
1+z(1+n)

I+z(1+n)+(1+2z(1+n)(n+1+p6)x+ a2
1

1’2

1+(n+1+5)1’+m

For the series reversion f(x), we have

1 Va2(B2—4) — 228+ 1+ x(B+2n) — 1
(1—x’1—x) 2(n —z(fn+n2+1))

o \/<&)2(52—4)—2( B 14 ()81 20) — 1
1o () (n— (=) (Bn+n2 + 1))
Va2 (P —4) 201 —2)B+ (1 -2 + 2(8+2n) — (1 - z)
2z(n(l —x) —z(Bn+n? +1))

V(B2 —4) —2z(B+1)+1+z((B+1)+2n) -1
B 2(n —z(fn+n2+1))
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n=-—1 n=>0 n=1
1 1 1
g(r) = 2 g(x) = Ttz ta2 2
1+ - 142z + 12
1,0,-1,-1,0,1,1,... 1,-1,0,1,-1,0,1,—-1,... |1,-2,3,-3,9,...

1 1 1
LAl ey s e S GOl w7 g I = v a0
1,0,1,1,3,6,15,... (A005043) | 1,1,2,4,9,21,...(A00L006) | 1,2,5,13,35,96,... (A005773)

1 1 1
@) = . o) = 5 @) = ;
14+ 1z + — 1+3x+1+x
1,-1,0,0,0,... 1,-2,3,—4,5,... 1,-3,8,-20...
1 1 1
1@ = 1= A ey 5 S A GO Rl wpepray s e v
1,1,2,5,14,42, ... (A000108) 1,2,5,14,42,... (A000108) | 1,3,10,35,126,... (A001700)
1 1 1
g(z) = 2 g(x) = 1430+ 22 g(x) = e
1+2$+1—w 1—|—4x—|—1+x

1,-2,3,-5,8,—13,21, ...
1

flz) = l—z+ (-1+2)f(x)

1,2,5,15,51,188,... (A007317)

1,-3,8,—-21,55,—144, ...
1

f(z) = T—mf(m)

1,3,10,36,... (A002212)

1,—4,15, —55,200,...

1
UG ey e v 0%
1,4,17,75,339,... (A026378)
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Chapter 7

Narayana triangles

The Narayana numbers, which are closely related to the ubiquitous Catalan numbers,
have an important and growing literature. Their applications are varied. In the next
chapter we will look at the mathematics of one application in the area of MIMO
(multiple input, multiple output) wireless communication. For our purposes, it is
useful to distinguish between three different “Narayana triangles” and their associated
“Narayana polynomials”. These triangles are documented separately in The On-line
Encyclopedia of Integer Sequences [124] along with other variants. We are interested in
the Hankel transform [78] [76] of a number of integer sequences that we shall encounter.
Other areas where Narayana polynomials and their generalizations find applications
include associahedra [23, [57, [105] and secondary RNA structures [43].

7.1 The Narayana Triangles and their generating

functions

In this section, we define four separate though related “Narayana triangles”, and we
describe their (bivariate) generating functions.

190
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According to [166], the number triangle with general term

No(n, k) = ﬁ (Z) (k Z 1) (7.1)

has g.f. ¢o(x,y) which satisfies the equation
298 + (@ + 2y — 1)gy + 7 = 0.

Solving for ¢g(z,y) yields

L —a(l+y)—I-2a(l+y) +a2(1—y)®

pum— 7.2
This triangle begins
00 0 0 0O
1 0 0 0 00
11 0 0 00
No=|1 3 1 0 00
1 6 6 1 00
1 10 20 10 1 0
The triangle N; with general term
1 n n
Ni(n,k) =0""F 4+ —— :
(n, k) = 0" 4 <k:) <k+1) (7.3)
which begins
1 0 0 0 00
1 0 0 0 00
11 0 0 00
N,=|13 1 000
1 6 6 1 00
1 10 20 10 1 0
clearly has the g.f.
l—z(l—y)— /1 —-2x(14+y)+2%2(1 —y)?
b1(2.9) = 1+ dn(ayy) = -2 =V 2R E U Z0P gy

2xy
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The triangle Ny with general term

No(n, k) = [k < n]Ny(n,n — k) = 0"* + " +1Onk
begins
10 0 0 0 O
01 0 0 0 0
01 1 0 0 0
Ny,=|013 1 00
01 6 6 1 0
0 1 10 20 10 1

This triangle has the g.f.

(

n

k

)

n
E—1

)

1+x(1—y)—\/1—2x(1+y)—|—$2(1—y)2.

¢2(2L’,y) =1 +y¢0(l’,y) =

2z

Finally the “Pascal-like” variant N3 with general term

1 n+1\ /n+1
3(n k) = No(n + 1, k) n+1< k )<k+1)
which begins
1 0 0 0 0 O
1 1 0 0 0 0
1 3 1 0 0 0
N; = 1 6 6 1 0 0
1 10 20 10 1 O
1 15 50 50 15 1
has the g.f.
oo,y 1l—2(14+y)— 1 —-22(14+y)+22(1 —y)?
¢3(l’,y): 0( ): ( ) \/ ( ) ( )

X

2x%y

192

(7.5)

(7.8)

Using the generating functions above, we can relate the Narayana triangles to the
process of reverting sequences. We start by calculating the reversion of the expression

e —ay)
1—z(y—1)
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considered as a function in x, with parameter y. This amounts to solving the equation

_u(d —uy)
1—u(y—1)

for the unknown u. We obtain
u =z (z,y).

Thus we have
1 z(1 — xy)

¢1(l’, y) = EReVm. (79)
In like manner, we obtain
1 z(1—x)
oa(z,y) —Rev1 B (7.10)
and
x
¢3(z,y) = —Re (7.11)

7.2 The Narayana Triangles and continued fractions

In this section, we develop continued fraction versions for each of the generating func-

tions ¢y, @2, @3-

It is easy to see that ¢,(z,y) obeys the equation [21]

Yy — (vy — x4+ 1)y +1=0. (7.12)
Thus
¢1(1 —T— $y¢1) =1—xyd,
and thus
1—=x
& YP1
1—2yp —x
B 1
S p——

- 1-ayés



CHAPTER 7. NARAYANA TRIANGLES 194

We thus obtain the result that ¢;(z,y) can be expressed as the continued fraction

1
o1(z,y) = - : (7.13)
1 —
x
1— Y
x
1—
Yy
1
1
Similarly for ¢o(z,y), we have
g3 — (14+x—2y)pa+1=0 (7.14)

from which we deduce
Po(l —xpy —xy) =1 — 209

and hence
1—=x
PR
1 —agy —ay
B 1
o _ Ty -
1 1—z¢2

Thus we obtain the result that ¢o(z,y) can be expressed as the continued fraction

P27, y) = : (7.15)

In order to find an expression for ¢3, we first note that

-1
X

®3 = ¢1 =1+ x¢s.
Substituting into eq. (7.12]) and simplifying, we find that

¢3(1 — xy — 2%y¢s) = 1 + w (7.16)
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and hence
1+ a3
¢ =
1 —zy(1+ z¢3)
1
= 1
—TY + 1+xp3
1
—xY + E
But
1 _1 T
T
o1 - Y
T
1—
1 —
Hence we obtain that
1
P3(,y) = . : (7.17)
1—zy—
T
1_ Yy
T
1 —
1 —

We summarize the foregoing results in the next three sections, along with some other
relevant information concerning the three Narayana triangles Ny, Ny and Nj3. The
Narayana triangles are not Riordan arrays.

7.2.1 The Narayana triangle N;

We have
10 0 0 0O
1 0 0 0 0O
11 0 0 00
N,=|13 1 0 00
1 6 6 1 00
1 10 20 10 1 O
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with the g.f. [21]

and

or

o1(w,y) = 5 : (7.18)

l—z(1+y)— 5

T
1—x(1+y)—1_3_/”

In closed form, the g.f. can be expressed as

1—(1—y)z—+/1-22(1+y)+ (1 —y)%?
2xy '

1 n n
_ nn+k
N(n,k) =0 +n+0"<k:)(k+1)'

This triangle is A131198.

We have

7.2.2 The Narayana triangle N,

We have
10 0 0 0 O
01 0 0 0 O
01 1 0 0 O
N,=|[ 013 1 0 0
01 6 6 1 0
0 1 10 20 10 1
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with the g.f.
1
Cbg(l’,y) =
xy
1—
x
1—
T
1_ Y
T
1—
R
1—
or
1
1 -2y — 2y
1—z(1+y)— 5
1—2(1+y)—

1— ...
In closed form the g.f. is [42]

1—|—(1—y)x—\/1—2x(1+y)+(1—y)2x2‘

2x
It has general term
1 n n
On-i-k‘
* n + Onk <k‘) (k— 1)
which corresponds to
n+l, KR, z(1 — )
[z "] ovI— =

7.2.3 The Narayana triangle Nj

We have

w = O
_ o O
o O O

0
0
0
0
10 20 10 1

1
1
1
Ny=| 1 6 6 1
1
1 15 50 50 15
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with the g.f.
1
§Z53(Zl§',y) = T
1 -2y —
x
1_ Y
L x
1 —
or
1
1—z(1+y)— 5
-y
1—2z(1+vy)— 5
-y
1—z(1+y)— T

In closed form its g.f. is

1—z(1+y)—+/1-2z(1+y)+ (1 —y)%?
222y

and its general term is

~ 1 n+1\/n+1 x
N — — n+1 kR )
(n, k) n+1< k )<k+1) =y ev1+(1+y):)§+yz2

This is (A090181).

7.3 Narayana polynomials

To each of the above triangles, there is a family of “Narayana” polynomials [137, [139],
where the triangles take on the role of coefficient arrays. Thus we get the polynomials

Nialy) = 3 Ni(n, k)
k=0

Noaly) = 3 No(m, k)y*
k=0

-/\/Z%,n(y) = ZN?»(nv k)yk
k=0
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Thus we have

Values of these polynomials are
values for these polynomials are tabulated below.

Nin(y) = [x”“]Rev%
Nonly) = [:r”“]Rev%

Niu(y) = [2""']Rev

1+ (1+y)x+yz?

often of significant combinatorial interest.

y | Nio(y),N11(y),N12(y),... | A-number
1 1.1,2,5 14 42, ... (A000103)
2 1,1,3,11,45 197 .. (AD01003)
3 1,1,4,19,100,562, ... (A007564)
41 1,1,5,29,185,1257,... | (A059231)
y | Nao(y),Naa1(y),Naa(y),... | A-number
1 1,1,2,5,14,42, ... (A000108)
2| 1,2,6,22,90,304, .. | (A00G313)
31 1,3,12,57,300,1686,... | (ADATR91)
4] 1,4,20,116,740,5028, .. | (A0322083)
.A/‘g,o(y),./\/‘g,1(y),./\/’372(y), e A-number
1,2,5,14,42,132, ... A000108(n+1

1,3,11,45,197,903, . ..

A001003(n+1

1,4, 19,100, 562, 3304, . . .

=W N e

1,5,29, 185, 1257, 8925, . ..

(
(
(
(

(
A007564(n+1
A059231 (n+1

199

Sample
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We can derive a moment representation for these polynomials using the generating
functions above and the Stieltjes transform. We obtain the following:

-1 1 ettt —22 4 2z(1 — (1 —y)?
Ninly) = Y 0n+_/ Y2ty -0 -y?
’ (0 27 Jy—a sy 2y
1 y+2/y+1 2 27(1 — (1 — 2
Nooy) = L oY 2ty — 0 -y?
’ 21 Jy2 g x
1 y+2/y+1 2 27¢(1 — (1= 2
Non(y) = - VP 2004y - (L—y)?
27 Jy—a g1 Y

We can exhibit these families of polynomials as the first columns of three related
Riordan arrays. Thus

) —1
NMi.(y)  is given by the first column of (1 T2 0+ x)fl n yx)) )

1 T -
. is gi by the first col f ;
Nan(y) s given by the first column o <1+y1’ (1+x)(1+y:r)>

1 v -
i is given by the first column of : :
Nan(y)  is given by the first column o ((1+x)(1+yx) (1+x)(1+y:c))



Chapter 8

Wireless communications

In the first section of this chapter we introduce MIMO channels. Over the past decade
random matrices have been studied in the calculation of channel capacity in wireless
communications systems. MIMO (multi-input multi-output) channels are channels
which offer an increase in capacity compared to single - input single output channels.
Due to the ever increasing popularity of wireless communications and the increased
desire for efficient use of bandwidth MIMO systems have become an important research
area over the past 10 years.

In the second section of this chapter we see links to previous chapters in this document,
specifically that relating to the Narayana polynomials. The role of the Catalan numbers
and more recently the Narayana polynomials in the elucidation of the behaviour of
certain families of random matrices, along with applications to areas such as MIMO
wireless communication, is one such application. See for instance [46, 47, 65, 94, 95,
123| [146]. The final section is inspired by MIMO applications in [94] and [146] and
calls on results introduced in the last chapter.

The foundation for digital communications was established by Claude Shannon in
1948 [114]. Shannon’s pioneering work gave some fundamental results among which is
his channel capacity theorem [114],

Definition 8.0.1. For any information rate R, less than the channel capacity C, it is

201
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possible to send information at a rate C' with error less than some pre-assigned measure
€ where C' is defined to be
P
C=Wlog(l+— 8.1
og ( + N) (8.1)

for an additive white Gaussian noise (AWGN) channel, where W is the bandwidth and
P/N is the signal to noise ratio (SNR).

8.1 MIMO (multi-input multi-output) channels

In wireless communications, antenna arrays allow a significant increase in the infor-
mation rate per communication link. This increases information without additional
bandwidth and allows for more bits per second to be transmitted. The first applica-
tions of MIMO were in line-of-sight microwave links, an application of radio in the
1970’s, devised due to a need for more efficient bandwidth utilization. It was in the
1990’s that pioneering work on MIMO systems was completed in Bell Labs in New Jer-
sey where it was proved that with multipath transmission, the capacity and spectral
efficiency of a MIMO system could be increased indefinitely. Emre Telatar, one of the
researchers at Bell Labs, published a paper in 1998 regarding capacity calculations for
multi-antenna channels [143]. This paper remains one of the most referenced works in
this area today. In 2000, Ralf Muller published a paper entitled random matrix The-
ory [94], which explains the theory behind random matrices and why it can be used in
calculations for MIMO systems. In 2001, Muller also published a paper [94] which uses
random matrix results to calculate the Signal to Noise Error for the MIMO system.
Verdu and Tulino published a book in 2004 entitled Random Matrix Theory and Wire-
less Communications [148], in which they give an overview of the classical results in
random matrix theory along with looking closely at its application in the world of wire-
less communications, at applications in both single and multiple antenna receivers for
code division multiple access(CDMA) systems. CDMA is a wideband system where the
interference is as close as possible to white Gaussian noise [145], an assumption which
helps simplify calculations of the channel matrix. More recently, Khan and Henegan
have combined results from random matrix theory with Grassman variables to calcu-
late MIMO channel capacities. Relevant more recent work (2008) involves inverting
the MIMO channel [94] which involves transmit processing, rather than receive process-
ing [08]. We refer the reader to Ralf Muller’s most recent(2011) MIMO publication [96].
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| Information | ‘ Compression
Source Coder Channel
Channel Decoder
‘ Decompression

Figure 8.1: Wireless communication system

The basic model of MIMO is

y=Hzx+n
where y = [y1, 2, V3, - .., YK, with y, denoting the signal received at the " termi-
nal, * = [z1,%9,...,2N], T, the zero mean Gaussian signal transmitted and n =
[n1,n9,m3, ...,k is white noise and H € C¥*¥ is the channel matrix
hip M ... Mk
B h271 h272 R h27K
th,l hN72 R hN,K

N and K take on different roles depending on the channel access method used and
whether it is a single user or multi-user channel. If the channel is a single user narrow
band channel, N and K represent the number of antennas at the transmitter and
receiver respectively. In the DS - CDMA (Direct sequence - Code division multiple
access) channel, which assigns codes to users to allow multiple use of the channel at
the same time, K is the number of users and N the spread gain. These are the simpler
channels for calculations with H, as in these cases H has independent and identically
distributed entries (i.i.d), which is not the case with other access channels [148]. The
capacity of a CDMA MIMO system is
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1
CMIMO = N 10g2 det(IT + HH*)

_ % 3" log(1+ (SNR)X (HH")

= /0 h log(1+4 (SNR)x)dFg- (7).

The integration is with respect to the distribution function of the eigenvalues of the
matrix HH*. We recall the following result about the cumulative distribution function
of the eigenvalues of a random matrix H :

Theorem 1. Let H be a N x K random matrix, f be a function mapping H to a N x N
matriz f(H), and (;(H) be the set containing the eigenvalues of f(H). Then, under
some weak conditions on the random entries of H and the function f(), the eigenvalue
distribution

Fir(r) & CI{3 € ((H) : 3 < 2}

converges in probability to a fized non random distribution as N, K — oo, but N/K —

b < o0.

Calculating the cumulative distribution of these matrices is straightforward for the
more simple matrix models, however become significantly harder to calculate with more
complicated matrices. Work carried out by Marcenko and Pastur yielded a number of
results which help simplify calculations of the distribution of the channel matrix.

Definition 8.1.1. The empirical cumulative distribution function of the eigenvalues (or
empirical distribution) of an n x n Hermitian matriz A, denoted by FY%, is defined

as [148/ .
Fi= 3 1{A4) <)
=1

where A\1(A), ..., \(A) are the eigenvalues of A and {.} is the indicator function.
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Theorem 8.1.1. Consider an N x K matriz H whose entries are zero mean complex

random variables with variance % . As K, N — oo with % — [, the empirical dis-

tribution of HHT converges almost surely to a non random limiting distribution with

Jo(@) = (1 - l) o(x) + \/(37 _Qaﬂ)-;;b —x)t

density

where

a=(1-+B)? b=01++B>

Here, (1— %)* denotes max{0, 1— %} Marcenko and Pastur used the Stieltjes transform
to simplify their calculations. Before we look at this result we define the Stieltjes
transform,

Definition 8.1.2. For all non real z, the Stieltjes transform of the probability measure

FH() is given by

Gre) = [ 5 dO) = Bl = =Y E

where FE(\) is the eigenvalue distribution function of the random matriz R,

whose importance consists in the calculation of the statistical moments according to a
series expansion

Marcenko and Pastur also gave the following important result using the Stieltjes trans-
form, which enables capacity calculations for a more complex channel matrix,

Theorem 8.1.2. Given a matriz of the form R = N+HPH* with R € C**® composed
of Hermitian N € CB*EH € C**T gnd P € CT™*T. As N — oo, R converges to a

distribution function of N. Letting Gr(z) denote the Stieltjes transform of R, and
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Gn(z) the Stieltjes transform of N, the equation is given by

GR(z):/z_sz( Jdz = G z—ﬁf%dx).

The formation of the matrix in MIMO allows the use of this result so we can proceed
to solve as follows. The Stieltjes transform of P = Iy and N = O« can be calculated
as

1 1
Gn(z) = —> Gp(z) = 1
and
zfpm
o) - (o L)
< ﬁf 1-%9-69]:PGR ZL’
so we have

1 . zfp(x
“Gr() 5/1+xGRz
= z—B/(1+Gr(2)).

As fp(z) = 0(x — 1) we get the quadratic equation
(14 2)Gr(2)* + (B —2—2)Gr(z) — 1 =0.

Solving gives,

ﬁ—1+¢a—ﬁv 1 B+1
422 4 2z

_Gr(zY) 1+ (1-p)z— \/1—22(1+ﬁ)+(1—5)2z2.

—z 2z




CHAPTER 8. WIRELESS COMMUNICATIONS 207
8.2 The Narayana triangle Ny and MIMO

From eq. (82) we have

We recall, in terms of wireless transmission,

T
"R

where we have T transmit antennas and R receive antennas. In this section it can be
treated as a parameter. Again we recall from the last section that the function

95(2) =~ Gy(-)

which satisfies

1+ (1= B)z— /1 —2x(1+B) + (1 — B)2a?
2x

gs(x) =
and generates the sequence

L,B,B(8+1),8(8% +38+1),8(8°+68°+68+1),...
In other words, gs(z) is the g.f. of the sequence

o) =Y Ny(n, k)B".
k=0

We recall from section [7.2.2] that

1 n n
N. — n+k
() = 0 +n+wmﬁ)(k_ﬂ

are the Narayana numbers, which form the array

100 0 0 0
010 0 00
01 1 0 00

N,—| 013 1 00
01 6 6 1 0
01 10 20 10 1
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Thus
9s(x) = ¢2(z, B).

We have the following moment representation:

o = L rHE V=214 8) - (1B
210 J14p-2vB x
2
B N R (TR L [ R/ O
2w (1—v/B)? T
2
VB [aevEr 1= (%)
™ Ja-vBy z
1+8—x
B e ()
= — t————dx
™ (1—/B)? xr

where wy(z) = v/1 — 22 is the weight function for the Chebyshev polynomials of the
second kind.

8.2.1 Calculation of MIMO capacity

We follow [65] to derive an expression for MIMO capacity in a special case. Thus we
assume we have R receive antennas and T transmit antennas, modeled by

r=Hs-+n

where r is the receive signal vector, s is the source signal vector, n is an additive white
Gaussian noise (AWGN) vector, which is a realization of a complex normal distribution
N(0,0%1R), and the channel is represented by the complex matrix H € C**7. We have
the eigenvalue decomposition

1
H'H = TQAQH.

We assume T' < R. Then the capacity of the uncorrelated MIMO channels is given
by [94]
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1
CMIMO = E 10g2 det(IT + HH(UzIR)_lH)
1 1
= = log, det (I + EHH H)
1

11 .
= Rlodeet(IT—l—ETQAQ )

1 1
= E 10g2 det(IT + ﬁA)

where we have set

Now

3 (2 = o)*
In(l14+2z) = In(1+ax)+ Z(—l)k_liook, |z — x| < 1
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where it is appropriate to take xy = 0—12 We thus obtain

B 31 N A k
Cyuivo = ET Z Zpk 2T

Thus

_B — P 1 Rev i)
CMIMO_1n22(0—2T)k[ & ${1—(1—5)x} (8:3)

k=0

We note from eq. (I0.I]) that zgs(z) is the series reversion of the function

(1l —x)
1+ (8—1)x

This simple form leads us to investigate the nature of the coefficient array of the
orthogonal polynomials PP (x) associated to the weight function

w(x)_i\/—x2+2x(1—|—5)_(1_6)2 :i\/45_($_1—5)2

= dx
2 T 2 T

for which the elements

a) =" Ny(n, k)"
k=0

are the moments. Put otherwise, these are the family of orthogonal polynomials as-
sociated to the Narayana polynomials Ns,. These polynomials can be expressed in

terms of the Hankel determinants associated to the sequence a’’. We find that the
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coefficient array of the polynomials 2" (x) is given by the Riordan array

(o e m)
1+ B2 1+ (1+ f)x + fa?

L= (ga(o) 22 =1).

whose inverse is given by

B
The Jacobi-Stieltjes array [37, [103] for L is found to be
o] 1 0 0 0 0
B B+1 1 0 0 0
0 B pB+1 1 0 0
0 0 B B+1 1 0
0 0 0 B B+1 1
0 0 0 0 B B+1

n+1
2

indicating that the Hankel transform of the sequence a? is 15} ( ), and that

1

gp(z) =
1—px— il

pa’

1—(5+1)x—1

1— B+ 1Dz — e

We note that the coefficient array L~! can be factorized as follows:

L= (1 +159:’ 14+ (1 +Z)x+5$2> - <1’ 1ix) <1 +1(5__x1)a7’ : i((lﬁ__xl))ng)“i)

Hence

b= <1+1(ﬁ_ - 1)x’1i((15_—x1))$>_1 <1’1i$) _1

- <gﬁ<x>,xgg<x>>-<1, i )

1—=x




CHAPTER 8. WIRELESS COMMUNICATIONS 212

The general term of the matrix

1—x z(1—x) _1_
(1+(ﬁ—1)$71+(5—1)1‘) _(gﬁ(x)vxgﬁ(x»

is given by
n—k . n—k .
k+1 n+1 n+ o k+1 n n + ke
() (e = e () (M e
n+1j:0 E+j+1 J j:0k+j+1 k+j J

For instance, when 3 = 1, which is the case of the matrix (1 — z,z(1 — z))™!, we get
the expression

kE+1/2n—Fk

n+1\n—=~k

for the general term. Now the general term of the matrix (1, ﬁ) is given by

(Z: 1) + 0" (—1).

Hence the general term of L is given by

n n—j

2.2 el (Z Zj) (njl) (5 - 1>"‘j"'<(i . D FV(DN. (85)

It is interesting to note that

-1 _ 1+ 7
b ((1+$)(1+ﬁw)’(1+x)(1+5x))' (8.6)

We can use the factorization in eq. (8.4]) to express the orthogonal polynomials pY )(x)
in terms of the Chebyshev polynomials of the second kind U, (z). Thus we recognize
that the Riordan array

1 x
<1+(5+1)x+ﬁx2’1+(1—|—5)x—|—51’2)

is the coefficient array of the modified Chebyshev polynomials of the second kind
B2U.(5 B +1 )). Hence by the factorization in eq. (84) we obtain

r—(B+1) x—(B+1)
2/B 2B

PO () = BEU (=) + BT Upor (s —2). (8.7)
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8.3 The R Transform

Along with the Stieltjes transform, another transform which has been shown to simplify
calculations in random matrix theory is the R transform. The R transform, in relation
to the Stieltjes transform can be defined as follows

Definition 8.3.1. Given P(z), some probability distribution, with Stieltjes transform

G(s):/M

r—S

then the R transform of P(X) is

Example. The R transform of the Marcenko and Pastur law is

R(w) = —

11— aw

Looking at an example [95], let P(z) be a probability distribution with

Gy (s) = / dfx(f)

- —s
T

existing for some complex s with Jm(s) > 0

Gx (%) = —s(1 4 sGx(s))
Let s = Gy (—w), so we find
6 = _w)) =GR (—w)(1 - wGR (—w))
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Using the above definition we have the following

T R (- whs(o)(Rxtw)+ 1)) - wRX<w>(J;X<w> +3)
and

as we have seen previously, for a K x N random matrix H with i.i.d. entries of variance
1/N, Rypr(w) = 1 letting X! = HH”, so

l—aw

RITIIHT (w) =1+ ozRI_ﬁ{T (w) (1 + wR;ﬁ{T (w))

Solving gives

R(w) = 1—a—+/(1—-a)?—4daw

20w
Note that R(w) is the series reversion of the bivariate g.f.,

00 2
ay

T, (y)a" = ————

nz:% () ay—y+1

where the first few components of the sequence R, (y) are,

Toy) =y, Ty =y(l-y), Ty =y(l-2y+y°), Tay) =yl -3y+3y°—y°).
This is the bivariate g.f. of the Riordan array,

1 0 0 0

1 0 0
Lot 210
L=L"= |4 3 —1
1 6 —4

(1! y
C\1l-y'y—1)°

kO OO
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The Euler-Seidel matrix

The Euler-Seidel matrix [39, 40, 411, 49, 9] of a sequence (ay)n>0, which we will de-
note by E = E,, is defined to be the rectangular array (a,x)n x>0 determined by the
recurrence agy = aj (k> 0) and

Unj = Qpn-1k + Gn_1 k1 (R >1,k>0). (9.1)

The sequence (aoy), the first row of the matrix, is usually called the initial sequence,
while the sequence (a,), first column of the matrix, is called the final sequence. They
are related by the binomial transform (or Euler transform, after Euler, who first proved
this [53]). We recall that the binomial transform of a sequence a, has general term
b, = ZZZO (Z) ai. Thus the first row and column of the matrix are determined from

eq. (9.1) as follows:
- n
i = Z(k) (9.2
- n n—k
don = Y L) (D" akp. (9.3)

In general, we have

= zn: (C‘) G0k =Y (:‘) i (9.4)
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Example. We take ag,, = a, = C,, = #1(2:), the Catalan numbers. Thus the initial
sequence, or first row, is the Catalan numbers, while the final sequence, or first column,

will be the binomial transform of the Catalan numbers. We obtain the following matriz:

1 1 2 ) 14 42
2 3 7 19 56 174
5 10 26 75 230 735
15 36 101 305 965 3155
51 137 406 1270 4120 13726
188 543 1676 5390 17846 60398

We now remark that the Catalan numbers C,,, (A000108) have the following moment

representation:

C, = % /4 xnivx(i—x) da. (9.5)

Many of the sequences we will discuss have a moment representation of the form
an = / x"dpig
R
for a suitable measure dy,.

Example. The aerated Catalan numbers. We have seen (see eq. (0.0)) that the

Catalan numbers are a moment sequence. Similarly, the aerated Catalan numbers
1,0,1,0,2,0,5,0,14, ...

can by represented by

1+ (=)™ 1 [?
C@L:—/ z"V4 — 2?2 dzx.
2 2 2m ),


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000108
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Example. The factorial numbers n!.

We have the well-known integral representation of n!, (A000142)

o
n!:/ z"e " dx.
0

Example. The aerated double factorials.

We recall that the double factorials (A001147) are given by

n' n

- (2n)!
2 —1)! H 2k —1) = 2

The aerated double factorials, which begin
1,0,3,0,5,0,15,0,105,0,945, ...

have integral representation
dz.

2

1 & .
— e T
V 2w /—oo

The aerated double factorial numbers have e.g.f. e= .

217

9.1 The Euler-Seidel matrix and Hankel matrix for

moment sequences

We recall that for a sequence (ay)n>0, its Hankel matrix is the matrix H = H, with
general term a, ;. Note that if a, has o.g.f. A(x) then the bivariate g.f. of H, is given

by
zA(z) — yAly)
T —y '

If a,, has an e.g.f. G(z), then the n-th row (and n-th column) of H, has e.g.f. given by

ﬁG(a?)

dxn


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000142
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001147
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22

Example. We have seen that the aerated double factorial numbers have e.g.f. e=.

Thus the n-th row of the Hankel matriz associated to them has e.g.f.
5]

dr a2 2

o T —ez (Z) (2k — D)o 2k,

k=0

a, = /x"d,ua
gy = /:C"Jrkd,ua = /x"xkd,ua.

We recall that the binomial matrix is the matrix B with general term (Z) The binomial
transform of a sequence a,, is the sequence with general term

S0

k=0

[NIE]

Note that if

then

In this case, the sequence b,, has o.g.f. given by

Loa(=).
1—=x 1—=x

The sequence (by,),>o can be viewed as

Note that we have

In similar fashion, we have
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Proposition 9.1.1. We have

Proof. We have

The result follows from eq. (@.4).

We now let .
bn - Z <Z> ag,
k=0

the binomial transform of a,,. We are interested in the product B='H,,.

Example. Taking b, = ,_, (Z)C’k (A0007317), the binomial transform of the Cata-

lan numbers C,,, we obtain

1 2 ) 15 o1 188
2 b} 15 o1 188 731
5 15 51 188 731 2950
H, = 15 51 188 731 2950 12235
51 188 731 2950 12235 51822
188 731 2950 12235 51822 223191



http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A0007317
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Multiplying by B™1, we obtain

1 2 5 15 51 188
1 3 10 36 137 543
2 7 26 101 406 1676
B™'H,=| 5 19 75 305 1270 5390 ... |,
14 56 230 965 4120 17846
42 174 735 3155 13726 60398

which s the transpose of the Fuler-Seidel matrix for C,,.

This result is general. In order to prove this, we will use the follow lemma.

Lemma 9.1.2.
k n j+k .
Mtk =3" ()x*" =3 (~1)n (”) 3 (j i )a? (9.7)
im0 \' =0 17 = !
Proof. Since (1 + z)* = Zf:o (]f) 2" by the binomial theorem, we immediately have
Lk Lk
n(1 k_ ,n i i+n
"(l+x)f=z ; <Z>x ; <Z>x



CHAPTER 9. THE EULER-SEIDEL MATRIX 221

Proposition 9.1.3. The Euler-Seidel matriz of the sequence (an)n>0 is equal to the
transpose of the matriz given by B~ H,, where Hy, is the Hankel matriz of the binomial

transform

" /n

b, =

> ()
k=0

of the initial sequence a,. That is,

E. = B'H,. (9.8)

Proof. The general element of

Bt = (0 (})) - G

is given by

Now

S ()0 (e o

Proof. Expanding 0.9] if ¥ < n — 2 we have (If £ > n — 2, the middle term below

disappears)
S (S (e £ (TS
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Now, we endeavor to prove 0.9, by showing

Zn:(—l)”‘j (?) zk: (j j; k) a = 0 (9.10)

S () E (7 - o
é(_l)n_j (?) g (j j k) 4= 2; (f) Qitn (9.12)

By a change of summation eq. (@.I0) becomes

22 ()07 - B )
22 () (e

J]=

WE
NE

|

Using Vandermonde’s identity and a further change of summation we have

>3 () e - ST ()2 () ()
-2y (E ) ()

e :0 er)aé(‘ly(nf) (n;j)'
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Now, by the cross product of binomial coefficients we have

CES( R ))

J=0

- ii(ﬂl)wiwy(ﬁ) ()
- 22 (L)) (1)
()OS

Now as ) 7" (—1) ("]_’")
eq. (OI1I) becomes

i(_w_j(?) :i (th)a - ( )ngzci_lgﬁ)a”k“

—k—2 n .
i M k+j
= (—1) ]( ) (k i 1) ikt 1-

1=0 j=

3 .
‘XOM

0, eq. (@10 is satisfied. Now, with a change of summation

Expanding using Vandermonde’s identity and a further change of summation gives

EETOEOLL

=0 j=0

_ nizki?() <)<k+z+1 ) B
Ot

=0 r=0 7=0

Now, by the cross product of binomial coefficients we have
B nffa kil Z )i n n—(k+i+1—r)
- S k+itl—r)\j—(k+i+1—7)
n—k—2 k+i+1 n .
_fn—(k+i+1—-r)
= _1 " .
Zamwlz()(kﬂﬁ_r)z )

=0
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Now r < 7 so we have
n . k+i+1—r .

I — 1— - 1—
Z(_l)n_] <n (k+HT r)) _ Z (—1) <n (k:+z+. r)) o,
7=0 n—=7j =0 n—7
so eq. (O.I1)) is satisfied. Lastly, eq. (0.12) with a summation change becomes

n k .
_(n Jj+k Jj+k

—1)" i+ itn-

D ()R (e - TR () ()

Expanding with Vandermonde’s identity and a further change of summation gives

S (R e

i=0 j=0 r=0
k i+n n ]
SR e 1>"“’(~)()~
ZOTO(z+n—r) pars J r
k i+n n n n r
= n—j N
SE(L s ().
i=0 r=0 7=0
Now
i(—l)"_j (n — r) _ 0 ifo0 S r<n
j=0 =7 1 ifr=n
SO
i Z+n< k ) i (n\ (n—r i
SE(2 B ()£ 0
P 14+n—r pars r =T -
Eq. (@12) is satisfied. O
The result follows from eq. ([9.4]). O

Corollary 9.1.5. The n'" row of E,, for an e.g.f. A(z) is

ZBdn
e (Aw).
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Proof. Using the fact that E, = BH, where H,, is the Hankel matrix of the first column
of the Euler Seidel matrix E,, for an e.g.f. A(z), the columns of the Euler Seidel matrix

have the form

2] (A(x)

and using the fundamental theorem of Riordan arrays the n'® column have the g.f.

T (Ax)).

©dr

O

1‘2
Example. The aerated double factorial numbers which have the e.qg.f. €= have first

few rows of E,

10 0 0 O 10 1 O 3 1 0 1 0 3
110 0 0 01 0 3 0 1 1 1 3 3
121 0 0 10 3 0 15 2 2 4 6 18
13 3 1 0 0 3 0 15 0 =14 6 10 24 48
14 6 4 1 3 0 15 0 105 ... 10 16 34 72 198
1 5 10 10 5 0 15 0 105 0 ... 26 50 106 270 678

So the n'™ column of E, is

d* ; .2 d® ; z2
el x]l—(e? ) =e"—(e7 ).
", ]dx ( ) dx ( )
mn 1'2 . oy
The n'* derivative of j—x <67> as we have seen in proposition[913 can be expressed as

e ( " )(27“—1)!!17"_2’".
n—2r
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Thus the columns of E, have the form

d® [ 2 o2 J n
ex% <67> = c'ez r (n B 27’) (2r — 1)z 2"
L

x2
= ez < " )(2r—1)!!x"‘2r.

-2
o \n—2r

—
|3
— o

SEN|

Since eéﬂ is the e.g.f. of the Young Tableaur numbers, A000085 we have

ex% (67> = ez 1" (n fQT) (2r — 1)z

We generalize this result to the e.g.f. ¢®* . As the n'" row of a Hankel matrix generated
from the e.g.f. ¢® is the n'* derivative of €®** we introduce the following proposition.

Proposition 9.1.6.

\_EJ n—r n LMJ n —r n
drtt <6ax2) = i eamz : (20&) (n—2r) (QT)!xn—%" _ 6ax2 i (20&) ! (n-l-;r—l?r) (27")' phti=2r
et dr — rlor p— rlor .

(9.13)


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000085
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Proof. Firstly, let us illustrate the expansion of the e.g.f. for the first few values of n

%(eaﬁ) = ¢ (2az)

(o))

d2 2 2
— (e‘” ) = " (4a%2% + 2a)

dx
2 2 2
e (22@2 (2) z* +2 (O) )

d3 2 2 3 3 2
— (e‘” ) = " (8a’x” + 12a°x)

dx
2 3 3
— ax 23 3 3 22 2
e ( o (3):)3 + 2%« <1)x>

d4
— <e°‘x2) — e (16a*z* + 480%2% + 120?)

dx
2 4 4 4
A 44 93,3 2 92,2
e (a(4)x+a2x+ a30

d5
— <e°‘x2) = (" (320°2° + 160a2® + 120a°)

dx
— o’ (25a5 (2) ° + 2%t (2) 2® + 23033 (?) :17) .

Expanding
LQJ n—r n
i 6ax2 . (20&) (n—27’) (2T)!xn—2r
dx — r2r
we have
L%J —r+19—2r+1,.—2r42 L%J —ro—2r+1,.—2r L%J —ro—2r,.—2r
6ax2xn_l(2a)nn'{ Z (6% 2 T . a "2 s —|—Z noa~ "2 x }
) I(n — | — 1n — | | — | ’
— rl(n — 2r)! — (r—Dln—2r)! < rl(n—2r)

and gathering similar terms we have

20&5(72 L3 a—r+12—27’+1x—2r+2(n + 1) N 2—2L%JQL%J+TL$L%J+N—1WI!}
n! - rli(n—2r+1)! 5] (n —2(5]) + 1)!

r=

emw2x”_1(2a)”n!{
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which summarizes to

|_7L+1J n . n
o 20 (2a) ! (n+1+_12r)(2r)!x

n+1-—2r
rl2r )
r=0

O

We are interested in characterising the main diagonal of the Euler-Seidel matrix of a,,,
which by the above is the same as the main diagonal of B~'H,, where H is the Hankel
matrix of b,, the binomial transform of a,.

Note that the diagonal is given by
" /n
Qpn = Z (Z)an-i-z
=0
Example. We have seen that the diagonal of the Fuler-Seidel matriz for the Catalan

numbers C,, begins

1,3,26,305,4120, 60398, 934064, . ..

By the above, the general term of this sequence is

1=0

Now consider the moment representation of the Catalan numbers given by

4
/(4 —
CnI/x”dMIQL/ ngdm
T Jo x

We claim that
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This follows from the result above, or directly, since

/ (2(1+ 2))dp — — / (2 + 22)"dy

- 7
=0
2

Note that by the change of variable y = z(1 4 x) we obtain in this case the alternative
moment representation for d,, given by

P /20 WV2(1 4+ VT +ay)/5y/T+ Ay — 2y = 5
"o ), 4 dy/1 + 4y

The above method of proof is easily generalised. Thus we have

dy.

Proposition 9.1.7. Let a, be a sequence which can be represented as the sequence of

ap = /x"d,ua.

Then the elements d,, of the main diagonal of the Fuler-Seidel matriz have moment

moments of a measure:

representation given by

d, = / (2(1 + 2))"dp.

9.2 Related Hankel matrices and orthogonal poly-

nomials

From the last section, we have
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and
E! =B 'H,

a

where b,, is the binomial transform of a,,. The second equation shows us that

E, = (B'H)
= H)(B™)
— Hb(Bt)_l,

since Hy, is symmetric. Thus we obtain
BH, = H,(B")™,

which implies that
H, = BH,B".

230

(9.14)

Since det(B) = 1, we deduce once again that the Hankel transform of b, is equal to that
of a,. We can also use this result to relate the LDU decomposition of H, [103], [164]

to that of H,. Thus we have

H, = BH,B'
B-L,D,L. B
— (BL,)D.(BL,)".

One consequence of this is that the coefficient triangle of the polynomials orthogonal

with respect to duy is given by
L,'B™*

where L;! is the coefficient array of the polynomials orthogonal with respect to dy,.

Example. We take the example of the Catalan numbers a,, = C,, and their binomial

transform b, = > _, Ci. It is well known that the Hankel transform of C,, is the all

1’s sequence, which implies that D, is the identity matriz. Thus in this case,
H, = L,L,

where

L, = Lo, = (c(x),zc(x)?)  (A039599)


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A039599
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with

1 x
L= A129818
‘ (1—|—x’(1—|—$)2> (4129519

n+k

oh ), where we have used the notation of Riordan arrays.

with general term (—1)"7%(

The polynomials
Po(z) —zn:(—m—’f nERY
B 2k

are thus a family of polynomials orthogonal on [0, 4] with respect to the density function

1 Vezd—xz)

21 x

[1577]. It is known that the bivariate g.f. of the inverse of the n-th principal
minor of Hy is given by the Christoffel-Darboux quotient

Pn-i-l(x)Pn(y) - Pn—i—l(y)Pn(‘T)'
r—=y

We deduce that the orthogonal polynomials defined by b,, have coefficient matriz

Lb_l — L;IB—l
B 1 T 1 T
1 +2" (1+2)? l+2' 1+

B 1+ T
- \1+4+3x+4+2214+3x+22)°

It turns out that these polynomials Q,(x) are given simply by

Qn(z) = Py(x —1).
Thus Hb_1 has n-th principal minor generated by

Qn-i—l(x)Qn(y) - Qn+1 (y)Qn(x)
T—y

In similar manner, we can deduce that the Euler-Seidel matriz E, = E¢, is such that

the n-th principal minor of E;1 is generated by

Po(z)Po(y — 1) = Popa(y — 1) Py () _ Poi1(2)Qn(y) — Qn+1(y)Pn($).

r—Yy r—Yy
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Example. For the aerated double factorials, we have
H, = L,D,L!

where

22

L,=[e?,z|, D, = diag(n!).

The associated orthogonal polynomials (which are scaled Hermite polynomials) have

coefficient matrix

22

Lgl = [6_7>‘T]>

and we have

or equivalently,
. k ok 1+ (=1)"F
P,(z) = ;Bessel* <%,k‘) (—I)Tkak

where

. (2n — k)! n+k
Bessel*(n, k) = F(n — )i % = o (2k — 1)1

(see [9]). With
Qn(r) = Py(z — 1)

we again have that the Euler-Seidel matriz B, is such the n-th principal minor of E;*

15 generated by

Po1(2)Po(y — 1) — Poa(y — 1) Py () _ Py (7)Qn(y) — Qn-‘rl(y)Pn(z)'

r—y r—Y
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Conclusions and future directions

Riordan arrays and orthogonal polynomials have been areas of particular interest
throughout this study. In Chapter 3 we focused on algebraic structures in Hankel
matrices and Hankel-plus-Toeplitz matrices relating to classical orthogonal polynomi-
als, in particular the Chebyshev polynomials. Future work involves extending our
research to establish links between such algebraic structures and other classical and
semi-classical orthogonal polynomials.

Continuing our emphasis on links between Riordan arrays and orthogonal polynomials,
we have studied elements of an important property of OPS’s, the three-term recurrence
relation. Specifically, we have studied the coefficients of the recurrence relations, related
paths, and continued fraction expansions, all in the context of associated Riordan
arrays. In future work we can extend this focus on the coefficients to study how
the existence of recursive relations between these coefficients can be linked to the
corresponding Riordan arrays. Another area of possible exploration is the link between
the “ladder operator” [25] approach and the Riordan array approach.

Riordan arrays and lattice paths have also been of interest in this thesis. We have been
especially interested in lattice paths corresponding to Riordan arrays that are related to
orthogonal polynomials and how the structure of these paths relate to general Riordan
arrays. In [I4] we have shown that Riordan arrays of the form

1 — Az — pa? x
14+rz+sx2’ 14+ re+ sz?

233
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Figure 10.1: A Dyck path of weight s3(u + s)rs(p + s)

are the coefficient arrays of orthogonal polynomials. The related Stieltjes matrix has
the form

A+r 1 0 0..
w+s r 1 0..
0 s r 1..

0 s r..

0

The corresponding Motzkin paths have weighting A 4 r for level steps on the z axis,
1+ s for S-E steps returning to the = axis, and all other S-E steps of weight s and level
steps of weight . Fig. (I0.J]) shows an example of one such path.

We have shown that the Hankel matrix generated from the sequence formed from the
first column of the inverse of the Riordan array above, can de decomposed in such a
way to yield a Riordan array with related non-tridiagonal Stieljtes matrix of the form

A+r o1 0 0...
w+s r—1 1 0...
uw+s s r—1 1...
[ S s r—1...
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We have shown that this matrix relates to Lukasiewicz paths of weighting A + r for
level steps on the x axis, y + s for S-E Lukasiewicz steps returning to the = axis, and
all other S-E Lukasiewicz steps of weight s and level steps of weight r — 1.

We exhibited a bijection between these two types of Motkzin and Lukasiewicz paths.
Below we show the associated weights for both Lukasiewicz and Motzkin paths for a
path of length 4.

| | |

I I I I

oA I oA > .\ b e | T T A T T

I I I I I I I I LN I
ER— — N R R P

(45 A+ = (4 A+ A+t ) A +7) = (A +r

(w+s)(A+71)

~—

)1+ 5)

Riordan arrays relating to the paths above are ordinary Riordan arrays. Some of
the above work extended to exponential Riordan arrays. Future work could involve
establishing bijections between Motkin and Lukasiewicz paths relating to exponential
Riordan arrays.

Recent work carried out by Dan Drake [45] shows bijections between weighted Dyck
paths and Schroder paths. Drake also studied bijections between matchings and certain
paths. In a similar manner, we can explore the possibilities of extending our combi-
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natorial interpretations to matchings and to study bijections arising between these
matchings and Lukasiewicz paths. We may also seek to extend our work on Riordan
arrays to other combinatorial interpretations, noting that Viennot and Flajolet stud-
ied many forms of combinatorial interpretations relating to orthogonal polynomials.
Recent work in this field has been carried out by Louis Shapiro who has studied tree
structures relating to Riordan arrays [120].

As with the bijections proved in this thesis, we can continue to explore similar bijec-
tions in the area of restricted paths. Such paths have been shown to model polymer
absorbtion [108].

Using continued fractions expansions, expressions have been derived for g-orthogonal
polynomials related to restricted Dyck paths. We can explore the possibility, using the
links we have established between Motzkin paths relating to orthogonal polynomials
and corresponding Lukasiewicz paths, of extending this to g-orthogonal polynomials.

Finally, we distinguished between three different “Narayana triangles” and their as-
sociated “Narayana polynomials”and applied these polynomials in the area of MIMO
(multiple input, multiple output) wireless communication. We expressed the channel
capacity for a MIMO channel using one of the Narayana polynomials. This gave us the
following result:

Crrrnio = ﬁi Pk [*+1Rev, [M] . (10.1)

In calculating the channel capacity, the Stieltjes transform was used. Extending on
this work, we looked at the use of other transforms, such as the R [95] transform to
establish similar results. We hope to develop on this work.
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Appendix

A.1 Published articles

A.1.1 Journal of Integer Sequences, Vol. 12 (2009), Article
09.5.3

Notes on a Family of Riordan Arrays and Associated Integer Hankel Transforms

Abstract: We examine a set of special Riordan arrays, their inverses and associated
Hankel transforms.

P. Barry and A. Hennessy, Notes on a Family of Riordan Arrays and Associated Integer
Hankel transforms, J. Integer Seq. ON. ISSN 1530-7658, Vol. 12, (2009), Article 09.05.3.
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A.1.2 Journal of Integer Sequences, Vol. 13 (2010), Article
10.9.4

Meixner — Type Results for Riordan Arrays and Associated Integer Sequence

Abstract: We determine which (ordinary) Riordan arrays are the coefficient arrays of
a family of orthogonal polynomials. In so doing, we are led to introduce a family of
polynomials, which includes the Boubaker polynomials, and a scaled version of the
Chebyshev polynomials, using the techniques of Riordan arrays. We classify these
polynomials in terms of the Chebyshev polynomials of the first and second kinds. We
also examine the Hankel transforms of sequences associated with the inverse of the
polynomial coefficient arrays, including the associated moment sequences.

P. Barry and A. Hennessy, Meixner-type results for Riordan arrays and associated
integer sequences, J. Integer Seq. ON. ISSN 1530-7638, Vol. 13, (2010), | Article 10.9.4.
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A.1.3 Journal of Integer Sequences, Vol. 13 (2010), Article
10.8.2

The Euler — Seidel Matrix, Hankel Matrices and Moment Sequences

Abstract: We study the Euler-Seidel matrix of certain integer sequences, using the
binomial transform and Hankel matrices. For moment sequences, we give an integral
representation of the Euler-Seidel matrix. Links are drawn to Riordan arrays, orthog-
onal polynomials, and Christoffel-Darboux expressions.

P. Barry and A. Hennessy, The Euler-Seidel Matrix, Hankel Matrices and Moment
Sequences, J. Integer Seq. ON. ISSN 1530-7638, Vol. 13, (2010), [ Article 10.8.2.
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A.1.4 Journal of Integer Sequences, Vol. 14 (2011), Article
11.3.8

A Note on Narayana Triangles and Related Polynomials, Riordan Arrays,
and MIMO Capacity Calculations

Abstract: We study the Narayana triangles and related families of polynomials. We
link this study to Riordan arrays and Hankel transforms arising from a special case of
capacity calculation related to MIMO communication systems. A link is established
between a channel capacity calculation and a series reversion.

P. Barry, A Hennessy, A note on Narayana triangles and related polynomials, Riordan
arrays, and MIMO capacity calculations, J. Integer Seq. ON. ISSN 1530-7638, Vol.
14 (2011), Article 11.3.8.
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A.1.5 Journal of Integer Sequences, Vol. 14 (2011), Article
11.8.2

Generalized Stirling Numbers, Exponential Riordan Arrays, and Orthogonal
Polynomials.

Abstract: We define a generalization of the Stirling numbers of the second kind, which
depends on two parameters. The matrices of integers that result are exponential Ri-
ordan arrays. We explore links to orthogonal polynomials by studying the production
matrices of these Riordan arrays. Generalized Bell numbers are also defined, again de-
pending on two parameters, and we determine the Hankel transform of these numbers.
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and Orthogonal Polynomials, J. Integer Seq. ON. ISSN 1530-7638, Vol. 14 (2011),
Article 11.8.2.
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A.2 Submitted articles

A.2.1 Cornell University Library, arXiv:1101.2605

Riordan arrays and the LDU decomposition of symmetric Toeplitz plus Hankel
matrices

(Submitted on 13 Jan 2011)

Abstract: We examine a result of Basor and Ehrhardt concerning Hankel and Toeplitz
plus Hankel matrices, within the context of the Riordan group of lower-triangular
matrices. This allows us to determine the LDU decomposition of certain symmetric
Toeplitz plus Hankel matrices. We also determine the generating functions and Hankel
transforms of associated sequences.

P. Barry and A. Hennessy, Riordan arrays and the LDU decomposition of symmetric
Toeplitz-plus-Hankel matrices, published electronically at:
http://arxiv.org/abs/1101.2605, 2011.
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