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Abstract

Using the language of Riordan arrays, we define a notion of generalized Bernstein
polynomials which are defined as elements of certain Riordan arrays. We characterize
the general elements of these arrays, and examine the Hankel transform of the row
sums and the first columns of these arrays. We propose conditions under which these
Hankel transforms possess the Somos-4 property. We use the generalized Bernstein
polynomials to define generalized Bézier curves which can provide a visualization of
the effect of the defining Riordan array.

1 Introduction

Given a sequence a,,, we denote by h,, the general term of the sequence with h,, = |a;+;|o<i j<n-
The sequence h,, is called the Hankel transform of a, [21, 22]. A well known example of
Hankel transform is that of the Catalan numbers, C, = n+r1 (27?), where we find that A, =1
for all n. Hankel determinants occur naturally in many branches of mathematics, from
combinatorics [8] to number theory [24] and to mathematical physics [35].

In this note, we shall look at the Hankel transforms of certain sequences of polynomials.
In order to define these polynomials, we combine elements of the theory of Riordan arrays
[28] with the theory of Bernstein polynomials. Bernstein polynomials can be used in the
proof of the Weierstrass approximation theorem [27], for instance, as well as having practical
applications in the construction of Bézier curves [2, 26].

The n+1 Bernstein polynomials of degree n are the polynomials B, ;(s) = (})s*(1—s)"".
We shall call the coefficient array B, x(s) the (standard) Bernstein array. The fact that this
is a lower triangular array inspires us to look at a broader framework, involving the group
of Riordan arrays. The Bernstein array, written in matrix form, begins

1 0 0 0 0 0
1-s s 0 0 0 0
(1-25)2 2s(1-3) 52 0 0 0
(1-5)% 3s(1—s)2 3s*(1—3s) 3 0 0
(1—5) 4s(1—s)® 6s*(1—3s)? 4s(1—s) st 0



If P, = (z;,y;) is a sequence of n + 1 points in the plane (i = 0...n), then
P(s) =Y Bui(s)P
k=0

defines a smooth curve in the plane, with P(0) = P, and P(1) = P,. This curve is called the
Bernstein Bézier curve defined by the control points P;. Often the simpler term of Bézier
curve is used.

In order to develop a theory of Riordan-array-derived generalized Bernstein polynomials,
we first review some notations associated with integer sequences and then we review the
concept of Riordan array. We also look at some information pertinent to the calculation of
special Hankel transforms. Readers familiar with these notions may skip the next section.

2 Preliminaries on integer sequences, Riordan arrays
and Hankel transforms

For an integer sequence a,, that is, an element of Z", the power series f(z) = > 1o, a,z"
is called the ordinary generating function or g.f. of the sequence. a, is thus the coefficient
of 2™ in this series. We denote this by a, = [2"]f(z). For instance, F,, = [2"]{—"— is
the n-th Fibonacci number A000045, while C;, = [x"]# is the n-th Catalan number
A000108. We use the notation 0" = [z"]1 for the sequence 1,0,0,0,..., A000007. Thus
0" = [n = 0] = dn0 = (°). Here, we have used the Iverson bracket notation [17], defined by
[P] = 1 if the proposition P is true, and [P] = 0 if P is false.
A sequence e, is called a (o, ) Somos-4 sequence if

2
Qep—1€n-3 + Ben—Q = €nln—4.

Somos-4 sequences are associated with elliptic curves [15, 19, 29, 34, 36] and Hankel trans-
forms [10, 39]. An example of such a sequence is given in the On-Line Encyclopedia of
Integer Sequences as A006720. It begins

1,1,1,1,2,3,7,23,59,314, 1529, 8209, 83313, 620297, . . ..
This sequence has o = = 1 and it is associated with rational points on the cubic
y? = 42® — 4o + 1.

For a power series f(x) = > " an,2™ with f(0) = 0 we define the reversion or composi-
tional inverse of f to be the power series f(z) such that f(f(r)) = x. We sometimes write
f =Revf.

For a lower triangular matrix (@, x)n x>0 the row sums give the sequence with general term

ZZZO an7k'



The Riordan group [28, 32], is a set of infinite lower-triangular integer matrices, where
each matrix is defined by a pair of generating functions g(z) = 1+ 1@ + ¢g22® + -+ and
f(z) = fix + fox® +--- where f; # 0 [32]. We often require in addition that f; = 1, but
this is not the case in this note. The associated matrix is the matrix whose i-th column is
generated by g(z)f(x)" (the first column being indexed by 0). The matrix corresponding to
the pair g, f is denoted by (g, f) or R(g, f). The group law is then given by

(9, f) - (h, 1) = (g, /)(h, 1) = (g(ho f), Lo f).

The identity for this law is I = (1,z) and the inverse of (g, f) is (g, f)™" = (1/(g o f). f)
where f is the compositional inverse of f.
Elements of the form (g(x),zg(x)) form a subgroup called the Bell subgroup.

If M is the matrix (g, f), and a = (ag,a1,...)" is an integer sequence (expressed as an
infinite column vector) with ordinary generating function A (x), then the sequence Ma has
ordinary generating function g(x)A(f(x)). The (infinite) matrix (g, f) can thus be con-
sidered to act on the ring of integer sequences ZY by multiplication, where a sequence is
regarded as a (infinite) column vector. We can extend this action to the ring of power series
Z[[«]] by

(9. f) : A(x) = (g, f) - Alz) = g(x) A(f (x))-

Example 1. The so-called binomial matriz B is the element (ﬁ, =) of the Riordan

group. It has general element (Z), and hence as an array coincides with Pascal’s triangle.
More generally, B™ is the element (2 L) of the Riordan group, with general term

1-mx’ 1—-mx

(})m"=*. It is easy to show that the inverse B™™ of B™ is given by (

1 T )
1+mz’ 14+ma /"

The row sums of the matrix (g, f) have generating function

1 gl
Each Riordan array (g(x), f(z)) has bi-variate generating function given by
g(x)
1—yf()

For instance, the binomial matrix B has generating function

T 1

11—z

1-yﬁ5_1—xm+yy

Many interesting examples of sequences and Riordan arrays can be found in Neil Sloane’s
On-Line Encyclopedia of Integer Sequences (OEIS), [30, 31]. Sequences are frequently re-
ferred to by their OEIS number. For instance, the binomial matrix B (“Pascal’s triangle”)
is A007318.

There are a number of known ways of calculating Hankel transforms of sequences [9, 20,
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21, 25, 35]. One involves the theory of orthogonal polynomials, whereby we seek to rep-
resent the sequence under study as moments of a density function. Standard techniques
of orthogonal polynomials then allow us to compute the desired Hankel transforms [6, 13].
These techniques are based on the following results (the first is the well-known “Favard’s
Theorem” ), which we essentially reproduce from [21].

Theorem 2. [21] (Cf. [37], Théoréme 9 on p.I-4, or [38], Theorem 50.1). Let (pn(x))n>0
be a sequence of monic polynomials, the polynomial p,(x) having degree n = 0,1,... Then
the sequence (p,(x)) is (formally) orthogonal if and only if there exist sequences (o, )n>o and
(Bn)n>1 with B, # 0 for all n > 1, such that the three-term recurrence

Prt1 = (T = an)pu() — Bapp-1(z), for n>1,
holds, with initial conditions po(x) =1 and p1(z) =z — .
Theorem 3. [21] (Cf. [37], Proposition 1, (7), on p. V-5, or [38], Theorem 51.1). Let
(Pn(x))n>0 be a sequence of monic polynomials, which is orthogonal with respect to some
functional L. Let

Pny1 = (.CL' - an)pn(x) - Bnpnfl(it)a fOT’ n > 17
be the corresponding three-term recurrence which is guaranteed by Favard’s theorem. Then
the generating function

g(x) =Y m®
k=0

for the moments iy, = L(z¥) satisfies

g(z) =

1—oagxr —

1l —oayjx —

53$2

- — —
1 -z —---

The Hankel transform of p,, which is the sequence with general term h,, = |f;4;|o<ij<n, 18
then given by
hy = U8+16? ;171 e ’ﬁiflﬁn-
Other methods of proving Hankel transform evaluations include lattice path methods (the
Lindstrom-Gessel-Viennot theorem) [1, 33] and Dodgson condensation (Desnanot-Jacobi ad-
joint matrix theorem) [1, 7, 14].
The Hankel transform is not an injective mapping. For instance, given a sequence a,,

then the sequence Y7 "% (7)) ax [22] will also have the same Hankel transform. Similarly

we have
Lemma 4. Let a,, (with ag # 0) have g.f. f(x) and b, have g.f. g(x) where
S
9(x) = 1—szf(x)

Then a, and b, have the same Hankel transform.
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Proof. The proof is a small variation on the proof for the INVERT transform [22]. We have

9(x) = f(x) + sz f(x)g(x),

which implies that

n—1
bn =a,+ S Z an,l,kbk.
k=0
We then have
bo b1 by b3
by by b3 by
by b3 by bs
by by bs bg
1 0 0 0 apg ap ao as 1 Sbo Sbl Sbg
Sb() 1 0 0o --- a; QAo a3 Qg 0 1 Sbg Sbl
= Sbl Sbo 1 o --- as a3 a4 Gas 0 0 1 Sbg
8b2 Sbl Sbo 1 as Qaq a5 Qg 0 0

0 1

Taking determinants now yields the result, the triangular matrices with 1’s on the diagonal
having determinants equal to 1. [

When s = 1, we obtain the so-called “INVERT” transform. Note that the row sums of
elements of the Bell subgroup of Riordan arrays, which are of the form (g(x),zg(x)), have
a g.f. equal to the INVERT transform of the first column generating function. Explicitly,
the row sums have g.f. %. Thus in this case, the Hankel transform of the row sums
sequence is equal to the Hankel transform of the first column sequence.

3 Generalized Bernstein polynomials

We recall that the n 4+ 1 Bernstein polynomials of degree n are the polynomials B, ;(s) =

(Z) sk(1 —s)n k.

Lemma 5. The Bernstein array B, is given by the Riordan array product

<1—<11—s>x’1—<ix—s>x):<1imfx)'“75%)'(1;712)_1- 1)

Proof. We note that the matrices (ﬁmf_z) and (ﬁ, ﬁ)fl = (IJ%I, Hix) have (n, k)-th
elements given by (Z) and (Z)(—l)"‘k respectively. A straight-forward evaluation of the

product on the right-hand side establishes the equation. The details are as follows. First,

we have )
1 X B B 1 T
l—2'1—2x C\l+2' 142/




Thus we obtain

1 T 1 T
) '(178'7;)' ) =
l—z'1—2x 1+2 1+2

1 T 1 T
l—2'1—2x 14+sz’ 1+ sz

1 ls—xx
l—z1+2714 3%

1 sx
1—1—(5—1):1:’1—1—(5—1):6)

I
NN NN
—_

1 ST
I1—-(1—s)z’1—-(1—=9)z/)
We then have, by definition of a Riordan array, that the (n, k)-th term of the Riordan array

<1_(11_8)I, 1_(‘;918)30), say ik, is given by

T (11_ s)a (1 - (ix— S)m)k

]

Now let (g, f) be an arbitrary Riordan array. We define the following notion of generalized
Bernstein polynomials. The generalized Bernstein polynomials defined by the Riordan array
(g, f) are the polynomials Bn’i,;f )(s) defined by the Riordan array

BY) = (g, f) - (1, s2) - (g, f)". (2)

In other words, Bé‘f,;f )(s) is the (n, k)-th element of the triple matrix product (2). When we
use these polynomials along with a set of control points to draw a curve, we shall call such a
curve a generalized Bernstein-Bézier curve. Some examples of such curves are given in what
follows.



Example 6. Welet (g, f) = (g, zg) with g(z) = —1—. We find that (g, f)~! = (m(x), xm(x))

14+x+ax2”
where
(2) 1—2—+v1—2x— 322
m(x) =
222

is the generating function of the Motzkin numbers M,, = Z,ﬁjo (27;) Cy A001006. With the
sequel in mind, we note that the row sums b,, of the inverse matrix (g, f)~! in this case have
generating function

I mz)  V1-2r-32243z -1

1—z 1-am(2) 2x(1 — 3x)

(m(x), xm(z))

We have .
n
bn — -1 kqn—k )

> ( k)( '3y

k=0
This is A005773(n + 1) (the number of directed animals of size n + 1).

We note that the expression % corresponds to the so-called “INVERT transform”

of m(x).

-1

Figure 1: Three generalized Bernstein-Bézier curves

The matrix of polynomials Bff,’ff )(s) in this case begins

1 0 0 0 0 0

s—1 s 0 0 0 0

2s(s — 1) 2s(s — 1) s? 0 0 0

45 — 65> +s5+1 553 — 6s% 4 s 352 — 352 s3 0 0

9s* — 1653 + 652 + 25 — 1 12s* — 205> + 652 + 25 9s* — 1253 4352 4s* —4s3 s* 0
o o o o e P .« 0. .. 85




Returning to the general case, we recall that

() F2) " = (s (@)

where f(z) is the compositional inverse of f(z) (that is, it is the solution u(x) of the equation
f(u) =« for which u(0) = 0). Thus we have

B9 = (g(z), f(z)) - (1,sz) - ( ! ,f($)>

B 9(x) Fs (i
- <g<f<sf<a:>>>’f (541 ))> |

The first column of B@/) thus has generating function

9@) ey gy L
Fsr@y) W F@) oy

The row sums of B/ are seen to have generating function

g(x) sl ) - 1 7g(:c) 1
(g<f<sf<x>>> Fs it ”) T2 gl @) 1= TS @)

Proposition 7. Let the elements of the Riordan array (g(z), f(x)) be denoted by d,, ., and
let the first column of (g(z), f(x))~! have elements a,,. Then the elements of the first column

of B are given by
n
Z dn,kaksk.
k=0

. . 1 1
Proof. The a, have generating function OE Thus D)

Since (g(z), f(x)) has general term d,, x, the result follows from the expression in Eq. (3). O

generates the sequence s"a,,.

Thus the first column elements of B¥/), which we denote by @, (s),

n
an(s) = Zdnvkaksk
k=0

are polynomials in s of degree at most n.
In similar manner, we have

Proposition 8. Let b, denote the row sums of the inverse matriz (g(x), f(x))~'. Then the
row sums of the Bernstein array B9 are given by the expression

n
E dn’kbksk.
k=0



Proof. The row sums of B have generating function given by

Bt = (o)) (s ) 1

1—x g(f(sz))’ 1—x
1 1
= (g(0). f(@) - — —
I T S T Fom
The result follows by observing that the sequence b,, has g.f. given by ——2———1 O

9(f(2)) 1-fa’

We conclude that the row sum elements of B-/),

En(s) = Z dn,kbksk
k=0

are polynomials in s of degree at most n.

Proposition 9. When g(x) = ﬁ, the row sum sequence of BY-Y) is the sequence of all 1s:
1,1,1,....

9 Y )

Proof. By the above, the row sums of B are generated in this case by

1 1 1 Flsa))—
(g(2), f(z)) - T =760 (1 — f(x)) S(1- f(sx))l ~ F(s2)
1
B 1
= .

We note that this is true independently of the nature of f.

Lemma 10. When (g(x), f(z)) = (9(z),zg(z)) is an element of the Bell subgroup of the
Riordan group, the sequences a, and b, have the same Hankel transform.

Proof. The inverse of a Bell matrix is again a Bell matrix, so that b, is the INVERT transform
of a,. O

Proposition 11. If (g, f) = (g, zg) is an element of the Bell subgroup, then a,(s) and by(s)
have the same Hankel transforms.

Proof. In this case, we have (g, f)™! = (f f) Then

)

B = (.00 (L)




f(sf (=)

Thus the g.f. for a,(s) is given by G = . The g.f. of b,(s) is given by

R 0)

1—=x s

e
1—2z 1-—s2G’

s

But for any g.f. G (with G(0) # 0, which is the case here), G and l_fmG generate sequences

with the same Hankel transform. ]

Example 12. We consider the first column of the matrix B defined by ( ) (this

array is A104562). The elements of this sequence begin

1 =z
1+z+x2) 1+z+a?

1,5 —1,25% —25,45% — 652+ s+ 1,95 — 165> + 65> + 25 — 1, . ..
We have, in fact,

dn(S) = Z dn,kMkSk,
k=0
where M, is the n-th Motzkin number and
= Y0 () O ()
T j 2 k)
]_
The Hankel transform of a,(s) begins

1,5 —1,5%(s® — 35 +2), s(s® — 5% +45° + 45 — 55> + 1),
s%(s' — 8510 + 4s? + 185% — 575% + 54s” + 65* — 2857 + 9s* + 25 — 1),...
We can express this sequence of polynomials in s of degree n(n + 1) as

(n+1)? || n2

hn(s) = (s — I)L * JSLTJPﬂ@)?

where P,(s) is a polynomial in s of degree L%J We can conjecture that this sequence is
a

(s*(s — 1), s*(s — 1)(28* — 5 — 1))

Somos-4 sequence. )
By the result above, the Hankel transform of b,(s) is the same as that of a(s). We have
in this case that

BH(S) = Z dn,kbksk,
k=0
where

b, — En:(—1)k3”—’€ (Z) Cr.

k=0
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Example 13. We consider (g, f) = (H%, ﬁ) The (n, k)-th element of this array is

(”;f)(—l)”_k. The first column elements of the inverse (g, f)~! are the Catalan numbers

C,,, and the row sums of the inverse are the central binomial numbers (2:) A000984. Thus

we have . é <n M k) Cr(—1)" s,
and o) = g (n M k) (%f) (1) st

The g.f. of a,(s) is

1+ —/1+2z(1 —2s) + a2
2sw
from which we deduce (via the Stieltjes-Perron transform [11, 18]) the moment representation

)

in(5) = Qﬂ/jsm o \/x2+2$(25_1>_1d93+0—n (s #0).

s—1—-24/s(s—1) ST

The g.f. of by(s) reduces to
1
V1 —2x(2s — 1) + 22

In this instance, the polynomials b, (s) coincide with the shifted Legendre polynomials [5]

ba(s) = P,(25 — 1).

The Hankel transforms of the polynomials a,(s) and have been studied by several

authors [5, 12]. They are (s(s — 1))(%1) and 2" (s (s - 1)) ), respectively. An immediate
calculation shows that these sequences are both (s3(s —1)3,0) Somos-4 sequences. We have
the following continued fraction expressions for the g.f. of a,(s),

ba(s)
("3

1
s(s—1)x? ’
l—(s—1)x — Np—
1-(2s—1)x —
1—-(2s—1)x —
and for the g.f. of b,(s),
1
25(s — 1)z? ’
1—-(2s—1)x — Ep—y
1—(2s—1)xz —
1-(2s—1)x —

from which we can deduce the form of their Hankel transforms.
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Example 14. We consider the Pascal-like triangle (g, f) = (L m(Hm > This is called the
Delannoy triangle A008288. This triangle [3] begins

10 0 0 0O
110 0 00
13 1 0 00
15 5 1 00
1 713 7 10
19 25 25 91

The general term of this matrix is given by

Z< )0 ) =Z(f) (")

J=

The first column of (g, f)~! has generating function 1 — zS(—x), where S(z) is the g.f. of
the large Schroeder numbers S, = > "7, ("+k) C) A006318. This sequence can be expressed

B 5 - (- Zl<n—1+k> .

k=0

= z( J(.oit o

The Hankel transform of this polynomlal sequence is given by a product of the form

We therefore have

n+1

() = 505 (s — DEFE 2T LFL B (),

where P,(s) is a polynomial in s of degree L%J Numerical evidence suggests that h,(s) is

a (36s(s — 1), —8s*(7s* — 18s% + 13s? — 2)) Somos-4 sequence.

4 Some Somos-4 conjectures

Motivated by examples from the last section we continue to explore links between generalized
Bernstein arrays and Somos-4 sequences. In this section, we shall posit two conjectures
concerning different families of Riordan arrays (g, f), the Hankel transform of the first column
elements of B@/) and Somos-4 sequences. We are currently not in a position to prove these
conjectures. The resolution of similar conjectures is an active area of research [10].

We consider for example the Bernstein array B generated by the Riordan array

(9(2), f(2)) = (1 = z,2(1 - 2)),
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with general element (kﬂc) (—1)""* whose inverse array (g(z), f(x)) ™t = (c(x), zc(z)) is often

called the Catalan array A033184 [23]. As we have seen, the generating function for the first

column elements
_ —~ (k+1 .
() =3 (n + k) (1) st
k=0

of B is given by

_g(x) _ 1— \/1 — 4sz(1 — x)
9(f(sf(x))) 25w ’

from which we deduce (via the Stieltjes-Perron transform) the moment representation

dv + —=, (s#0).

() = /”m) Vv sy e R
ap\S) = )
2(s—/5(s—1)) 251 Vs

We have
(") n+1 &
hn<8) = ( J Z (Qk i 1+( 1)» ) )

= n+1 k [n]l—i—(s—i—l)x—(3—1)1:2—(3—1)2:172
n = |T
< \ 2k + G 1—2(s+1)22 + (s — 1)2z*

where

We can then conjecture that the Hankel transform of a,, is a (4s*(s—1)?, —s*(s—1)3(3s+1))
Somos-4 sequence.
We next consider the Bernstein array generated by the Pascal-like [2] Riordan array

1 x(l—l—?“x)) .

1l—2" 1—2

0=

The first column of this array can be shown to have generating function

L+2r—(2r — s+ 1)z + rsa?
2(1 —x)?
V14 @2rs+s—1Dz+ ((s—1)2 —2rs(1 —2r))a? — 2rs(2r — s + 1)a3 + r2s2z?
a 2(1 — x)? '

The quartic within the square root suggests that the Hankel transform of this sequence could
be a candidate for a Somos-4 sequence. Numerical evidence suggests the following.

Conjecture 15. The Hankel transform of the first column elements of the generalized Bern-

stein array generated by (ﬁ, %) 8 a

(r*st(s — 1)*(r + D?(2r +1)%, —s*(s — 1)*(r(r + 1))3(r(r +1)(3s* — 25 — 1) + 7))
Somos-4 sequence.

We can generalize this as follows.
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Conjecture 16. The Hankel transform of the first column elements of the generalized Bern-

stein array generated by (1+1a:r’ x(lljtff)) 8 a

(b?s*(s — 1)*(a — b)*(a — 2b)%, —s*b*(s — 1)*(a — b)*(a®s* + (b — ab)(3s* — 25 — 1))
Somos-4 sequence.

We next consider the generalized Bernstein array defined by the Riordan array

() £0) = (1o —

14+ ax+bx?" 1+ ax + bx?

Thus we let h,(s) denote the Hankel transform of a,(s). This sequence has g.f. given by

1+ a(l —s)z 4+ bx? — /1 +2a(1 — s)z + (a2(1 — 5)2 + 2b(1 — 2s2))22 + 2a(1 — s)bx3 + b2x!
2bs2x? '

For the case a = 0, this reduces to

14 ba? — /14 2b(1 — 2s2)22 + b2
205212 '

In this case, we can conjecture that
n+1 ﬁ 9 (n+1)2
hn(s) = p("3 )8L2J(s —
In the general case, we have

Conjecture 17. The Hankel transform of the first column elements of the generalized Bern-
stein array generated by ( ) 8 a

1 T
1+az+bx?’ 1+ax+bx?
(a®b?s*(s — 1), —b3s*(s — 1)*(s*(a® — b) — 2bs — b))
Somos-4 sequence.

When a = 0, it is easy to verify this conjecture by direct evaluation. We must show that

2

hn(s) = b(ngl)sL%J(s2 — 1)LwJ
is a (0,b%s*(s* — 1)?) Somos-4 sequence. Thus we must show that

hn+2<5)2

Prya(s) = bist(s? — 1) hi(s)

that is, we wish to show that

n n+2)2 n+3)2
(nJQrS)SL(nJ;l)QJ(Sz . 1) (n425)2j . b484(82 — 1)262( -2*—3)82“ -;2) J(S2 — 1)2L%J

= b(ngl)sL%J(SQ _ 1)L%J
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Now this is so, since

R s L]
R TR iy LA

and . 5 .
(n—l— ):4+2<n+ >_<n+ )
2 2 2

Returning to the general case, we note that since in this case the defining array is a member
of the Bell subgroup, the same conjecture holds for the Hankel transform of b,(s).

5 Drawing generalized Bernstein-Bézier curves

Although Riordan arrays are algebraic entities, it is interesting to use the mechanism of gener-
alized Bernstein-Bezier curves to provide a geometric visualization of their effect. To do this,
we select a common set of control points to produce a curve that in some way reflects proper-
ties of the array. For our example, we select the set of control points ((—1,0), (—1,1), (1,1), (1,0)).

Example 18. Figure 1 shows points on three generalized Bernstein-Bézier curves, corre-
sponding to the Riordan array
1 1
l—2'1—rx—ra?)’

for r = 1,2, 3, respectively, with the lowest curve corresponding to » = 1. The control points

are ((—1,0), (—1,1),(1,1), (1,0)).
When r = 2, the B matrix begins

1 0 0 0 0 0

—s+1 s 0 0 0 0

262 -3s5+1 3s — 3s2 52 0 0 0

—25% 41052 —9s+ 1 6s3 — 1552 + 9s 552 — 5s? s3 0 0
4

0

—4st — 1483 + 4252 — 255+ 1 —4s* +425%2 — 6352 + 255 14s* — 355 + 212 7s2 —7st s

Y
ot

and hence the x coordinate function is given by
2(s) = (—25°+105%—95+1)(—1)+(65°—1554+95) (—1)+(5s*—55) (1) +s°(1) = —85°+10s*—1,
while the y-coordinate function is given by

y(s) = (—25° +105* =95 +1)(0) + (65° — 155> +95) (1) + (55> — 5s*) (1) +5*(0) = s* — 105> +9s.
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Example 19. We take the case of (g, f) = (H—x Z ) The corresponding Bernstein

11—z /1—422
matrix B begins

1 0 0 0 0 0

—25+2 s 0 0 0 0

252 — 4s+ 2 25 — 25* s 0 0 0

25% 4 452 — 85 + 2 4s — 45> 252 — 253 53 0 0

—651 + 453 + 1252 — 125 +2 6s* — 1252 + 65 —2s* — 45 + 652 252 —2s* st 0
We note that }f—i generates the sequence 1,2,2,2,... apparent in the first column of B.

Using the same control points as before, we obtain the following coordinate functions:

(z(s),y(s)) = (=35 + 28> + 4s — 2, — 25" — 25* + 4s).

-2 -1 i 2

-1

. . 14z x
Figure 2: Curve for <E’ W)

Example 20. We take the case of (g, f) = <ﬁ, (ﬁ(_lgx”%) We leave it as an exercise for the

reader to verify that

(z(s),y(s)) = (—20s® + 225* — 1,335 — 5557 + 22s).
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References

[1] M. Aigner, A Course in Enumeration, Springer, Berlin, 2007.

[2] P. Barry, The Fourier analysis of Bezier curves, Journal of Visual Mathematics, 5
(2003).

[3] P. Barry, On integer-sequence-based constructions of generalized Pascal triangles, J.
Integer Seq. 9 (2006), Article 06.2.4.

[4] P. Barry and A. Hennessy,
Meixner-type results for Riordan arrays and associated integer sequences, J. Integer
Seq., 13 (2010), Article 10.9.4.

[5] P. Barry, Riordan arrays, orthogonal polynomials as moments, and Hankel transforms,
J. Integer Seq. 14 (2011), Article 11.2.2.

[6] P. Barry, P. Rajkovié¢, and M. Petkovié¢, An application of Sobolev orthogonal polyno-
mials to the computation of a special Hankel determinant, in W. Gautschi, G. Rassias,
M. Themistocles (Eds), Approzimation and Computation, Springer, 2010.

[7] D. M. Bressoud, Proofs and Confirmations: the Story of the Alternating Sign Matrix
Conjecture, MAA Spectrum, Mathematical Associations of America, 1999.

[8] R. A. Brualdi and S. Kirkland, Aztec diamonds and digraphs, and Hankel determinants
of Schréder numbers, J. Combin. Theory Ser. B 94 (2005), 334 — 351.

[9] W. Chammam, F. Marcellan, and R. Sfaxi, Orthogonal polynomials, Catalan numbers,
and a general Hankel determinant evaluation, Lin. Alg. Appl. 436 (2012), 2105-2116.

[10] X-K. Chang and X-B. Hu, A conjecture based on Somos-4 sequence and its extension,
Lin. Alg. Appl. 436 (2012), 4285-4295.

17



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

T. S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New
York, 1978.

J.  Cigler, Some nice Hankel determinants, available electronically at
http://homepage.univie.ac.at/johann.cigler /preprints/hankel-conjectures.pdf

A. Cvetkovié, P. Rajkovié¢, and M. Ivkovi¢, Catalan Numbers, the Hankel Transform
and Fibonacci Numbers, J. Integer Seq. 5 (2002), Article 02.1.3.

C.L. Dodgson, Condensation of determinants, Proc. R. Soc. Lond. 15 (1866), 150-155.

D. Gale, The strange and surprising saga of the Somos sequence, Math. Intelligencer,
13 (1991), 40-42.

W. Gautschi, Orthogonal Polynomials: Computation and Approximation, Clarendon
Press, 2003.

I. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison—Wesley,
1994.

P. Henrici, Applied Computational Analysis V2 P: Special Functions, Integral Trans-
forms, Asymptotics, Continued Fractions, Blackwell-Wiley, 1991.

A. N. W. Hone, Elliptic curves and quadratic recurrence sequences, Bull. Lond. Math.
Soc. 37 (2005), 161-171.

M.E.H. Ismail, Determinants with orthogonal polynomial entries, J. Comput. Appl.
Math. 178 (2005), 255-266.

C. Krattenthaler, Advanced determinant calculus: a complement, Lin. Alg. Appl. 411
(2005), 68-166.

J. W. Layman, The Hankel transform and some of its properties, J. Integer Seq. 4
(2001), Article 01.1.5.

A. Luzoén, D. Merlini, M.A. Morén, and R. Sprugnoli, Identities induced by Riordan
arrays, Lin. Alg. Appl. 436 (2102), 631-647.

S.C. Milne, Infinite families of exact sums of squares formulas, Jacobi elliptic functions,
continued fractions, and Schur functions Ramanujan J. 6 (2002), 7-149.

Ch. Radoux, Calcul effectif de certains déterminants de Hankel, Bull. Soc. Math. Belg.,
XXXI, Fascicule 1, série B (1979), 49-55.

D. F. Rogers and J. A. Adams, Mathematical Elements for Computer Graphics,
McGraw-Hill, 2003.

K. Saxe, Beginning Functional Analysis, Springer-Verlag, 2002.

18



28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]
[39]

L. W. Shapiro, S. Getu, W.-J. Woan, and L.C. Woodson, The Riordan group, Discr.
Appl. Math. 34 (1991), 229-239.

R. Shipsey, Elliptic Divisibility Sequences, PhD Thesis, Royal Holloway (University of
London), (2001).

N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences. Published electroni-
cally at http://oeis.org, 2012.

N. J. A. Sloane, The On-Line Encyclopedia of Integer Sequences, Notices Amer. Math.
Soc., 50 (2003), 912-915.

R. Sprugnoli, Riordan arrays and combinatorial sums, Discrete Math. 132 (1994), 267
290.

R. A. Sulanke and G. Xin, Hankel determinants for some common lattice paths, Adwv.
Appl. Math 40 (2008) 149-167.

C. S. Swart, Elliptic Curves and Related Sequences, PhD Thesis, Royal Holloway (Uni-
versity of London), (2003).

R. Vein and P. Dale, Determinants and Their Applications in Mathematical Phyiscs,
Springer, 1998.

A. J. van der Poorten, Hyperelliptic curves, continued fractions, and Somos sequences,
IMS Lecture Notes-Monograph Series Dynamics & Stochastics, 48 (2006), 212-224.

G. Viennot, Une théorie combinatoire des polynomes orthogonaux généraux, UQAM,
Montréal, Québec, 1983.

H. S. Wall, Analytic Theory of Continued Fractions, AMS Chelsea Publishing, 1967.

G. Xin, Proof of the Somos-4 Hankel determinants conjecture, Adv. in Appl. Math. 42
(2009), 152-156.

201

0 Mathematics Subject Classification: Primary 11B83; Secondary 05A15, 11C08, 11C20,

68U05
Keywords: Bernstein polynomial, Bezier curve, integer sequence, Riordan array, Hankel
determinant, Hankel transform, Somos sequence

Concerns sequences

A000007, A0O00045, A000108, A000984, A001006, A005773, A006318, A006720, A007318,

A008288, A033184, A104562.

19



