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Abstract

The classical Heisenberg model has been effective in modelling exchange
interactions in molecular magnets. In this model, the partition function is
important as it allows the calculation of the magnetization and susceptibility.
For an ensemble of N-spin sites, this typically involves integrals in 2N
dimensions. Here, for two-, three- and four-spin nearest neighbour open linear
Heisenberg chains these integrals are reduced to sums of known functions,
using a result due to Gegenbauer. For the case of the three- and four-spin
chains, the sums are equivalent in form to the results of Joyce. The general
result for an N-spin chain is also obtained.

PACS numbers: 71.70.Gm, 75.50.Xx, 73.43.Cd, 41.20.—q

1. Introduction

From a theoretical point of view, magnetic systems where the exchange interaction dominates
are of interest. Physically, such systems are realized within molecular magnets and
experimentally large advances are being made in the synthesis of these compounds [1-4].
From a technological viewpoint these compounds offer possibilities as novel materials, in
such applications as quantum computing [5]. Theoretically, where the spin quantum number
is large, the classical Heisenberg model has been used to model such systems. Central to the
classical thermodynamic description of these systems is the partition function from which,
through differentiation with respect to the applied field, the magnetization and susceptibilty
can be obtained. For an ensemble of N-spin sites, these partition functions typically involve
integrals in 2N dimensions. Joyce in his 1967 paper [6] analytically treated the partition
functions of classical Heisenberg systems where through the application of graph theory, he
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obtained some closed form expressions for partition functions. Subsequently Blume er al
performed numerical solutions [7] and more recently Ciftja has discussed the difficulties in
solving the partition functions for complex geometries, whilst treating an irregular tetrahedron
[8]. Here, we consider a linear chain of spin sites with the nearest neighbour exchange
interaction. We include an external field (Zeeman) and isotropic Heisenberg exchange energy
terms in the Hamiltonian and we show how through the use of a result due to Gegenbauer
[9], the classical partition function can be reduced in a simple manner and expressed in terms
of known analytic functions. For two spins it can be expressed exactly, as a sum modified
spherical Bessel functions of the first kind. For the three-spin open chain with two different
exchange constants, a triple series is derived which is of the same form as that of Joyce for a
cluster. The result of Joyce for four spins, with different exchange is re-obtained. The general
result for an N-spin chain is also obtained.

2. Classical Heisenberg model for chains

The Hamiltonian for a N-spin chain contains the Zeeman (external field) and isotropic classical
Heisenberg exchange energy terms [10]

N N-1
Hy-spin = —pomH - E e — E Jer i €k - €ka1, (D
=1 =1

where 1 is the permeability of free space, H is the external magnetic field vector, ¢; represents
the unit vector of each classical spin, with the subscript k indicating the position of the
classical spin along the chain. The classical values for the exchange parameter J., ,.,, between
neighbouring spins k and k + 1, and classical magnetic moment m are taken as [10-12]

oo = Jikr1s(s + 1), m = gup+/s(s+1). 2
Here Ji 41 is the exchange constant between nearest neighbour spins, where Ji 441 > 0 for
the ferromagnetic and J x+1 < O for the anti-ferromagnetic case, g is the Landé spectroscopic
splitting factor, up is the Bohr magneton and s is the spin quantum number. The classical
partition function can be obtained by integrating for each classical spin over the solid angle of
the sphere [6, 10]

N
1
Zn-spin=—< | - - -skallin, 3
N=sp 4m)N /szl /QNexp( Fin-spin/ knT) =

i=1
where kg is Boltzmann’s constant and T is the absolute temperature. Using the spherical
polar co-ordinates (r = 1) e, = sin?®} cos ¢, e, = sin?} sin¢ and e; = cos ¢ and noting the
trigonometric identity cos ¢; cos ¢, + sin ¢ sin ¢, = cos(¢; — ¢») we can write the N-spin
Hamiltonian as

N N—1
Hy-spin = —pomH Z cos ¥ — Z Je i (SIN Dy 8in Dyy1 cOS(Pr — Prvr)

i=1 k=1

+ cos Uy coS Vi41), 4)

where the external field is taken along the Cartesian z direction, which defines the polar
axis and H is the magnitude of H. The classical partition function can be then obtained by
integrating over both polar and azimuthal angles for each spin site [10], namely

1 2n pm 2 pw N
ZN-spin = —/ / f f exp(—Hy-spin/ kg T) | | sin; dit; dgp;. @)
MmN o Jo o Jo b ,l]
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3. Reduction of the partition functions

3.1. The partition function for the two-spin case

Use of the two-spin Hamiltonian from equation (1) allows us to obtain the two-spin partition
function from equation (5). Rearranging the order of integration allows us to write

1 T T
Zo-spin = — f / exp(K cos 1 cos ¥ + &(cos ¥ + cos D))
@m)* Jo Jo
2w p2m
X / / exp(K sin ¢ sin ¥, cos(¢; — ¢2)) Ay dg, sin ¥ di¥; sin ¥, dd,, (6)
o Jo
where § = uwomH/kgT is a dimensionless field parameter and K = J. ,/kgT is a

dimensionless exchange parameter. Using equation (A.1) the azimuthal integral can be
expressed in terms of modified Bessel functions Iyp(x) and so the partition function can
be reduced to the double integral

1 b T
Zy-spin = I / / exp(K cos ¥ cos ¥y + §(cos ¥ + cos ¥;))
0 Jo
x Iy(K sin ¥, sin ;) sin % di sin ¥, dv,. @)

We can now replace all terms in the integrand using equations (A.2) and (A.4) allowing us to
express the partition as the triple series

()
=0
b4

X / P,(cos 1) P, (cos ) sin v dihy / P, (cos 1) P;(cos 1) sin ¥, di,, ®)
0 0

o0

Z @2n + 1)2m + )21+ )iy (K)in (§)i1(§)
=0

m=0 n=0

Z2-spin =

Bl —

where the functions i, (x) are the modified spherical Bessel functions of the first kind [13—15]
as given in appendix A. Noting the orthogonality properties of the Legendre polynomials given
by (A.5) this reduces to a single series

Zogin(€. K) = Y20+ 1)i (€)% (K). ©)

n=0
Since i, (0) = 0 except for ip(0) = 1, for zero field (¢ = 0) this reduces to
sinh(K)
K

which agrees with Fisher, and Stanley [16—18] for a two-spin chain.

Z2-spin(K) =iy(K) =

) (10)

3.2. The partition function for the three-spin chain

The same approach leads to

1

Z3-spin = W

T b T
/ / / exp(Kj 2 cos ¥ cos ¥y + K> 3 cos t cos 13)
0o Jo Jo

2 p2m p2w
x exp(&(cos ¥ + cos ¥, + cos B3)) / / / exp(K 2 sin ¥ sin ¥, cos(¢p; — ¢2))
o Jo Jo
x exp(Ky 3 sin ¥, sin 93 cos(¢y — ¢3)) dop; dr deps sin ¥ sin ¥, sin 93 ¥ did, dois, (11)
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where Ky k41 = Jo .,/ kT are the dimensionless exchange parameters. The integrals in the

azimuthal angles can be expressed as before, in terms of /y(x), so that

1 s T T
Z3-spin = 3 / / / exp(Kj 2 cos ¥} cos U, + K> 3 cos 1 cos ¥3)
0o Jo Jo

x exp(&(cos ¥ + cos B, + cos 13)) Ip(K 1 2 sin ¥ sin ) Ip(K 2,3 sin B sin 13)
X sin 191 sin 1.92 sin 193 dl?] dl?z dl?g (12)

Expanding the terms in the integrand through equations (A.2), (A.4) and (A.5) leads to the
triple series

| =

ZB-spin =

D30 @n+ D@m+ 1)L+ 1ig(K12)im (Ka3)
=0 n=0

m=0
X 1, (8)in (§)i1(§) /” P, (cos 2) P, (cos 1) P(cos ) sin t, dit, (13)
0

so that from equation (A.6) we can write in terms of the Wigner 3 j symbol (see appendices),

o0 00 ! 2
Z3_Spin=222(2n+1)(2m+1)(21+1)<g ’g 0)

[=0 m=0 n=0

X iy (§)im (§)i1(§)in(K12)im(K23). (14)

We note this result is of the same form as equation (4.21) of Joyce [6] for a one-dimensional
cluster of spins with a centre spin and two nearest-neighbour interactions and where the
remaining spins contribute to an internal field assumed parallel to the external field—the Bethe—
Peierls—Weiss approximation [19] of Brown and Luttinger [20]—where here the ‘internal’ field
equals the external field.

3.3. The partition function for the four-spin chain

Replacing the azimuthal dependence as before through equation (A.1) the four-spin partition
function can be written

3

1 T s b s

Z4-Spin=_f/// nlo(Kkk+1SinﬁkSinﬁkH)eXP(Kk.kHCOSI?kCOSI9k+1)

28 Jo Jo Jo Jo ] ’
4

X H exp(& cos ¥;) sin ¥; dv);. (15)

i=1

Expanding the integrands as before using equations (A.2) and (A.4) allows us to write

3 o
1 T s b g T .
Ziegin =55 [ [ [ TT 30 @ Dy (Ko P00 2y Geos )
0 JOo JO JO

k=1 n=0
4 o0
< [T D2 @mi+ Vi, () Py, (cos ;) sin ; do;. (16)
i=1 m;=0

The integral now contains only the Legendre polynomials, and the integrals in the angles
¥ and ¥4 can be evaluated from the orthogonality properties of the Legendre polynomials,
allowing two pairs of series to reduce to one pair where ny = m; and n3 = m4 leaving two
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integrals each resulting in a Wigner 3 j symbol. On reassigning the indices, where the sum for
each of the five indices [y, .. ., Is is from zero to infinity, we can write

Zamspin =y i1, (K1,2)i1, (K3,4)i1, (K2.3)
ll,...,ls

! 2 A/ A
x]"[iz,(s)]"[(zl,-+1>((; 0 8) (3 0 8) (17)
i=1 j=1

which is equivalent to equation (4.11) of Joyce [6] for the partition function of a chain of four
spins in a field.

3.4. The partition function for an open N-spin chain
We can generalize for N spins and as before the azimuthal integrals can be replaced by modified
Bessel functions so that

N-1
‘l g m . .
ZN-spin = 2_N/0 /0 1_[ Io(K k+1 SIn O $in Fy1) €Xp(K g1 €OS T COS Fysy)
k=1
N

X 1_[ exp(£ cos 9;) sin 9; do;. (18)

i=1

Expanding the integrand terms through equations (A.2) and (A.4) we can write

1 N—-1 oo N oo
Zn-spin = 2 [ 1 22 @i+ Din Kegeo) [T D @i + D, €)
k=1 ny=0 i=1n;=0
X / e / Py, (cos Uy) Py, (cOs Uy41) Py, (cos ;) sin ¥ dv;. (19)
0 0

Here, the integrals in the end angles #; and ¥x reduce through the orthogonality properties
and the remaining integrals can be calculated using Wigner 3 coefficients. In this case, for
zero-field we obtain

N-1

Z-gin = [ [ io(Kiks1), (20)
k=1

which for equal exchange clearly reduces to Fisher’s oft-quoted result [16—18, 21]

sinh(K))N“

2L

ZN-spin = iO(K)N71 = ( K

for an open chain of length N.

4. Conclusions

Through a useful result of Gegenbauer, some results of Joyce for the classical partition
functions for chains are re-derived in a simpler way and some new results obtained. These
results should be of interest to those treating Heisenberg chains, and have allowed the
present authors to obtain new expressions for the linear [22] and nonlinear susceptibility
[23, 24] of Heisenberg chains.
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Appendix A. Equations for reduction of the integrals

Firstly, on expressing the partition function in spherical polar co-ordinates, the resulting
azimuthal (¢) integrals, which are exponentials of cosines, can be expressed as modified
Bessel functions of zero order Iy(x) [13, 25, 26]

Iy(x) = %/n exp(x cos ¢) dg. (A.1)
0

Secondly an identity, stemming from Gegenbauer, allows exponentials of cosines times
modified Bessel functions of zero order to be expressed as an infinite series of modified
spherical Bessel functions of the first kind and decoupled products of Legendre polynomials

(9]

Io(R sin ¥ sin ¢) exp(R cos ¥ cos @) = Z(Zn + 1)i,,(R)P,(cos ¥) P,(cos ¢), (A.2)

n=0

where the functions i, (x) are the modified spherical Bessel functions of the first kind [13—15]

in(x) = \/gl,ﬁé(X) (A.3)

and where [, 4! (x) are the (fractional order) modified Bessel functions of the first kind. For
either angle equal to zero this reduces to

oo
exp(R cos 9) = Z(Zn + 1)i, (R) P, (cos ¥, (A.4)
n=0
which was used by Joyce in his 1967 treatment of classical Heisenberg chains [6]. Thirdly,
the orthogonality properties of the resulting Legendre polynomials, namely [27],

T
/ P, (cost)P,(cos ) sin d = Sm.ns (A.5)
0

2n + 1
where §,, , is the Kronecker delta function, allow the remaining (polar) integrals to be solved for
two Legendre polynomials whereby two of the three summations are replaced by a unique term.
For three (or more) spins the orthogonality properties reduce the summations leaving integral(s)
of three Legendre polynomials. These integrals occur in angular momentum calculations in
quantum mechanics and can be expressed in terms of Clebsch—Gordon coefficients or in
terms of the Wigner 3 symbol [28-37]. We use the Wigner 3j notation, owing to its useful
symmetry properties (see appendix B). In this notation

2 0 0 O

For small values these can be calculated algebraicly without difficulty, and are also available in
packages such as Mathematica. For larger values, schemes exist to optimize their calculation
[36, 38]. The values required in the magnetization for terms to the third order in the applied
field required for the linear [22] and nonlinear susceptibility [23, 24] are given in appendix C.

1 [7 . n m I 2
— / P,(cos ) P, (cos ) P;(cos ) sin ¥ dif = . (A.6)
0
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Appendix B. Useful relations for the Wigner 335 symbol

We note the symmetry relations for the Wigner 3j symbol considered here, where the three
lower indices are zero, whereby the order of n, m and [ is interchangeable. The following
relation is also useful:

I+1 1 1\ (1 1+1 1" I+l B
0 00/ N0 0 0 " @@+nQ+3) ‘
Furthermore values for which one index is unity not conforming to this pattern are zero

[6, 21].

Appendix C. Values of Wigner 33 symbol

We follow the standard approach and consider the sum of the indices n + m + [. We note that
for n +m +1 = odd, the Wigner 3 j symbols of the form considered are zero. Non-zero values
for n + m + 1 up to 8 are given below:

n+m+l
0 (000)2:1
00 0
5 (1 1 0)2_1
00 0 3
A (2 2 0)2_1. <2 1 1)223
00 0 5° 00 0 15
. (3 30 Zzl (3 2 1)2=i (2 2 2>2=_
00 0 70 \o oo 357 {0 00 35
) (4 4 0)221' (4 3 1)22_ (4 2 2)22_
00 0 9’ 00 0 63> \0 0 0 35°
33 2\ 4
(ooo) ~ 105
References

[1] Gatteschi D 1994 Molecular magnetism: a basis for new materials Adv. Mater. 6 635-45
[2] Gatteschi D, Caneschi A, Pardi L and Sessoli R 1994 Large clusters of metal ions: the transition from molecular
to bulk magnets Science 265 1054-5
[3] Gatteschi D and Sessoli R 2004 Molecular nanomagnets: the first 10 years J. Magn. Magn. Mater. 272—6 1030-6
[4] Luban M 2004 New issues in zero dimensions: magnetic molecules J. Magn. Magn. Mater. 272—6 e635-41
[5] Bertaina S, Gambarelli S, Mitra T, Tsukerblat B, Miiller A and Barbara B 2008 Quantum oscillations in a
molecular magnet Nature 453 203-7
[6] Joyce G S 1967 Classical Heisenberg model Phys. Rev. 155 478-91
[71 Blume M, Heller P and Lurie N A 1975 Phys. Rev. B 11 4483
[8] Ciftja O 2001 The irregular tetrahedron of classical and quantum spins subjected to a magnetic field J. Phys. A:
Math. Gen. 34 1611-27
[9] Cregg P J and Svedlindh P 2007 Comment on ‘Analytical results for a Bessel function times Legendre
polynomials class integrals’ J. Phys. A: Math. Theor. 40 14029-31
[10] Ciftja O, Luban M, Auslender M and Luscombe J H 1999 Equation of state and spin-correlation functions of
ultrasmall classical Heisenberg magnets Phys. Rev. B 60 10122-33
[11] Luscombe J H and Luban M 1997 Wave-vector-dependent magnetic susceptibility of classical Heisenberg rings
J. Phys.: Condens. Matter 9 6913-20


http://dx.doi.org/10.1002/adma.19940060903
http://dx.doi.org/10.1126/science.265.5175.1054
http://dx.doi.org/10.1016/j.jmmm.2003.12.004
http://dx.doi.org/10.1016/j.jmmm.2003.12.630
http://dx.doi.org/10.1038/nature06962
http://dx.doi.org/10.1103/PhysRev.155.478
http://dx.doi.org/10.1103/PhysRevB.11.4483
http://dx.doi.org/10.1088/0305-4470/34/8/308
http://dx.doi.org/10.1088/1751-8113/40/46/N01
http://dx.doi.org/10.1103/PhysRevB.60.10122
http://dx.doi.org/10.1088/0953-8984/9/32/013

J. Phys. A: Math. Theor. 41 (2008) 435202 P J Cregg et al

[12]

[13]
(14]

[15]
[16]
(17]
(18]
[19]
(20]
(21]
(22]
(23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
(32]
(33]
[34]
(35]
[36]

(37]
[38]

Mentrup D, Schnack J and Luban M 1999 Spin dynamics of quantum and classical Heisenberg dimers Physica
A 272 153-61

Abramowitz M and Stegun I A (ed) 1965 Handbook of Mathematical Functions (New York: Dover)

Cregg P J and Bessais L 1999 Series expansions for the magnetisation of a solid superparamagnetic system of
non-interacting particles with anisotropy J. Magn. Magn. Mater. 202 554—64

Yu Raikher L and Shliomis M I 1994 The effective field method in the orientational kinetics of magnetic fluids
Adv. Chem. Phys. 87 595-751

Fisher M E 1964 Magnetism in one-dimensional systems- the Heisenberg model for infinite spin Am. J.
Phys. 32 343-7

Stanley H E 1969 Exact solution for linear chain of isotropically-interacting classical spins of arbitrary
dimensionality Phys. Rev. 179 570-7

Parsons J D 1977 Linear chain of classical spins with arbitrary isotropic nearest-neighbor interaction Phys. Rev. B
16 2311-2

Cabrera G G 1978 On the Bethe—Peierls—Weiss method of ferromagnetism: an illustrative example of a phase
transition Am. J. Phys. 46 1062—6

Brown H A and Luttinger ] M 1955 Ferromagnetic and antiferromagnetic Curie temperatures Phys. Rev.
100 685-92

Luscombe J H, Luban M L and Borsa F 1998 Classical Heisenberg model of magnetic molecular ring clusters:
accurate approximants for correlation functions and susceptibility J. Chem. Phys. 108 726673

Cregg P J, Garcia-Palacios J L, Svedlindh P and Murphy K 2008 Linear susceptibility of classical Heisenberg
chains with arbitrary exchange constants J. Phys.: Condens. Matter 20 204119 5 pp

Cregg P J, Garcia-Palacios J L and Svedlindh P 2008 Non-linear susceptibility of classical Heisenberg chains
with arbitrary exchange constants in preparation

Cregg P J and Murphy K 2008 Non-linear susceptibility of classical Heisenberg chains: simulations Joint
European Magnetics Symposium (JEMS0S), Dublin

Cregg P J and Bessais L 1999 A single integral expression for the magnetisation of a textured superparamagnetic
system J. Magn. Magn. Mater. 203 265-7

Shcherbakova V 'V 1978 Magnetic susceptibility of an ensemble of superparamagnetic grains Izv. Acad. Sci.,
USSR, Phys. Solid Earth 14 308-9

Arfken G B and Weber H J (ed) 1995 Mathematical Methods for Physicists 4 edn (London: Academic)

Messiah A 1961 Quantum Mechanics vol 2 (Amsterdam: North-Holland)

Varshalovich D A, Moskalev A N and Khersonskii V K 1988 Quantum Theory of Angular Momentum (Singapore:
World Scientific)

Ja Vilenkin N (ed) 1968 Special Functions and the Theory of Group Representations (Providence, RI: American
Mathematical Society)

Morgan III J D 1975 An interesting relation involving 3 j symbols J. Phys. A: Math. Gen. 8 L77-9

Morgan III J D 1976 Further relations involving 3j symbols J. Phys. A: Math. Gen. 9 1231-3

Morgan II1J D 1977 A derivation of some recently discovered relations involving 3 j symbols J. Phys. A: Math.
Gen. 10 1059-62

Rose M E 1957 Elementary Theory of Angular Momentum (New York: Wiley)

Edmonds A R 1957 Angular Momentum in Quantum Mechanics (Princeton: Princeton University Press)

Gerloch M 1983 Magnetism and Ligand Field Analysis (Cambridge: Cambridge University Press)

Weinberg S 1995 Quantum Theory of Fields I (Cambridge: Cambridge University Press)

Rasch J and Yu A C H 2003 Efficient storage scheme for precalculated Wigner 3/, 6 and Gaunt coefficients
SIAM J. Sci. Comput. 25 1416-28


http://dx.doi.org/10.1016/S0378-4371(99)00239-3
http://dx.doi.org/10.1016/S0304-8853(99)00422-9
http://dx.doi.org/10.1002/9780470141465.ch8
http://dx.doi.org/10.1119/1.1970340
http://dx.doi.org/10.1103/PhysRev.179.570
http://dx.doi.org/10.1103/PhysRevB.16.2311
http://dx.doi.org/10.1119/1.11414
http://dx.doi.org/10.1103/PhysRev.100.685
http://dx.doi.org/10.1063/1.476144
http://dx.doi.org/10.1088/0953-8984/20/20/204119
http://dx.doi.org/10.1016/S0304-8853(99)00269-3
http://dx.doi.org/10.1088/0305-4470/8/8/001
http://dx.doi.org/10.1088/0305-4470/9/8/009
http://dx.doi.org/10.1088/0305-4470/10/7/003
http://dx.doi.org/10.1137/S1064827503422932

	1. Introduction
	2. Classical Heisenberg model for chains
	3. Reduction of the partition functions
	3.1. The partition function for the two-spin case
	3.2. The partition function for the three-spin chain
	3.3. The partition function for the four-spin chain
	3.4. The

	4. Conclusions
	Acknowledgments
	Appendix A. Equations for reduction of the integrals
	Appendix B. Useful
	Appendix C. Values
	References

