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Abstract

We study the Narayana triangles and related families of polynomials. We link this
study to Riordan arrays and Hankel transforms arising from a special case of capacity
calculation related to MIMO communication systems. A link is established between a
channel capacity calculation and a series reversion.

1 Introduction

The Narayana numbers, which are closely related to the ubiquitous Catalan numbers, have
an important and growing literature. Their applications are varied. In this note, we look at
the mathematics of one application in the area of MIMO (multiple input, multiple output)
wireless communication. For our purposes, it is useful to distinguish between three differ-
ent “Narayana triangles” and their associated “Narayana polynomials”. These triangles are
documented separately in Sloane’s Encyclopedia [32] along with other variants. We will find
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it useful in this note to use the language of Riordan arrays [30] for later sections. In the next
section we provide a quick introduction to the Riordan group. We also use the notion of
“Deleham array” [3], which is explained in Appendix B. Our approach to Deleham arrays is
based on continued fractions [39]. We shall be interested in the Hankel transform [23, 22, 29
of a number of integer sequences that we shall encounter. We recall that if a, is a given
sequence, then the sequence with general term given by the determinant |a;;|o<i j<n is called
the Hankel transform of a,. We shall mention well-known orthogonal polynomials in this
note. General references are [8, 18]. Links between orthogonal polynomials and Riordan ar-
rays have been studied in [1, 2]. Techniques to calculate Hankel transforms using associated
orthogonal polynomials will follow methods to be found in [10, 29].

For an integer sequence a,, that is, an element of Z", the power series f(z) = > =, axz®
is called the ordinary generating function or g.f. of the sequence. a,, is thus the coefficient

of 2™ in this series. We denote this by a, = [2"]f(z). For instance, F,, = [2"];—"—= is

the n-th Fibonacci number A000045, while C,, = [x”]# is the n-th Catalan number
A000108. We use the notation 0" = [z"]1 for the sequence 1,0,0,0,..., A000007. Thus
0" = [n = 0] = 0,0 = (). Here, we have used the Iverson bracket notation [19], defined by
[P] =1 if the proposition P is true, and [P] = 0 if P is false.

For a power series f(xz) =Y 7 a,z" with f(0) = 0 we define the reversion or composi-

tional inverse of f to be the power series f(z) such that f(f(x)) = x. We sometimes write
f =Revf.

2 Riordan arrays

The Riordan group [30, 34], is a set of infinite lower-triangular integer matrices, where
each matrix is defined by a pair of generating functions g(z) = 1 + g1z + go2* + ... and
f(x) = fix + fox® + ... where f; # 0 [34]. The associated matrix is the matrix whose
i-th column is generated by g(z)f(z)" (the first column being indexed by 0). The matrix
corresponding to the pair f, g is denoted by (g, f) or R(g, f). The group law is then given
by

(g, f) - (h,1) = (g(ho f), Lo f).

The identity for this law is I = (1,2) and the inverse of (g, f) is (g, f)™" = (1/(g o f), f)
where f is the compositional inverse of f. Also called the reversion of f, we will use the
notation f = Rev(f) as well.

A Riordan array of the form (g(z),x), where g(z) is the generating function of the se-
quence a,,, is called the sequence array of the sequence a,. Its general term is a,_,. Such
arrays are also called Appell arrays as they form the elements of the Appell subgroup.

If M is the matrix (g, f), and a = (ag, ay,...)" is an integer sequence with ordinary gener-
ating function A (z), then the sequence Ma has ordinary generating function g(x)A(f(x)).
The (infinite) matrix (g, f) can thus be considered to act on the ring of integer sequences
ZN by multiplication, where a sequence is regarded as a (infinite) column vector. We can
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extend this action to the ring of power series Z[[z]] by

(g, f) - Alx) — (9, ) - Alz) = g(2) A(f(x)).

1 x

—, 7= of the Riordan group. It
has general element (Z) More generally, B™ is the element (ﬁ, ——) of the Riordan
group, with general term (

1 T
by (1 Tz )-

Example 1. The binomial matrix B is the element (

n

k)m”*k. It is easy to show that the inverse B~ of B™ is given

The row sums of the matrix (g, f) have generating function

1 g
(9,f)- l—2z 1— f(z)

while the diagonal sums of (g, f) have generating function g(x)/(1 — z f(x)).

Many interesting examples of Riordan arrays can be found in Neil Sloane’s On-Line
Encyclopedia of Integer Sequences, [32, 33]. Sequences are frequently referred to by their
OEIS number. For instance, the matrix B is A0O07318.

3 The Narayana Triangles and their generating func-
tions

In this section, we define four separate though related “Narayana triangles”, and we describe
their (bi-variate) generating functions.
The number triangle Ny with general term

o= (),

has [40] generating function ¢g(z,y) which satisfies the equation

2y + (z +xy — 1)¢o +z = 0.

Solving for ¢g(z,y) yields

1—x(1+y)—\/1—295(1—1—3/)4—:62(1—3/)2.

ol y) = o £
This triangle begins
00 0 0 0O
1 0 0 0 00
11 0 0 00
Ng=| 1 3 1 0 00
1 6 6 1 00
1 10 20 10 1 0
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The triangle N; with general term

s =t w0 e (e e

which begins

10 0 000
10 0 000
11 0 000

N,—| 13 1 000 ,
1 6 6 1 00
110 20 10 1 0

clearly has generating function

1—z(1—y)—/1-22(1+y)+2%(1 —y)?
2xy '

¢1<$,y) =1+ (bO(x?y) = (4)

The triangle Ny, which is the reversal of Ny, has general term

n + 0"k

()6

No(n k) = [k < n]Ny(n,n— k) = 0"+ 4 — 1 (Z) (k " 1> (5)

and begins
10 0 0 0 O
01 0 0 0 O
01 1 0 0 O
N,=] 013 1 0 0
01 6 6 1 0
0 1 10 20 10 1

This triangle has generating function

L+a(l—y) = V1-2e(l+y) +22(1—y)*

Go(w,y) = 1+ ydo(x,y) = (7)

2z
Finally the “Pascal-like” variant N3 with general term
1 n+1\/n+1
N3(n, k) = N, 1,k)= 8
=00 (1) .



which begins

10 0 0 0 0
110 0 00
13 1 0 00

Ny=|1 6 6 1 0 0 ,
110 20 10 1 0
1 15 50 50 15 1

has generating function

¢o(z,y) _1—a(l+y) —/1-2x(l+y)+22(1 —y)
r 222y '

¢3(3:,y) =

Triangle | A-number Generating function

Ny AI31198 | ¢y (x, y) = ‘2201 2ely) a1y’

2xy

Ny | AOQUISL | gy, y) = HE0VIBein it
N3 A001263 ¢3(9€,y):1_x(1+y)_\/1;;0;1+y)+x2(1—y)2

4 Narayana Triangles and series reversion

Using the generating functions obtained in the last section, we can relate the Narayana
triangles to the process of reverting sequences.

Proposition 2. We have

= — Rew, 10
¢1($7y) e 1_$(y_1) ( )
Proof. We calculate the reversion of the expression
z(1 — ay)
1—a(y—1)
considered as a function in x, with parameter y. This amounts to solving the equation
u(l — uy) .,
I—u(y—1)
for the unknown u. We obtain
u=z¢1(z,y).
Thus we have . a )
(1l —zy
) - _R r3 /7 1\
é1(@:y) o 1 —z(y—1)
as required. 0
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In like manner, we have

Proposition 3.

1 z(l —x)
= — Rew, 11
QZSQ({L',:I/) e 1_x(1_y) ( )
Proof. We calculate the z-reversion of the expression 1fg;1(zf)y). Thus we wish to solve for u,
where
u(l —u)
— =7
1 —u(l—y)
We obtain
u = x¢s(,y).
Thus . a )
x(l—=x
= “Rev,————
¢2($?y> T ev 1 _ x(l _ y)
m
In similar fashion, we can establish that
Proposition 4.
1 T
x,y) = —Reuv, : 12
037, 9) T 14 (14 y)z + ya? (12)

We note that the Narayana triangles are not Riordan arrays.

5 The Narayana Triangles and continued fractions

In this section, we develop continued fraction versions for each of the generating functions
¢1, G2, ¢3. In this case of ¢z, we give two distinct (but equivalent) continued fraction expres-
sions.

Proposition 5. [}, Section 3.5] We have the following continued fraction expansion of

¢1(I7 y)
Pz, y) = : (13)

Proof. 1t is easy to see that ¢;(x,y) obeys the equation [4]
1y¢t — (zy — 2+ 1)¢ +1=0. (14)

Thus
$1(1 =z —2ydr) =1 — zydy

6



and hence

1 —zyd
®1 S
1 -2y —x
B 1
1- 1f§y¢1

We thus obtain the result that ¢;(z,y) can be expressed as the continued fraction

1
(bl (.Z', y) =
x
1—
x
1_ Y
x
1—
—
1 —
O
Corollary 6. We have
N, =[1,0,1,0,1,0,1,...] A [0,1,0,1,0,1,...].
Proposition 7. We have the following continued fraction expansion of ¢o(x,y):
1
Y
1—
x
1 —
x
1_ )
x
1 —
1—
Proof. 1t is easy to establish that
2dh — (1+x —xy)ds +1=10 (16)
from which we deduce
Go(1 — 2y — xy) =1 — xdg
and hence
11—z
bo _1-apy
1—2¢s — 2y
B 1
1= 1f3¢2
The result follows from this. O



Corollary 8. We have

N, =[0,1,0,1,0,1,...] A [1,0,1,0,1,0,1,....
In order to find an expression for ¢3, we first note that
o — 1
¢3 = 1:6 = o1 =1+ x¢s.
Substituting into Eq. (14) and simplifying, we find that
¢3(1 — xy — 2’yds) = 1 + ¢ (17)
and hence
1+ z¢3
¢z =
1 —2y(1 4 z¢3)
1
- 1
—xy + i
1
p— —1'
—xY + b1
But
1 T
o T
x
1 1_ Y
x
1 —
1 —

Hence we obtain:
Proposition 9. We have the following continued fraction expansion of ¢s(x,y):

1

1—ay—
T
- Yy
xr
1 —
1—
Corollary 10. We have
N; =10,1,0,1,0,1,...] AW [1,0,1,0,1,0,1,...].

We end this section by expressing the g.f. of N3 in another way.

Proposition 11. The generating function of N3 has the following continued fraction expres-
sion
1
¢3 (ilf, y) = 2

l—x—2y—

Y

l—x—2y— 5
7y

1—...

l—2—2y—



Proof. This can be seen by solving the equation

1
11—z —ay — z2yu

u

and comparing the solution u(zx,y) with ¢3(x,y). O

6 Narayana polynomials and moment sequences

To each of the above triangles, there is a family of “Narayana” polynomials [35, 37|, where
the triangles take on the role of coefficient arrays. Thus we get the polynomials

Nial) = 3 N, k)
k=0

Noaly) = 3 No(m, k)"
k=0

k=0

Note that since N5 is the reversal of Ny, we have
NQ,n(ZJ) = Z NZ(”? k)yk = Z Nl <n7 k)ynik
k=0 k=0

Example 12. The first terms of the sequence (N7 ,(y))n>0 are:
L1,1+y,143y+y> 146y +6y> +y°, 1+ 10y 4 205> + 10y° + ¢*, ...

Using the results of section 3, we see that

_ n+1 ZE(l - [Ey)
Manly) = [z ]Revxm
z(1l—x)

o n+1
Maly) = [z ]Revm—1 iy fp—
T

1+ (1+y)z+ yx?

Nsn(y) = [2"!Rev,

Values of these polynomials are often of significant combinatorial interest. Sample values for
these polynomials are tabulated below.

y | NMo(y),Nii(y),Ni2(y),... | A-number Name

1 1,1,2,5,14,42, . .. A000108 Catalan numbers

2 1,1,3,11,45,197. .. A001003 | little Schroder numbers
31 1,1,4,19,100,562, ... A007564

4] 1,1,5,29,185,1257,... | A059231

9
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y | Noo(y), Noi(y), Nap(y), ... | A-number Name
1 1,1,2,5,14,42, . .. A000108 Catalan numbers
2 1,2,6,22,90,394, . .. A006318 | Large Schroder numbers
3 1,3,12,57,300,1686,... | A047801
4] 1,4,20,116,740,5028, ... | A0S2298
y | Nao(y),Ns1(y),Ns52(y),. .. A-number Name
1 1,2,5,14,42,132, . .. A000108(n+1) shifted Catalan numbers
2 1,3,11,45,197,903, ... A001003(n+1) | shifted little Schroder numbers
3| 1,4,19,100,562,3304,... | A007564(n+1)
4] 1,5,29,185,1257,8925, ... | A059231(n+1)

We can derive a moment representation for these polynomials using the generating func-
tions above and the Stieltjes transform. We obtain the following:

Proposition 13. The families of polynomials (N1 n(y))n>0, (Non(¥))ns0, (N3n(y))nso, are
each a family of moments corresponding to an associated family of orthogonal functions.

Proof. Using the established generating functions ¢;(z,y), ¢a2(z,y) and ¢3(x,y), and the
Stieltjes-Perron transform (see Appendix C), we can establish the following moment repre-
sentations, for the densities shown.

-1 1 [eravutt —22 4 272(1 — (1 —y)?
Nity) = Lo L[ R B 2 U2,
Y 21 Jy—2 511 2y
1 y+2./y+1 2 20(1 — (1 — )2
Non(y) = - Vo2 — Q-2
21 Jy 2 5 z
1 y+2/y+1 — 72 4 99(1 — (1 = )2
Nonly) = = VP2t y) - (1 —y?
21 Sy i Y
The associated orthogonal polynomials are determined by the densities shown. O]

Using the theory developed in [1, 2], we can exhibit these families of polynomials as the first
columns of three related Riordan arrays. More precisely, we have

Proposition 14. The elements of the three families of polynomials (N1, (y))n>0, (N2.n(Y))n>0,

T

(N3 (y))n>0 are given by the first column of the inverse Riordan arrays given by 14%:::’ a0 )

<1+1y:v’ (1+x)?1+ym)> , and ((1+:v)(11+y:v)’ (1+:Jc)f1+y:r)> , respectively. These Riordan arrays are the
coefficient arrays of the corresponding families of orthogonal polynomials. Thus
Ninly) s given by the first col f(l ’ )1
n is given e first column o , ,
tal¥ groen oy 1tz (L+2)(1+yz)
1 x !
Ny 15 given by the first column o ,
2nly) s given by the f d <1+y:c (1+:c)(1+y;1:)>
1 x !
Ni, 15 given by the first column o < , > .
saly) s given by the f S\ o0 Tr o0+ )

10
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Proof. We look at the case of N, as the other cases are proved in similar manner. Thus
we let

<1Jlr:c’ (1+x)?1+yx)) =(9,/).

We wish then to show that .

¢1(2,y) = :
) = Rev. 1 (e y)
For f(fE, y) = (1—&—:1:)3(6—1+y:1;)7 we find that

1—.7:(1—|—y)—\/1—2x(1+y)+x2(1—y)2'

Ri x ) =
v (,1) s
Then since g(z) = 11, we find that
1 1—z(14y) — /1221 +y)+22(1 —y)?
= 1—|—Revxf(:v,y =1+ = ¢1(x7y)
J(Rev. f(,3) ) 2y
as required. Now
( 1 x > B ( 1+ yzx x )
l+2' (I+2)1+yx))  \Q+2)1+yz) (1+2z)(1+yx)
_ ( 1+yzx x )
O\l + (1 +yrtya? 1+ (1 +y)z+ya2)’
and hence [2] <1J+I, mx)”(”—Hy@) is the coefficient array of a family of orthogonal polynomials.
O

7 An investigation inspired by a MIMO application of
the Narayana numbers

The role of the Catalan numbers and more recently the Narayana polynomials in the eluci-
dation of the behaviour of certain families of random matrices, along with applications to
areas such as MIMO wireless communication, is an active field of research. See for instance
[15, 16, 20, 25, 26, 31, 38]. Other areas where Narayana polynomials and their generaliza-
tions find applications include that of associahedra [6, 17, 28] and secondary RNA structures
[14].

The investigations in this section and those that follow are inspired by MIMO (multiple
input, multiple output) data-communication applications in [25] and [38]. The reader is
referred to Appendix A for the link with MIMO capacity calculations. We let

ﬁ—1+¢ﬂ—ﬁV+1_Liﬁ
2z

1
Gu(z) = —=
pla) =—5 + 122 1 2z

In terms of wireless transmission,

T
=%

11



where we have T' transmit antennas and R receive antennas (see Appendix A). In this section
[ can be treated as a parameter. Then the function

95(r) = ——Gi(-)

satisfies

1+ (1 —B)z—/1—2x(1+6) + (1 — 3)2a?
2x

gp(z) =

and generates the sequence

1,3, B3(84+1),8(8*+33+1),8(8° +66°+68+1),...

In other words, gs(z) is the generating function of the sequence

D =" No(n, k)3 = Nau(9).
k=0

Thus
gs(x) = ¢a(x, B).

We have the following moment representation:

1 1+6+2v8 12 1 9(1 — (1= 3)2
o®) = = Ve 21+ 0) - (1= )
21 J1vp-2vp z
2
R I R (/L [ (R O
2T (1—/B)2 Xz
2
1+8—x
VB (et (5%)
= dx
™ Ja-vpy v
1+8—x
\/— (1+/B)? UJU< 23 >d
— e 0 Y
T Ja-vB)? X

where wy(x) = V1 — 2?2 is the weight function for the Chebyshev polynomials of the second
kind. This is an example of the well-known Marcenko-Pastur [24] distribution.

8 Riordan arrays, orthogonal polynomials and N,

We now note that xgg(x) is in fact the series reversion of the function

(1 —x)
1+ (B—1)ax

12



This simple form leads us to investigate the nature of the coefficient array of the orthogonal
polynomials P\ (z) associated to the weight function

12248 - (-6 14— (z—1- )
w(x)_QW T o7 T du

for which the elements

o) = Ny(n, k)"
k=0

are the moments. Put otherwise, these are the family of orthogonal polynomials associated
to the Narayana polynomials N,,. These polynomials can be expressed in terms of the
Hankel determinants associated to the sequence aﬁf ). We find that the coefficient array of
the polynomials p¥ (x) is given by the Riordan array

(5 T )
1+ 6z’ 1+ (1+ B)x + pa?

whose inverse is given by

L— (gﬁw,m) _ (@(wﬁ%w) -

&) s
The Jacobi-Stieltjes array [11, 12, 27] for L is found [1, 2] to be
3 1 0 0 0 0
B B+1 1 0 0 0
0 B B+1 1 0 0
0 0 g pf+1 1 0
0 0 0 B B+1 1
0 0 0 0 B B+1

n+1
2

indicating that the Hankel transform of the sequence a? is 16} ( ), and that

1
pa?

gs(x) =
1— Pz —

B’

1—(ﬁ+1)x—1

1—(B+ 1)z — 2

We note that the coefficient array L™! can be factorized as follows:
L_lz( 1 | x >:(17 T )( 1—x | (1l — ) >.(19)
148z’ 14 (1 + B)z + Ba? 1+ I+4(B—1z" 1+ (—1)x

13




Hence

b= (1+1(ﬁ_—$1)x’1406((15_—961))9)_1.<1’1"0’C‘5’5>_1

- <gﬂ<x>,xgg<x>>-<1, i )

1—=z

The general term of the matrix

11—z z(1—x) _1_
(e T ) = ste),aaala)

is given by

n—=k . .
k+1 n+1 n+ j i k+1 < )(n—i—]) s
) — 1) § 1)k,
n+1j:0<k+j+1>< j )( <k j+1\E+5)\ B=1)

1

For instance, when 3 = 1, which is the case of the matrix (1 — x,z(1 — x))~!, we get the

expression
kE+1(2n—Fk
n+1\n—=~k

for the general term. Now the general term of the matrix (1, %) is given by

(Z B 1) O 1),

Hence the general term of L is given by

n n—j

>3 il (e () e e

It is interesting to note that

-1 1+ T
b ((1+x)(1+6x)’ (1+x)(1—|—ﬁx)> ' (21)

We can use the factorization in Eq. (19) to express the orthogonal polynomials p¥ (x) in
terms of the Chebyshev polynomials of the second kind U, (z). Thus we recognize [2] that
the Riordan array

1 T
<1+ (14 Bz + pa?’ 1+(1+6)x+6m2>
is the coefficient array of the modified Chebyshev polynomials of the second kind 3% Un("’“";(\%r

Hence by the factorization in Eq. (19) we obtain

P (x) = B2U, (%\%H)) B U, (%3%”) (22)

We state this as a proposition.

14



Proposition 15. The family {P,(z)} of orthogonal polynomials for which the Narayana

polynomials P = N, (z) are moments is given by

PO () = B5U, (%%D) BT U (%@5”) |

9 On the Hankel transform of the row sums of L

L= (9st) 251

is the matrix whose first column is given by terms of the Narayana polynomial sequence
N2, (B). We now wish to calculate the Hankel transform of the row sums s2 of the matrix
L. The generating function of these row sums is given by

(2) = (B+1Dy/1=20(B+1)+ (1 =622+ (6-1D(«(B+1)+1)
e\ = 21— 22(1 + 5)) '

We recall that

We infer from this (using Stieltjes-Perron) that the row sum elements s are the moments

for the following weight function :

o) = LV EEEEO ) (T TR+ 1)
T on z(2(1+ ) — x)

with support on the interval [1 + 3 — 24/3,1 4+ 3 + 2¢/B]. From this we can determine that
the Hankel transform of ¢ is given by

n
2

(B+1)"6).

In fact, if we let
H, = L,D,L!

be the LDU decomposition [27] of the Hankel matrix associated with s ), then we have

1—(1+6)x—\/1—2x(1+ﬁ)+(1—ﬁ)2x2>‘

Ls = (gs(l'), 26%

Equivalently,

L_l—( 1—a? T )
T \LH (1 B+ B 1+ (1 + Bz + fa?

is the coefficient array of the orthogonal polynomials associated to the sequence s This

15



is so since the Stieltjes-Jacobi matrix associated to s takes the form

B+1 1 0 0 0 0
B+1 B+1 1 0 0 0
0 3 pB+1 1 0 0
0 0 3 B+1 1 0
0 0 0 3 B+1 1
0 0 0 0 3 B+1

10 The Hankel transform of the row sums of (g3(z), xgs(x))

We have seen that

"1—2

L= () agste) - (112 ).

In this section, we look at the Hankel transform of the row sums of the factor (gs(x), zgs(x))
of L. The row sums in question have generating function

golw) _1—(1+B)x—/1-201+p)a+ (1-§)*?
1 —zgs(z) 261 -

From this we can infer that the row sums of (g3(z),zgs(x)) are the moments for the weight
function

w(z) = %¢—x2+2<1 +ﬁﬁ)x— (1-5)?

This then allows us to prove that the Hankel transform sought is 3 ("3,

11 Formulas for the row sums of (g3(z), zgs(x))

We can characterize the row sums of (gs(z), zgs(z)) by observing that

zgg(x) _ 1= (1+B8)zx—+/1-=2(1+B)x+ (1 — )%
1 —xgs(z) 20

is the series reversion of the function

xr
1+ (1+p8)x+ Ba?

Hence the row sums are given by the (n + 1)-st term of the series reversion of H(ng

Thus the row sums of (gs(z),zgs(z)) are precisely

Nin(B) = Ns(n, k)",
k=0

16



This may also be expressed by

or by

J

LN A n \ (n+;j ok
Z;k+j+1<k+j)( ' >(ﬁ_1) '

We have seen that the general term of the matrix L is given by Eq. (20) and hence the
general term s of the row sums of L is given by

n n n—j

P=y S L (T e (0 e,

k=0 7=0 =0

12 Narayana polynomials and hypergeometric functions

We recall that the hypergeometric function o F (o, 3;; x) is defined by

o1 (a, B;7; ) Z )i (B

‘ )
=0 7 k /f
where
k-1
(a)r = (e + ).
§=0

For n € Z, we have (n), = (—1)*k!(7"). Thus we have

[e.9]

oFi(—n,—n—1;22) = Y <_n)ki2_)z = Uk%
k=0

L (—DRE(D) (—1)RRN () 2

In two recent articles [5, 21], a link between N, (z) and the Jacobi polynomials has been
established. This is that

Nanfa) = 1=y e (122, (23)

n+1 1—=x

17



+ 1
P;jﬁ(x) = (n N a) oFi(—n,n+a+F+1La+1; 5(1 — 1)),

and so

rx—1

Nin(z) = (1 —2)" 21 (—n,n+3; 2 ) :

We can modify Eqn. (23) to obtain the following expression for N ,(z):

1—xz-0" e 1+x
Ninfe) = =20 -y e (122,

n + 0" 11—z
Straight-forward calculation also establishes that
No(n, k) = [2" M o P (k+ 1,k; 2; 2).
Note also that the triangle with general term
T(n, k) = [2"F] s Fi(k+1,k; 1; 2)

is the triangle (see A103371) with general term

T(n, k) = 0"+ + (Z - 1) (Z)

which begins

0
0
1

o O O

0
1
2
3 6 1
4 18 12
5 40 60 20

0
0
0
0
1

O O OO O

This matrix and Ny are related as follows:

_ Tk 0+ () ()
NQ(n’k)_(n—k‘—i-l)_ n—k+1

For the matrix Ny, we have the following:
Nin(x) = oFi(—n,—n + 1,2, 2).
Since Ny is the reversal of Ny, we obtain

Nop(x) = 2" o Fi(—n, —n +1,2,1/x).

18
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We can also note the following. We have seen (section 5) that N3 has generating function

1

1l—2—a2y—
7y

1—2—ay— 3
7y

1—...

1l—2z—ay—

N3 is thus seen [3] to be the binomial transform of the array with generating function

1
2
x
1 -2y — Y 3
7Y
1 —ay— 3
1 —ay— -
y 1_
This array begins
100 0 0 O
010 0 0 0
011 0 0 O
003 1 0 O
002 6 1 0
00 0 10 10 1

This is A107131, which is the coefficient array of the polynomials given by

1 n n 4
x" oI (5 - 5’_5;2;5) :

It also counts the number of Motzkin paths of length n with k steps U = (1,1) or H = (1,0).
The general term of this array is

[k < n] (277, . Qk) Cnt

£ ()0 o

j=0

Thus

Since the row sums of N3 yield the shifted Catalan numbers, we arrive at the identity

e EEC) )

k=0 j=0
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13 Appendix A - calculation of MIMO capacity

We follow [20] to derive an expression for MIMO capacity in a special case. This is a
form of transmission technology which increases the transmission channel capacity by taking
advantage of the multipath nature of transmission when many antennas transmit to many
receivers. Thus we assume that we have R receive antennas and T transmit antennas,
modeled by
r=Hs+n

where r is the receive signal vector, s is the source signal vector, n is an additive white
Gaussian noise (AWGN) vector, which is a realization of a complex normal distribution
N(0,0%Ig), and the channel is represented by the complex matrix H € C**T. We have the
eigenvalue decomposition

1
HH = TQAQH.
We assume T' < R. Then the capacity of the uncorrelated MIMO channels is given by [25]
1
Crinvo = 3 logy det(Ty + H"(o°1z) 'H)
1 1
= 7 log, det (I + ;HHH)

1 11 I

1 1
= }—%lodeet(IT—l—ﬁA)
T
T1 1
= —=NTog, (1 4+ —\
RT; 082(1+ Zagh)

31 <& 1
= PS4+ ——,
anT;n( + o)

where we have set

T
b=
Now
- (& — o)
In(1+z) = In(1+x)+ Y (—1)F 12 — 1zl <1
n(l+x) n(1 + o) ;( ) F(L T 20)F |z — o
S (DR QN (R ek
= In(1 J(—1)k—d k=7
n +xo>+;k(1+x0>kzo(j)x< ik
- o
- i k , af ,
= In(1+ o)+ .)(—1)310—k$3
=1 j=0 k(1 + o)
N
= Zpk’xka
k=0
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where it is appropriate to take xy = % We thus obtain

B 1 al An\F
Cuivo = Efzzpk (O'QT)

i=1 k=0
- 5 - Pk 1 d k
" 1n2 Z (o2T)k \ T Z)‘l
k=0 =1
N
o 5 Pk
~ In2 kz; (JQT)kmk
B~ P %
k
= N J

Here, we have replaced the expression my = %Z; A¥ by the k-th moment of the limit-
ing eigenvalue distribution function, which following [31] can to be shown to have Stieltjes

transform
1 B-1 \/(1—5)2 1 147
G =—= - — — .
o(2) 2 * 2z i 422 i 4 2z
Thus by our preceding results (see Sections 3 and 6) we arrive at the new expression

B g [0 )
CMIMO_IHQRZ:;(ﬂT)k[ HIR x{l—(l—ﬁ)x}' (27)

14 Appendix B - the Deleham construction

For the purposes of this note, we define the Deleham construction [3] as follows. Given two
sequences 1, and s,,we use the notation

r A s= [T07T17T27"'] A [80781782’”']

to denote the number triangle whose bi-variate generating function is given by

1
. (rox + soxy)
. (riz + s1xy)
(rox + sozy)
1— ...
We furthermore define
r A g = (70,71, T2, . .| AW (S0, 51, S2, - - -]
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to denote the number triangle whose bi-variate generating function is given by

1

(ra + siay)
(rox + soxy)
1—-..

1 — (roz + sozy) —

See A084938 for the original definition.

15 Appendix C - The Stieltjes transform of a measure

The Stieltjes transform of a measure p on R is a function G, defined on C\ R by

Gu(2) = [ —ute

z—1
If f is a bounded continuous function on R, we have

/Rf(a:)u(a:):— lim /Rf(az)%Gu(a:—i-iy)d:c.

y—07F

If v has compact support, then G, is holomorphic at infinity and for large z,

0 ar
GH(’Z) - Z ﬁ7

n=0

where a,, = [;¢"u(t) are the moments of the measure. If u(t) = diy(t) = ¢/(t)dt then

(Stieltjes-Perron)
t

1
Y(t) —Y(ty) = —— lim [ QG (x +iy)d.
m y—>0+ to
If now g(z) is the generating function of a sequence a,,, with g(z) = >, a,z", then we can

define
1 /1 > a,
G(z) =~y (;) =D

n=0

By this means, under the right circumstances we can retrieve the density function for the
measure that defines the elements a, as moments.

Example 16. We let g(z) = :=¥1=% V;z%z be the g.f. of the Catalan numbers. Then
1 1 1 r—4
Glz)=—-g(-|==|1- )
(2) 29 (z) 2 ( T )

ﬂ\/\/x2+y2\/x2—8x+y2+16—m2+4x—y2

N ’

Then

SGu(z +iy) = —

22
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and so we obtain

() 1 y \/5\/\/:1:2+y2\/x2—8x+y2+16—3:2+4a:—y2
r) = —— lim ¢ —
7Ty—>0+ 4 /$2+y2
1 (4 —x)
T2t w
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