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Abstract

We study links between Krawtchouk polynomials and Riordan arrays of both the
ordinary kind and the exponential kind. We derive summation formulas for values of
the Krawtchouk polynomials using the A-sequences of the Riordan arrays.

1 Introduction

The Krawtchouk polynomials play an important role in various areas of mathematics. No-
table applications occur in coding theory [11], association schemes [4], and in the theory of
group representations [21, 22].

In this note, we explore links between the Krawtchouk polynomials and Riordan arrays,
of both ordinary and exponential type, and we study integer sequences defined by evaluating
the Krawtchouk polynomials at different values of their parameters.

The link between Krawtchouk polynomials and exponential Riordan arrays is implicitly
contained in the umbral calculus approach to certain families of orthogonal polynomials. We
shall look at these links explicitly in the following.

The structure of this note is as follows. In the next section, we shall give a brief intro-
duction to the relevant theory of both ordinary and exponential Riordan arrays. We then
define the Krawtchouk polynomials, using exponential Riordan arrays, and look at some
general properties of these polynomials from this perspective. We then show that for dif-
ferent values of the parameters used in the definition of the Krawtchouk polynomials, there
exist interesting families of (ordinary) Riordan arrays.
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2 Riordan arrays

The Riordan group [12, 17, 19], is a set of infinite lower-triangular integer matrices, where
each matrix is defined by a pair of generating functions g(z) = go + g1z + ¢g22? + ... and
f(x) = fix + fox® + ... where f; # 0. We sometimes write f(x) = zh(x) where h(0) # 0.
The associated matrix is the matrix whose i-th column is generated by g(z)f(z)" (the first
column being indexed by 0). The matrix corresponding to the pair f, ¢ is denoted by (g, f)
or R(g, f), and is often called the Riordan array defined by g and f. When go = 1, the array
is called a monic Riordan array. The group law is given by

(9, f) * (u,0) = (g(uo f),vo f). (1)

The identity for this law is I = (1,2) and the inverse of (g, f) is (g, f)™' = (1/(g o f), f)
where f is the compositional inverse of f.

To each Riordan array as defined above is associated an integer sequence A = {a;} with
ag # 0 such that every element d,4; 441 of the array (not lying in column 0 or row 0) can
be expressed as a linear combination with coefficients in A of the elements in the preceding
row, starting from the preceding column:

Ayt k41 = ol g + a1dp i1 + aodp g2 + -+ -

A = {a;} is called the A-sequence of the array, and its generating function may be calculated

according to
A() = [0t = wh(H)™].

A Riordan array of the form (g(x),z), where g(x) is the generating function of the sequence
Up, is called the Appell array (or sometimes the sequence array) of the sequence w,. Its
general term is u,_x.

If M is the matrix (g, f), and u = (ug, uq, .. .)" is an integer sequence with ordinary generating
function U (x), then the sequence Mu has ordinary generating function g(z)U(f(z)).

1z
1—2’ 1—x
n

has general element (k) For this matrix we have A(x) = 1 + x, which translates the usual
defining relationship for Pascal’s triangle

More generally, B™ is the element (;——, =) of the Riordan group, with general term

(Z)m”_k. It is easy to show that the inverse B~ of B™ is given by (1+1m:’ 1+“’fm).

Example 1.  The binomial matrix B is the element ( ) of the Riordan group. It

Example 2.  We let ¢(z) = 2412 be the generating function of the Catalan numbers

C, = %H(Q:) A000108. The array (1,zc(z)) is the inverse of the array (1,z(1 — z)) while

the array (1,2zc(2?)) is the inverse of the array (1, 175).
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Example 3.  The row sums of the matrix (g, f) have generating function g(x)/(1— f(z))
while the diagonal sums of (g, f) have generating function g(z)/(1 — zf(x)). The row sums
of the array (1,zc(zx)), or A106566, are the Catalan numbers C,, since #C(x) = ¢(x). The

diagonal sums have g.f. #C(x), A132364.

The exponential Riordan group [3, 6, 7], is a set of infinite lower-triangular integer matri-
ces, where each matrix is defined by a pair of generating functions g(z) = go+gi12+goz*+. ..
and f(x) = fix + for? + ... where f; # 0. The associated matrix is the matrix whose i-th
column has exponential generating function g(z)f(z)"/4! (the first column being indexed by
0). The matrix corresponding to the pair f, g is denoted by [g, f]. It is monic if go = 1. The
group law is then given by

g, f]* [h, 1] = [g(h o f), Lo f].

The identity for this law is I = [1, z] and the inverse of [g, f] is [g, /] = [1/(go f), f] where
f is the compositional inverse of f.

If M is the matrix [g, f], and u = {u,} is an integer sequence with exponential generating
function U (z), then the sequence Mu has exponential generating function g(z)U(f(x)).

Thus the row sums of the array [g, f] are given by g(x)ef® since the sequence 1,1,1,. .. has
exponential generating function e”.
As an element of the group of exponential Riordan arrays, we have B = [e¢",z]. By

the above, the exponential generating function of its row sums is given by e%e® = €**, as
expected.

Riordan group techniques have been used to provide alternative proofs of many binomial
identities that originally appeared in works such as [13, 14]. See, for instance, [20, 19].

3 Krawtchouk polynomials

We follow [15] in defining the Krawtchouk polynomials. They form an important family of
orthogonal polynomials [5, 16, 23]. Thus the Krawtchouk polynomials will be considered to
be the special case = —N, ¢ = 1%’ p+ g =1 of the Meixner polynomials of the first kind,
which form the Sheffer sequence for

g(t) = <;:;;)5

1—e¢t
f(t) = 071 _ et’
Essentially, this says that the Meixner polynomials of the first kind are obtained by operating
on the vector (1,z,22 23,...) by the exponential Riordan array [g(t), f(t)] ™!, since
1 _
[g’f]_l - |:——7 f:|
gof
and
[ ! —7.f:| et = L _enf(®)
gof go
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which is the defining expression for the Sheffer sequence associated to g and f. In order to
work with this expression, we calculate [g, f]~! as follows. Firstly,

=tex (=)

since

Then we have

and

Thus we arrive at

917! = {ﬁ@g (ﬁﬂ

and
=) 1 < t—c )m
g(ft)) — (@ —=1)7 \c(t—1)
B 1 c—t\"
(1 —t)fte c
t x
= 1=t (1--) .
- (1-1)
Specializing to the values § = —N and ¢ = 1% = —’g, we get

_ _ N\N—=z g T
OGRS UE

Extracting the coefficient of t* in this expression, we obtain

i - e () () (1)

1=0 3=0

- (1))



Scaling by p”*, we thus obtain

We use the notation

e -5

J=0

for the Krawtchouk polynomial with parameters N and p. This can be expressed in hyper-
geometric form as

0w N) = (0 (N )prain —ai =i 1/p)

The form of [g, ]~ allows us to make some interesting deductions. For instance, if we write

o). 10" = [ =5 (1)

then setting 6 = —N and ¢ = z%’ we get

. 1 1— 4
l9(t), fF()] = [m»log (1—_];)] :

Now we let t = ps, giving

l9(t), FO) = Diag(1/p") * [<1 ) log ( ﬂ)]

1 —ps

— Diag(1/p") * [(1 — ps)™, s] * [1,If:—65j513§} x {Llog <]_}_S>}
— Diag(1/p") * P[p] ™™ x Lah[p — 1] *s.

where we have used the notation of [2] and where for instance s = [1, log (l—is)] is the Stirling
array of the first kind.

The matrix P[p] " % Lah[p — 1] xs = [(1 —pt)N log ((p_;)ﬂ is of course a monic

exponential Riordan array. If its general term is 7'(n, k), then that of the corresponding
array [g, f]7! is given by T'(n, k)/p".

The above matrix factorization indicates that the Krawtchouk polynomials can be ex-
pressed as combinations of the Stirling polynomials of the first kind 1,2, z(z + 1), z(2? +
3z +2), x(x 4+ 622 + 11z + 6), . . ..

Example 4. Taking N = —1 and p = 2 we exhibit an interesting property of the
matrix [(1 — pt)N log ((p_;))], which in this case is the matrix [1 570 10g (1 2t)]. An

easy calculation shows that

1 | 1—t\1" 1 et — 1
(0] = .
12t B\ 12 el —1'2et — 1

5




We recall that the Binomial matrix with general term (Z

1 1—t\]., 1 -1 1—t
—log | ——- )| '] , = |—1|
1—2t 1—2t 2t — 1" 2¢t — 1 1—2t
1
1-2¢?

) is the Riordan array [e,¢]. Now

Hence the matrices [e!,t] and [%7

of change of basis for the similarity.

log (ﬂ)] serving as matrix

t} are similar, with [ o

4 Krawtchouk polynomials and Riordan arrays

In this section, we shall use the following notation, where we define a variant on the poly-
nomial family 7 (z, N). Thus we let

K(nk,z,q) = é(—l)ﬂ‘ ()2 v

We then have
K(n,k,z,q) = [t*](1 = t)"(1+ (¢ — D))",

which implies that
K(N, kN —x,q) = [t"](1 = )" (1 + (¢ = 1)t)".
Letting P = 1/q and thus (1 — P)/P = g — 1 we obtain

1
K(vaaN_$7Q) = _ng)(maN)'
qn

We shall see in the sequel that by varying the parameters n, k, x and ¢, we can obtain families
of (ordinary) Riordan arrays defined by the corresponding Krawtchouk expressions.
Example 5.  We first look at the term K(k,n — k,r,q). We have

K(kn—krq) = M(—l)j(r.x o )(q—l)"’”’

e Jjj\n—k—j

hg

S e

But this last term is the general term of the Riordan array

The term (—1)""*K(k,n — k,7,q) then represents the general term of the inverse of this
Riordan array, which is given by

6



The A-sequence of the array (2) is given by

Alr) = 14+ /1+4(¢g—1)x
5 :

Thus
ap = 1, an = (—=1)"" g —1)"Cp_1.

With these values, we therefore have
K(k+1,n—k,r,q) = K(k,n—k,r,q)+a; K(k+1,n—k—1,r,q)+as K (k+2,n—k—2,7,q)+. ..
Example 6.  We next look at the family defined by (—1)*K(n, k, k,q). We have

(—V"K(n k,k,q) = (=1)" ko(—1)ﬂ' (’;) </<; - ’“) (q— 1)

—J

J

EOG )
=\ \k—J
n—k
E\ (n—k -
=X ()" -
—~\j/\ J
Using the results of [1], we see that these represent the family of Riordan arrays
1 2(l—qx)
l—2 1—-2 )

The A-sequence for this array is given by

<

1441+ 221 —2q) + a2

e y

For example, the matrix with general term T'(n,k) = (—1)*K(n, k, k, —3) is the Riordan
array (L I(H?’x)), A081578 or

-2’ 1—x

O ot = O
O = O O
_— o O O

13 33 13
17 72 73

B e e e
A = e R e R an)
_ o O O OO

f 1+z+V1+14z+a2
: 2

The A-sequence for this array has g. which expands to

1,4, —12,84, —732, 7140, —74604, . . .

7
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Thus

(—DM'K(n+1,k+1,k+1,-3) = (-D)*K(n,k,k,—3)
+4(-D K (n, k + 1,k +1,-3)
—12(-1)*PK(n,k+2,k+2,-3) + ...

The matrix with general term (—1)*K(n, k, k, 2) is the Riordan array ( 1 M) or

-z’ 1-=z
1 0 0 0 0 0
11 0 0 0 0
10 1 0 0 0
1 -1 -1 1 0 0
1 -2 -2 =2 1 0
1 -3 -2 -2 -3 1

The rows of this matrix A098593 are the anti-diagonals (and a signed version of the diagonals)
of the so-called Krawtchouk matrices [8, 9] which are defined as the family of (N+1) x (N+1)

matrices with general term
N (N =
KM =57 k(! |
o=y ()Y

k

The matrix with general term T'(n, k) = (=1)*K(n,k, k,—1) is the well-known Delannoy

number triangle (ﬁ, z(llj;)) A008288 given by

10 0 0 00
110 0 0O
13 1 0 00
15 5 1 00
1 713 7 10
19 25 25 9 1

Thus in particular (—1)"K(2n,n,n,—1) is the general term of the sequence of Delannoy
numbers 1,3, 13,63, ... A001850. We have

Proposition 7. The array with general term T(n, k) = [k < n](=1)*K(n, k, k,q) is the
1 x(lqu))

11—’ 1—x

Riordan array (

Example 8.  We now turn our attention to the expression (—1)"*K(n — k,n — k,n, q).
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We have

(~)"*K(n —k,n—kmn,q) = “JW%sfvdycg(n_k_ﬁ)@—lﬁwﬁ

= J)\n—Fk—j
- (—1>”-knzz<—1>f(§) ()
= S () (2 e

n—k .
B (n—j—l) S
= E . q
- n—k—j

- [“’n]li:p (1—qu)k'

Thus the matrix with the general term T'(n, k; q¢) = (—=1)""*K (n—k,n—k,n, q) is the Riordan

array , . Taking the ¢-th inverse binomial transform of this array, we obtain
1 —x 1 —qx

1 T 1 T 1
Y * bl = ,ZE .
1+qgx’ 1+qx 1—2"1—gqx 14+ (¢— 1

Reversing this equality gives us

1 T 1 T 1
1| — ) * y L)
1—2"1—qux 1—gqx’ 1—qx 1+ (¢— D

= k= ko) = 3 ()i

J=k

Thus

The row sums of the Riordan array ( > have generating function

11—z’ 1— qm
= l—qx
11— = (1—2)(1—=(¢g+1)x)

1—qz

This is thus the generating function of the sum

Xn:(—l)”kl{(n—k,n—k,nq ZZ( > (1 —q) k_(1+q)"—(1—q).

k=0 k=0 j=k q

We remark that (—1)*K(k,k,n,q) is a triangle given by the reverse of the Riordan array
<ﬁ, ﬁ), and will thus have the same row sums and central coefficients.

The A-sequence of this array is simply 1 + gz, which implies that
Kn—kn—kn+1l,q)=—-Kn—k—-1n—k—1nq) +q¢K(n—k—2n—Fk—2,n,q).



Example 9.  We now consider the expression (—1)""*K(n — k,n — k, k,q). We have

(—D)"*K(n—kon—kkyq = (—1)"F n_:<_1)j </jf) (n —k— k) (g — 1yt

n—k—j

J]=

This is the (n, k)-th element T'(n, k; ¢) of the Riordan array

<m,m(1 4 qx)) |

Other expressions for T'(n, k; ¢) include

T(n,k;q) = nz_k (n B Z B j) (1—q)q "

hence these provide alternative expressions for (—1)" " *K(n — k,n — k, k, q).
We note that for ¢ = 1, we obtain the Riordan array (1,z(1 + z)) whose inverse is the
array (1, zc(z)). The row sums of (1,z(1 + z)) are F(n + 1), thus giving us

i(—m"—kK(n —k,n—k,k,1)=F(n+1).

Similarly, we find

S (1) FK(n—kn—kk0)=n+1

k=0
Sho(=D)"*K(n — k,n — k,k,—1) is the sequence 1,3,6,11,21,42,... A024495 with gen-
erating function m
These matrices have the interesting property that 7'(2n,n;q) = 1. This is so since

2n—n
n . n—i
T(2n,n;q) = Z <2n o j> (1—q)ig?m

B e
= z:; (?) (I—q)q"
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Thus we have
K(n,n,n,q) = (—1)".

The A-sequence for these arrays has generating function

1++v1+4
A(z) = #
and thus we have
ap =1, an = (—1)"1q"C)_1, n > 0.
With these values we therefore have
(_1>n_kK(n - k?” - k) k + 17 q) = (_1)n_kK(n - ka n— ka kv Q)
+a (=)' K(n—k—1,n—k—-1,k+1,9)+...
Example 10.  We next look at the expression (—1)""*K(n,n — k,k,q). We have
iy BN/ n—k
()" * K~k k) = (—1) <—1>f( ) ( )<q — 1k
J
0

n—k—j

= Sy

j=

.

This is the general term T'(n, k; ¢) of the Riordan array

< 1 z(1+ qx) >
14 (q—1)2" 14+ (qg—1)z /)"

Expressing T'(n, k; q) differently allows us to write

() (2t Jamare -5 (1), et

The central coefficients of these arrays, T'(2n, n; ¢), have generating function e?=97[;(2,/T — ¢x)
and represent the n-th terms in the expansion of (1 + (2 — ¢)z + (1 — q)z?)".
The A-sequence for this family of arrays has generating function

1+(1—q)x+\/1+2x(1+q)+(q—1)2x2'

Az) = 5

Expanding this as ag, ay, as, ... we thus obtain

(—1)" K (n+1,n—k, k+1,q) = ag(=1)"*K(n,n—k, k, ¢)+a, (=1)" "1 K(n,n—k, k+1,q) ...
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Example 11. The expression K (n,n —k, N, q) is the general term of the Riordan array

(1 —qz)V x
1—(g—D2’1—(¢— 1z /)
This implies that

()Y e =S (), e

Jj=0

<.

The A-sequence for this family of arrays is given by 1+ (¢ — 1)x. Thus we obtain
K(n+ 17n_k>N7Q> = K(nan_kaN7Q) + (q_ 1)K(n7n_k_ 1>N7Q)'

Example 12. In this example, we indicate that summing over one of the parameters can
still lead to a Riordan array. Thus the expression

e

n—

(—1)'K(n —k,i,n,q)

Il
=)

7

is equivalent to the general term of the Riordan array
1 x
1—-22"1—qux

n—k
ZK(H— k7i7n7Q)
=0

while the expression

is equivalent to the general term of the Riordan array

Thus
n—Fk n—k i . .
i . n k + 17— ] — 1 i
(_1)K(n_k>zan7Q) = Z()( i— i )(q_l) ’
i=0 i=0 j=0 J J
iy k—1
_ (] + ’ )Qn—k—]q]
Jj=0 J
and

T:Z_:K(n —k,in,q) = (Z - ,1) (—q)" .

The A-sequence for this example is given by 1 + ¢z, and so for example we have

=

k n—k—1
=0 =0

1=

n— n—

<.
i
o

12



Example 13. The Riordan arrays encountered so far have all been of an elementary
nature. The next example indicates that this is not always so. We make the simple change of
2n for n in the third parameter in the previous example. We then find that 37 F(—1) K (n—
k,i,2n,q) is the general term of the Riordan array

(1—2x—q(2—q)x2 T )2>‘1'

1+ qx "(1+gx
For instance, Z?:_Ok(—l)iK (n — k,7,2n, 1) represents the general term of the Riordan array

(e ) )

2 1—4l‘+\/1—4x 2z

while S F(=1)'K (n — k,i,2n, 2) represents the general term of

i=0
( 1 1—41:—\/1—81')

V1—8z 2

The A-sequence for the first array above is (1 + z)?, so that we obtain

n—k n—k
(—1)'K(n—k,3,2(n+1),1) = Y (=1)'K(n —k,i,2n,1)
i=0 i=0
n—k—1
+2 > (=1)'K(n—k—1,i,2n,1)
=0
n—k—2

(-1)'K(n—k—2,i,2n,1)

+
ﬁ.

while that of the second array is (1 + 2x)? and so

n—

(=1)'K(n—ki,2(n+1),2) = > (~1)'K(n—k,i,2n,2)

=

n—

i
)
o

n—k—1
+4 (-1)Y'K(n—k—1,i,2n,2)

+4 (-1)'K(n—k—2,i,2n,2).
=0

We summarize these examples in the following table.

13



Table 1.

Summary of Riordan arrays

Riordan array

g.f. for A-sequence

Krawtchouk expression

) e+ (g - Do)

1+4/14+4(q— D)z
2

K(k,n—Fk,r q)
(=) *K(k,n—k,r, q) ((

o) a1l - (g - 1))

1+4/1-4(q— 1)z
2

(~DMK (. k. k. q) (5222 S —
(—1)"*K(n—k,n— k,k,q) (5 =) 1+ gz
(—1)"*K(n —k,n—kk,q) <1+(q171)x’ z(1+ qx)) @

(~1)" K (1,0 = k) e e i) I R —

K(n,n -k, N,q) (f:qqﬁfx, an 1+ (q— Dz

Z?:_ok(_l)iK(” —k,i,n,q) <1712907 1—Zqz> 1+qz
Z?;Ok K(n —k,i,n,q) (1, ﬁ) 1—qx
S K- ki) | (e e ) (1+qr)?
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