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Abstract

We study integer sequences and transforms that operate on them. Many of these transforms
are defined by triangular arrays of integers, with a particular focus on Riordan arrays and
Pascal-like arrays. In order to explore the structure of these transforms, use is made of
methods coming from the theory of continued fractions, hypergeometric functions, orthogonal
polynomials and most importantly from the Riordan groups of matrices. We apply the
Riordan array concept to the study of sequences related to graphs and codes. In particular,
we study sequences derived from the cyclic groups that provide an infinite family of colourings
of Pascal’s triangle. We also relate a particular family of Riordan arrays to the weight
distribution of MDS error-correcting codes. The Krawtchouk polynomials are shown to
give rise to many different families of Riordan arrays. We define and investigate Catalan-
number-based transformations of integer sequences, as well as transformations based on
Laguerre and related polynomials. We develop two new constructions of families of Pascal-
like number triangles, based respectively on the ordinary Riordan group and the exponential
Riordan group, and we study the properties of sequences arising from these constructions,
most notably the central coefficients and the generalized Catalan numbers associated to
the triangles. New exponential-factorial constructions are developed to further extend this
theory. The study of orthogonal polynomials such as those of Chebyshev, Hermite, Laguerre
and Charlier are placed in the context of Riordan arrays, and new results are found. We
also extend results on the Stirling numbers of the first and second kind, using exponential
Riordan arrays. We study the integer Hankel transform of many families of integer sequences,
exploring links to related orthogonal polynomials and their coefficient arrays. Two particular
cases of power series inversion are studied extensively, leading to results concerning the
Narayana triangles.
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Chapter 1

Introduction

1.1 Overview of this work

The central object of this work is the study of integer sequences, using both classical methods
and methods that have emerged more recently, and in particular the methods that have been
inspired by the concept of Riordan array. A leading theme is the use of transformations of
integer sequences, many of them defined by Riordan arrays. In this context, a transformation
that has attracted much attention in recent years stands out. This is the Hankel transform of
integer sequences. This is not defined by Riordan arrays, but in this work we study some of
the links that exist between this transformation and Riordan arrays. This link is determined
by the nature of the sequences subjected to the Hankel transforms, and in the main, we
confine ourselves to sequences which themselves are closely linked to Riordan arrays. This
aids in the study of the algebraic and combinatorial nature of this transform, when applied
to such sequences.

Many of the sequences that we will study in the context of the Hankel transform are
moments sequences, defined by measures on the real line. This builds a bridge to the world
of real analysis, and indeed to functional analysis. Associated to these sequences is the
classical theory of orthogonal polynomials, continued fractions, and lattice paths.

An important aspect of this work is the construction of so-called “Pascal-like” number
arrays. In many cases, we construct such arrays using ordinary, exponential or generalized
Riordan arrays, which are found to give a uniform approach to certain of these constructions.
We also look at other methods of construction of Pascal-like arrays where appropriate, to
provide a contrast with the Riordan array inspired constructions.

The plan of this work is as follows. In this Introduction, we give an overview of the work
and outline its structure.

In Chapter 2 we review many of the elements of the theory of integer sequences that
will be important in ensuing chapters, including different ways of defining and describing
an integer sequence. Preparatory ground is laid to study links between certain integer
sequences, orthogonal polynomials and continued fractions, and the Hankel transform. This
also includes a look at hypergeometric series. We finish this chapter by looking at different
ways of defining triangular arrays of integers, some of which are simple Pascal-like arrays.
[lustrative examples are to be found throughout this chapter.



In Chapter 3, based on the published work [19], we explore links between the cyclic
groups, integer sequences, and decompositions of Pascal’s triangle. The circulant nature of
the associated adjacency matrices is exploited, allowing us to use Fourier analysis techniques
to achieve our results. We finish by looking at the complete graphs as well.

In Chapter 4, we review the notion of Riordan group, and some of its generalizations.
Examples are given that will be used in later chapters. The chapter ends by looking at the
notion of production matrices.

In Chapter 5, we briefly introduce the topic of the so-called “Deleham DELTA con-
struction.” This method of constructing number triangles is helpful in the sequel. To our
knowledge, this is the first time that this construction has been analyzed in the manner
presented here.

In Chapter 6, based on the published article [15], we study certain transformations on
integer sequences defined by Riordan arrays whose definitions are closely related to the
generating function of the Catalan numbers. These transformations in many cases turn out
to be well-known and important. Subsequent chapters explore links between these matrices
and the structure of the Hankel transform of certain sequences.

In Chapter 7 we give an example of the application of the theory of Riordan arrays to
the area of MDS codes. This chapter has appeared as [20].

In Chapter 8, based on the published paper [18], we apply the theory of exponential Ri-
ordan arrays to explore certain binomial and factorial-based transformation matrices. These
techniques allow us to easily introduce generalizations of these transformations and to ex-
plore some of the properties of these new transformations. Links to classical orthogonal
polynomials (e.g., the Laguerre polynomials) and classical number arrays are made explicit.

In Chapter 9.1 we continue to investigate links between certain Riordan arrays and or-
thogonal polynomials. We also study links between exponential Riordan arrays and the
umbral calculus. This chapter has appeared as [22].

In Chapter 10 we use the formalism of Riordan arrays to define and analyze certain
Pascal-like triangles. Links are drawn between sequences that emerge from this study and
the reversion of certain simpler sequences. We finish this chapter by looking at alternative
ways of constructing Pascal-like triangles, based on factorial and exponential methods. In
this section we introduce and study the notion of sequence-specific generalized exponential
arrays. An earlier version of this chapter has appeared as [16].

In Chapter 11 we continue the exploration of the construction of Pascal-like triangles, this
time using exponential Riordan arrays as the medium of construction. In the final section
we briefly indicate how some of the methods introduced in the final section of Chapter 10
can be used to build a family of generalized Narayana triangles. An earlier version of this
chapter has appeared as [17].

In Chapter 12 we give a brief introduction to the theory of the Hankel transform of
integer sequences, using relevant examples to prepare the ground for further chapters.

In Chapter 13 we extend the study already commenced in Chapter 11, and we also look
at the Hankel transforms of some of the sequences that emerge from this extension.

In Chapter 14 we calculate the Hankel transform of sequences related to the central
trinomial coefficients, and we conjecture the form of the Hankel transform of other associated
sequences. Techniques related to Riordan arrays and orthogonal polynomials are used in



this chapter. Elements of this chapter have been presented at the Applied Linear Algebra
(ALA2008) conference in honour of Ivo Marek, held in the University of Novi Sad, May
2008. A forthcoming paper based on this in collaboration with Dr. Predrag Rajkovi¢ and
Dr. Marko Petkovi¢ has been submitted to the Journal of Applied Linear Algebra.

The author wishes to acknowledge what he has learnt through collaborating with Dr.
Predrag Rajkovi¢ and Dr. Marko Petkovi¢, both of the University of Nis, Serbia. This
collaboration centred initially on Hankel transform methods first deployed in [61], and sub-
sequently used in [188], as well as in the chapters concerning the calculation of the Hankel
transform of integer sequences.



Chapter 2

Preliminary Material

2.1 Integer sequences
We denote by N the set of natural numbers
N=1{1,23,4,...}.
When we include the element 0, we obtain the set of non-negative integers Ny, or
Ny ={0,1,2,3,4,...}.

Np is an ordered semigroup for the binary operation + : Ny x Ny — Nj. Nj is a subset of
the ring of integers Z obtained from Ny by adjoining to Ny the element —n for each n € N,
where —n is the unique element such that n + (—n) = 0.

By an integer sequence we shall mean an element of the set Z°. Regarded as an infinite
group, the set ZMo is called the Baer-Specker group [57, 199].

Thus a (one-sided) integer sequence a(n) is a mapping

a:Ng—7Z

where a(n) denotes the image of n € Ny under this mapping. The set of such integer
sequences ZMo inherits a ring structure from the image space Z. Thus two sequences a(n)
and b(n) define a new sequence (a + b)(n) by the rule

(a+Db)(n) = a(n) + b(n),
and similarly we obtain a sequence (ab)(n) by the rule

(ab)(n) = a(n)b(n).

The additive inverse of the sequence a(n) is the sequence with general term —a(n).
An additional binary operation, called convolution, may be defined on sequences as fol-

lows:
n

(a*xb)(n) = Z a(k)b(n — k).

k=0

5



We then have a % b(n) = b* a(n). In addition, the sequence 4,, = 0" = (1,0,0,0,...) plays a
special role for this operation, since we have a * §(n) = a(n) for all n.
A related binary operation is that of the exponential convolution of two sequences, defined

as > p_o (D a(k)b(n — k).

Frequently we shall use the notation a,, for the term a(n). For a sequence a,, we define
its binomial transform to be the sequence

S0

k=0
This transformation has many interesting properties, some of which will be examined later.

In the sequence, we shall use the notation B to denote the matrix with general term (Z)

Integer sequences may be characterized in many ways. In the sequel, we shall frequently
use the following methods:

1. Generating functions.

2. Recurrences.

3. Moments.

4. Combinatorial definition.

We shall examine each of these shortly.

2.2 The On-Line Encyclopedia of Integer Sequences

Many integer sequences and their properties are to be found electronically on the On-Line
Encyclopedia of Sequences [205, 206]. Sequences therein are referred to by their “A” number,
which takes the form of Annnnnn. We shall follow this practice, and refer to sequences by
their “A” number, should one exist.

2.3 Polynomials

We let R denote an arbitrary ring. Let x denote an indeterminate. Then an expression of
the form

P(z) = Z apx®,
k=0

where a; € R for 0 < ¢ < n is called a polynomial in the unknown x over the ring R. If
a, # 0 then n is called the degree of the polynomial P.



We denote by R|z] the set of polynomials over the ring R. The set of polynomials over R
inherits a ring structure from the base ring R. For instance, if P,Q € R[x], where

np

P(z) = Z apx”

k=0

and "o
Qz) = Z b,
i=0
then we define P + @) € R[z] as the element

maz(np,ng)

(P+Q)@) = > (aj+b),

J=0

where we extend either the a; or the b; by zero values as required.

A polynomial P(z) = Y 17, apz* is called monic if the coefficient of the highest order term
is 1.

A polynomial sequence with values in R[z] is an element of R[z] An example of an
important sequence of polynomials is the family of Chebyshev polynomials of the second

kind

No

Un(z) =Y (=1)F (”’ . k) (22)"2*,

The Chebyshev polynomials of the first kind (7),(z)),>0 are defined by

B
I
o

L3]

n+2-0" (—1)* n—k ok
T, (z) = 92)" 2k
(z) 2 n—k+0rF\ k (22)
k=0
The Bessel polynomials y,(z) are defined by
N (R
Unl®) = 2 St — i

k=0
(see [108]). The reverse Bessel polynomials are then given by

n

n+k)\
@n(x):;mw k.

2.4 Orthogonal polynomials

By an orthogonal polynomial sequence (p,(z))n>o we shall understand [53, 99] an infinite
sequence of polynomials p,(z), n > 0, with real coefficients (often integer coefficients) that



are mutually orthogonal on an interval [zg,x;] (where g = —oo is allowed, as well as
xr1 = 00), with respect to a weight function w : [zg, 1] — R :

/m1 ()P (2)w(x)dx = 0pm\/ PP,

where

| retads =,

Zo

We assume that w is strictly positive on the interval (zg,x1). Every such sequence obeys a
so-called “three-term recurrence” :

Pot1(2) = (an® + by)pn(x) — cpp—1()
for coefficients a,,, b, and ¢, that depend on n but not x. We note that if

pj(x):ijj+k;xj_1+... j=0,1,...

1. — knJrl b —a k;H—l . k_;z c = a knflhn
" kn ’ " " kn+1 kn ’ " " knhn—l '

Since the degree of p,(z) is n, the coefficient array of the polynomials is a lower triangular
(infinite) matrix. In the case of monic orthogonal polynomials the diagonal elements of this
array will all be 1. In this case, we can write the three-term recurrence as

then

Pot1(%) = (2 = an)pn(®) = Buppa (@),  pole) =1,  pi(@) =2 — o

The moments associated to the orthogonal polynomial sequence are the numbers

un:/ x"w(x)dx.
Zo

We can find p,(z), o, and 3, from a knowledge of these moments. To do this, we let A, be
the Hankel determinant |p;;[}';5o and A, , be the same determinant, but with the last row
equal to 1,z,22,.... Then

ATL x

i) =57

uy ... Ug

More generally, we let H ( ) be the determinant of Hankel type with (7, j)-th

v ... Vg
term iy, 4.,. Let

_ 01 ... n ;. 01 ... n—1 n
A”_H<O 1 ... n)’ A_H(O 1 ... n—1 n—i—l)'
Then we have

JAL N A,
A, A nTTAT

n—1




Given a family of monic orthogonal polynomials

anrl(x) = (LU - an)pn(x) - 6npn71(x)7 po(lU) = 17 p1<l’> =T — Oy,

we can write
n
x) = E anykxk )
k=0

Then we have
n+1

E an k™ = (r — ) E Ay T —Bng 1 k"

from which we deduce
An+1,0 = —Qplpo — 6nan—1,0

and
Up41,k = Apk—1 — QQn g — ﬁnanfl,k

2.5 Power Series

Again, we let R denote an arbitrary ring. An expression of the form

[e.9]

p(l‘) = Z akxky

k=0

(2.1)

(2.2)

is called a (formal) power series in the indeterminate x. ay is called the k-th coefficient of
the power series. We denote by R[[z]] the set of formal power series in  over the ring R

[210]. R(z) is a ring. For instance, if

oo
E 7

= bzw )
k=0

then we can define the sum of p and ¢ as

oo
(p+q)( :Za]er
7=0

Example 1. We consider the power series >~ 2®. Here, the k-th coefficient of the power
series is 1. If for instance x € C is a complex number with |z| < 1, then it is known that

oo
El‘k:

k=0



2.6 Ordinary generating functions

For a sequence a,,, we define its ordinary generating function (o.g.f.) to be the power series

f(z) = Z anx".
k=0

Thus a,, is the coefficient of ™ in the power series f(x). We often denote this by

a, = [z"]f(z).
Example 2. The sequence 0". The sequence with elements 1,0,0,0,... has o.g.f. given
by f(z) = 1.
Example 3. The sequence 1. The sequence with elements 1,1,1,1,... has o.g.f.
fla)y=> a*
k=0
which we can formally express as
1
1—z

We shall on occasion refer to this as the sequence (1) or just 1”. We note that we have

Zn: (Z)o’f ~ 1.

k=0
Thus the binomial transform of 0" is 1™. Similarly,
> () muror = o
k=0

Thus the inverse binomial transform of 0™ is (—1)™. In general, we have the following chain
of binomial transforms:

= (=2 = ()"0t 1T 2 —

corresponding to the generating functions
1 1 1 1 1
e — — 1= — —
1+ 2z 1+2 1—0x 1—=x 1—2x

Example 4. Fibonacci numbers. The Fibonacci numbers 0,1,1,2,3,5,8,... A000045
with defining recurrence

— e e

Fo.=F, 1+F, o, =1 F=1,
have o.g.f.

1—x—a?

10


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000045

Example 5. Jacobsthal numbers. The Jacobsthal numbers J, = J(n) = % —

A001045 have generating function
x

1—x— 222

They begin 0,1,1,3,5,11,21,.... The sequence J;(n) = % + 2% has o.g.f.
1—2z

1—x— 222
This sequence begins 1,0,2,2,6,10,22,... A078008. The sequence with elements J(n +
1) + Ji(n) form the Jacobsthal-Lucas sequence A014551. This sequence has o.g.f. given by

If A(z), B(z) and C(x) are the ordinary generating functions of the sequences (a,,),(b,)

and (c,,) respectively, then

1. A(x) = B(x) if and only if a,, = b, for all n.
2. Let A\, u € Z, such that ¢, = Aa,, + ub, for all n. Then
C(z) = MA(x) + uB(z).

3. If c=a=bthen C(x) = A(x)B(z) and vice versa.

If the power series f(z) = Y ;o arz” is such that ap = 0 (and hence f(0) = 0), then
we can define the compositional inverse f(zx) of f to be the unique power series such that
f(f(xz)) = z. f is also called the reversion of f. We shall use the notation f = Revf for
this. We note that necessarily f(0) = 0.

Example 6. The generating function

fx) =

1—2— a2

X

has compositional inverse f given by

_ V1+2x+522—ax—1

This is obtained by solving the equation

u
1) i
1 —u—u?
where u = u(z) = f(z). We note that the equation
u
1 i
1 —u—u?

has two formal solutions; the one above, and

V1I+2z +522+x+1

2x

We reject this solution as it does not have a power series expansion such that @(0) = 0.

U= —

11
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2.7 Exponential generating functions

For a sequence (a,,)n>0, we define its exponential generating function (e.g.f.) to be the power

series
oo

flz) = Z %x”.

n=0

In other words, f(z) is the o.g.f. of the sequence ().
Example 7. exp(z) = e” is the e.g.f. of the sequence 1,1,1,....

Example 8. cosh(z) is the e.g.f. of the sequence 1,0,1,0,1,0,... with general term

(1+(=1D")
5 :

Example 9. L is the e.g.f. of n!

If A(x), B(z) and C(z) are the exponential generating functions of the sequences (ay,),(by,)
and (c,,) respectively, then

1. A(x) = B(x) if and only if a,, = b, for all n.
2. Let A\, u € Z, such that ¢, = Aa,, + ub, for all n. Then

C(z) = M(x) + pB(z).

3. If en = >4 (V) abn_i then C(z) = A(z)B(z) and vice versa.

Example 10. The Bessel function [y(2z) is the e.g.f. of the ‘aerated’ central binomial
numbers 1,0,2,0,6,0,20,0,70,... with general term

o= (1) o
2
Then the product exp(z)ly(2z) is the e.g.f. of the sequence
=3 (k)k 1=y (k)k
k=0 k=0

since exp(x) is the e.g.f. of the sequence b, = 1. t, is the sequence 1,1,3,7,19,51,141, ...
of central trinomial numbers, where t,, = coefficient of z" in (1 + x + z?)™.
We note that for n = 2m + 1, the expression (Z) has the value
2

r@2m+2)

r (25

12



2.8 Generalized generating functions

We follow [226] in this section. Given a sequence (¢p)n,>0, the formal power series f(t) =

o % is called the generating function with respect to the sequence c, of the sequence
(fn)n>0, Where ¢, is a fixed sequence of non-zero constants with ¢ = 1. In particular, f(t)
is the ordinary generating function if ¢, = 1 for all n, and f(¢) is the exponential generating

function if ¢, = n!.

2.9 The Method of Coefficients

The method of coefficients [158, 157] consists of the consistent application of a set of rules
for the functional

[2"] : Cf[z]] — C.

In the sequel, we shall usually work with the restriction
[z"] : Z[[z]] — Z.

For f(x) and g(z) formal power series, the following statements hold :

[2"](af () + By(x)) = alz"]f(x) + Blz"]g(x) K1 (linearity)
[z f(z) = [2" 1 f(2) K2 (shifting)
[2")f'(x) = (n+ 1)[2" ™) f(z) K3 (differentiation)
") f(2)g(x) = Y (11 () =" ]g(x) K4 (convolution)
2" f(g(x) = Y _([W*1f () [z"]g(x)" K5 (composition)
mpe_ K ety ll ' inversion
a1 = 2o () KG (inversion)

We note that the rule K3 may be written as

() = S £ ).

n

Example 11. We extend the following result :

- k n
Z (n— k)% =Fon +F

k=13]

of [158]. This identity is based on two facts:

log<1—t) i%

13



and the following identity, a consequence of the rules for the evaluation of Riordan arrays:

n + bk

> (m N ak) fe=Tt"A+0)"fE 1 +1)") (b<0).

We use the following fact.

1 L&) n—k % ok

k=0

We now wish to evaluate the expression

We have

n B 1— 5t — 92

Thus using Eq. (2.3), we obtain

n—1 LL2J

n [*5—]
Z (n ﬁ k)akﬁn—k% _ Z (n - ll: - 1) O./n_kﬁk ) Z (n - : - z)an—k—lﬁk-l-l‘
k

B
k=| 2t | k=0 =0

For a« = ¢ = 1, we retrieve the Fibonacci result above. For a = 1, § = 2, we obtain that
that for n > 0, we have

i (n ﬁ k>2”_’“% = J(n+1)+ Ji(n)

b=

the Jacobsthal-Lucas numbers (A014551).

14


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A014551

2.10 Lagrange inversion

Let F = CJ[[¢t]]. If f(¢t) € F with f(¢) = Y 1, fxt" and r is the minimum integer for which
fr # 0, then r is called the order of f(t). The set of formal power series of order r is denoted
by F.. Fo is the set of invertible formal power series, that is, series f(¢) for which a series
f7H(t) exists in F such that f(¢)f~'(t) = 1.

One version of Lagrange inversion [157] is given by rule K6:

17 = ()

If now we have
w(t) = top(w(t))
where ¢ € Fy, then if we define f by

_ 9
fly) = o)

we have f = w and so

[ﬂw@=1WPwCi)n=1w*wwv

n f(t) n
Now let F' € F, and let w(t) = t¢(w(t)). Then
() = [ F ()"
Also, we have, for F,¢ € F,
P00 = ]| sl = to(w)|

Example 12. Generalized central trinomial coefficients. We wish to find the gener-
ating function of

[#")(1+ at + 5t%)",
the central trinomial coefficients (for the parameters «, 3). We let F(t) = 1, and ¢(t) =
1+ at + Bt2. We have w = t(1 + aw + Bw?), and so

_l—at—/1—2at+ (a® — 4P)8?

w

20t
Thus
n n__ n [ F(w) .
11+ at+ 88" =[] | T s o = #9(w)
__[4n _ 1 _1—&t—\/1—2at+(a2—4ﬂ)t2
d _1—t(a+26w)|w_ 23t ]
| : = Lm0t = VI= 2l (@ =)
- _\/1—2aa:+(oz2—4ﬂ)x2 B 23t

15



This shows that the required generating function of the generalized central trinomial coeffi-

cients is given by
1

V1= 2az + (0 — 4f)a?

Example 13. The Riordan array (1,zc(z)). Anticipating the developments of Chapter
4, we seek to calculate the general terms of the Riordan array (1, zc(z)). Now

(1,zc(x)) = (1, 2(1 —2))~ "

Thus we let

and so w = t¢(w) implies
w(l —w) =t.

We also let F(t) = t* and so F'(t) = kt*=1. Then

) (1))* = (7w (t)
= L F @l

= g[t"—l]ktk—l (%)n
- %[t”l]ktkl 2} (2”) (—t)’

1 = (n+i—1\
:_tn_lk tl"rk—l
H 1%;( )
:lk<n+n—k—1>
n n—k
_E 2n—k—1
T n n—k '

Adjusting for the first row, we obtain that the general term of the “Catalan” array

(1, 2c(x))
E4+0" % /on—k—1
n + Ok n—=~k ’

2.11 Recurrence relations

is given by

Recurrence relations allow us to express the general term of a sequence as a function of
earlier terms. Thus we may be able to express the term a,, as a function of ag, a,...,a,_1
for all n > r. r is called the order of the recurrence. The values ag, ay,...,a,_1 are called
the initial values of the recurrence.

16



Example 14. The sequence defined by the recurrence
Ap = Qp—1+ Ap_2

with initial values ag = 0, a; = 1 is the Fibonacci sequence A000045 given by

1 ((1+v5\ [1-v5\
)

It is easy to calculate the o.g.f. of this sequence. Letting A(z) = > 7 a,z”, and
multiplying both sides of the recurrence by " and summing for n > 2, we find that

oo o oo
g a,x" = g Q12" + g Qo T".
n=2 n=2 n=2
Now
o0 o
g apx" = E apx” — ayx —ag = Ax) — z,
n=2 n=0
while, for instance,
o o
E ap_12" = E anx" = x(A(x) —ap) = vA(x).
n=2 n=1

Thus we obtain

Ax) —x = zA(x) + 22 A(x)

or
T

A =1

Thus the generating function of the Fibonacci numbers is —*—.

Example 15. The sequence defined by the recurrence
(p = Ap_1 + 2052

with initial values ag = 0, a; = 1 is the Jacobsthal sequence A001045 given by

2n (_1>n
n pr— J = - _—
a (n) 3 3
This sequence starts 0,1,1,3,5,11,21,.... The generating function of the Jacobsthal num-

3 X
bers is —*—.

In the above two examples, the recurrence was linear, of order 2. The following example,
defining the well-known Catalan numbers A000108, is of a different nature.

17
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Example 16. The sequence defined by the recurrence

n—1
Cn = OiCn—i—l
=0
with Cy = 1 is the sequence of Catalan numbers, which begins 1,1,2,5,14,42, ...... This

sequence has been extensively studied and has many interesting properties.
The generating function of the Catalan numbers is the function

1—+v1—4x

olw) = 2x

We note that the series reversion of xc(x) is given by x(1 — x). One way to see this is to
solve the equation
uc(u) = x.

We do this with the following steps.
I—v1—4u
5 =
1—+v1—-4du=2z
V1i—du=1-2x
1 —4u=(1-22)*=1— 4z + 42?
4 = 4o — 42?

u=xz(l—uz).

T

2.12 Moment sequences

Many well-known integer sequences can be represented as the moments of measures on the
real line. For example, we have

4 /
4 —
i

2m Jo

1 4
Cpi1 = By "/ x(4 — x)dx,
T Jo
(Qn) 1 /4 "
= - —dx,
n TJo Jx(4d— 1)

<n)1+(—1)” B 1/2 Ay
g 2 m 72\/4—‘%2 '

It is interesting to study the binomial transform of such a sequence. If the sequence a,, has
the moment representation

B
an:/ z"w(z)d

18



then we have

— /j Xn: o*w(x)dx

k=0
B
= / (14 z)"w(z)dz.

Note that the change of variable y = x + 1 gives us the alternative form

B+1

by = K(H@%@)dz :/ yrw(y — 1)dy.

a+1

Example 17. The central trinomial numbers ¢,, = [2"](1+z+2?)" are given by the binomial
transform of the aerated sequence (Z) % Thus
2

1 /?(1 n
t, = <+m)d:)3

T Vi—a?
1 ? n
— / S dx.
T J 1 V3 +2x — 22
The r-th binomial transform of a,, is similarly given by
B
/ (r +x)"w(z)dx.

More generally, we have

B " /n
/ (r + sz)"w(x)dr = (k) " skay,.
@ k=0

Aspects of these general binomial transforms have been studied in a more general context in
[207].

Example 18. We consider the sequence 1,3,12,51,222 978, ... or A007854 with o.g.f.
ﬁ and general term

> (<”2—nk) B (n r- 1>) 3 %(f_nk)%

k=0 k=0

19
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We have

3 [ o 4 — d+19”
a, = — T
o Jy 9— 22V 2\ 2
3 4:1;”\/47 1
= = dz + 5 (dg,2").
27r/09 927 SR AN 1

We note that this sequence is the image of 2" by the Riordan array (c(x),zc(z)?). Thus a,
is defined by a so-called “Sobolev” measure [150].

Example 19. The sequence 1,0,1,0,3,0,15,0,105,0,945, ... with general term
14+ (=1)"
an = (2(n)2) — 1)!!#

where the double factorials (2n — 1)!l = [[,_,(2k — 1) is A001147, counts the number of
perfect matchings in K, the complete graph on n vertices. We have [104]

1 ° Izd
ayp = — x"e” 2 dx
" V 27 /oo
3?2
The e.g.f. of this sequence is %-.

Note that we have
o0

12
(2n —1)! r*e” 7 d.

m/ Vi :¢1z7

The binomial transform b,, of a, is given by

b, = (14 z)" édm
\/27/

_(e— 1)2
dx,

vl

which is A000085. This counts, for instance, the number of Young tableaux with n cells.
We note that the Hankel transform of this last sequence is given by

n—1 n
2(3) T w1 = T w12".
k=1 k=0
This is A108400.

Anticipating Chapter 4 we can represent AO01147 as the row sums of the exponential Riordan
array [e_r, x(1+ %)] which begins

10 0 0 00
-1 1 0 0 00
1 -1 1 0 00
-1 0 0 1 00
1 2 -3 2 10
-1 -5 5 -5 51
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This is A154556.

2.13 The Stieltjes transform of a measure

The Stieltjes transform of a measure p on R is a function G, defined on C\ R by

Gu(2) = [ =m0

z—1

If f is a bounded continuous function on R, we have
/ F@)pu(z) = — lim / F(@)3C (e + iy)da.
R y—=0% JR

If 1 has compact support, then G, is holomorphic at infinity and for large z,

o0 a,
GM(’Z) = Z Fa

n=0
where a, = [; t"u(t) are the moments of the measure. If u(t) = dy)(t) = ¢'(t)dt then
1 t
Y(t) —(to) = —= lim | QG (v +iy)de.

+
T y—0 to

If now g(z) is the generating function of a sequence a,,, with g(z) = >"°° j a,z", then we can

define
1 /1 > a,
G(z) = o (;) - Z ol

n=0

By this means, under the right circumstances we can retrieve the density function for the
measure that defines the elements a,, as moments.

2.14 Orthogonal polynomials as moments

Many common orthogonal polynomials, suitably parameterized, can be shown to be moments
of other families of orthogonal polynomials. This is the content of [119, 120]. This allows us to
derive results about the moment sequences in a well-known manner, once the characteristics
(for instance, the three term recurrence relation) of the generating family of orthogonal
polynomials are known. Such characteristics of common orthogonal polynomials may be
found in [126]. This approach has been emphasized in [132], for instance, in the context of
the evaluation of the Hankel transform of sequences.

Example 20. A simple example [21, 134] of this technique is as follows. The reversion of

the generating function W generates the sequence with general term
L) n—1
_ - n—2k—1 gk
=3 (Mo
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(see Chapter 10). We are interested for this example in the Hankel transform of w,;. For
this, we cast u,1 into hypergeometric form :

n 1 n n 45
Upp1 = " o F 3T )

Applying the transformation

1 1 1
F. z - 2= = F (2
2 1(&,2+a,2+ﬁ,z) (1_2/)720[2 1(Oé

Unp+1 = (Oé — 2\/5)” 2F1 (—n, ;;3; %) .

This exhibits u,+; as a Meixner polynomial. Meixner polynomials are moments for the

Jacobi polynomials [119; 251]. Hence we can readily compute the Hankel determinant of
n+1

Uny1 (it is equal to (a(a — 5))( 2 ))

2z
1 b

we obtain

2.15 Lattice paths

Many well-known integer sequences can be represented by the number of paths through
a lattice, where various restrictions are placed on the paths - for example, the types of
allowable steps. The best-known example is the Catalan numbers, which count Dyck paths
in the plane.

Lattice paths can be defined in two distinct but equivalent ways - explicitly, as a sequence
of points in the plane, or implicitly, as a sequence of steps of defined types (we can find the
points in the plane by “following” the steps).

Thus we can think of a lattice path [143] as a sequence of points in the integer lattice Z?,
where a pair of consecutive points is called a step of the path. A waluation is a function on
the set of possible steps Z? x Z2. A valuation of a path is the product of the valuations of
its steps.

Alternatively, given a subset S of Z x Z we can define a lattice path with step set S to be a
finite sequence I' = s185 - - - s, where s; € S for all i [56].
Well known and important paths include Dyck paths, Motzkin paths and Schroder paths.

Example 21. A Dyck path is a path starting at (0,0) and ending at (2n,0) with allowable
steps (1,1) (a “rise”) and (1,—1) (a “fall”), which does not go below the x-axis. Thus
S ={(1,1),(1,—1)} Such paths are enumerated by the Catalan numbers C,. The central
binomial coefficients (2") count all such paths, when the restriction of not going below the
x-axis is lifted (such paths are then called Grand-Dyck paths or binomial paths [178]).

Example 22. The n-th central binomial coefficient, [z"](1 + x + 2?)", counts the number
of lattice paths starting at (0,0) and ending at (n,0), whose allowed steps are (1,0), (1,1)

and (1,—1). Thus in this case S = {(1,0),(1,1),(1,—1)}. The Motzkin numbers m,, =
Z,EEJO (2’;) (Qkk) = oF (¢ =, ’2”,2 4) count the number of such paths that do not descend
below the z-axis. A Dyck path is clearly a special case of a Motzkin path.
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Example 23. A Schroder path is a path that starts at (0,0), ends at (2n,0), and has
allowable steps (1,1), (2,0) and (1, —1). The Schréder numbers S,, = 2Fi(1—n,n+2;2;—1)
count the number of such paths that do not go below the x-axis.

Paths may be “coloured”, that is, for each step s € S, we can assign it an element from a
finite set of “colours”.

Families of disjoint paths play an important role in the evaluation of certain important
determinants, including Hankel determinants [223]. For instance in the case [151] of the
Catalan numbers C,,, if we define Hflk) = |Cytitjlo<ij<n—1 then this determinant is given by
the number of n-tuples (7o, ...,7m-1) of vertex-disjoint paths in the integer lattice Z x Z
(with directed vertices from (i, j) to either (¢, j+1) or to (i+1, j)) never crossing the diagonal
x =y, where the path ~, is from (—r,—r) to (k + 7k + 7).

2.16 Continued fractions

Continued fractions [227] play an important role in many areas of combinatorics. They are
naturally associated to orthogonal polynomials and lattice path enumeration [89]. They play
an important role in the computation of Hankel transforms. In this section we briefly define
continued fractions and give examples of their application to integer sequence. A generalized
continued fraction is an expression of the form

3]
a2
a3

t=by+

by +
by + —
by + 4

where the a,, (n > 0) are the partial numerators, the b, are the partial denominators, and
the leading term by is the so-called whole or integer part of the continued fraction. The
successive convergents (also called approzimants) of the continued fraction are formed as
follows :

Ay A bibg+a " Ay b1(b1by + a1) + asby

t:—:b t:—_— = —_— = ..
0 Bo 0 ! Bl b1 ’ 2 BQ b2b1+a2 ’

where A, is the numerator and B, is the denominator (also called continuant) of the nth
convergent, and where we have the following recurrence relations:

A—l = 17 B—l = 07 AO = b07 BO = ]-)

Apr = bpridp +apiiAp,

By = bpaBy+ apy1Bp

forp=20,1,2,....
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4 is called the nth convergent (approximant). We have

A
Zr o+ o
Bn bl +

Qa2
as
Qg

by +
by + ——

The convergents of a continued fraction do not change when an equivalence transformation
is effected as follows:

c1a1
bo + C1C202
Clbl + C2C303
CQbQ + b N C3Ca0y
C _—
373 C4b4 —+ ...
Example 24.
(z) 1 1—+1—4x 1
C\T) = = e
1 — zc(x) 2 1— t -
1 - x
1—

1 —

is the generating function of the Catalan numbers. The denominator polynomials are then
given by

11,1 —2,1—22,1 -3z +2% 1 -4+ 32% 1 — 52+ 622 — 23, . ..
Thus the nth denominator polynomial is given by

B (z) = S (” . k) (—1)Fa*.

k=0

The binomial transform of the Catalan numbers has generating function
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The continued fraction

X

x
1—-...

1—mx —

is the generating function of the m-th binomial transform of the Catalan numbers (i.e. it is
equal to ——c ().

1-mz 1-mz
More generally, we have

1 1

1—rze(z) 1_

The denominator polynomials are then given by
LLl—ro,l—(r+Dz,1—(r+2x+re*1—(r+3)a+ (2r+1)27,...
Thus the nth denominator polynomial is given by

L3

Bu(z) = M(—N <<” _Z_ 1) 4 (” ;f; 1)r) o,

[NIE]

The Hankel transform of the sequence with g.f. #C(I) is r".
We have
1
c(re) = T
I- TT
L- 1_ TT
1—...

c(rz) is the g.f. of the sequence 7"C,, which has Hankel transform 7"*+1).

Example 25. The continued fraction

g(l‘;?”) = TT
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generates the sequence a,(r) which begins
Lrr(r+1),r(r*+3r + 1), 7(r® + 6r* + 6r + 1), 7(r* + 10r° +20r* + 10r + 1), . ..

which is the Narayana transform (see Example 184) of the power sequence 1,7, 7% r3 r4 .. .:

10 0 0 0 O 1 1
01 0 0 0 O r T
011 0 00 r? r(r+1)
01 3 1 00 | = r(r’+3r+1) :
01 6 6 10 rd r(rd +6r2 +6r +1)
0 1 10 20 10 1 o r(rt 4+ 10r3 + 2072 + 10r + 1)
a,(r) = ZN(n, k)r*.
k=0
For r =0,1,2,... we obtain the following sequences
0/1 0 0 O 0 0 0 ... [ A000007
=111 2 5 14 42 132 ... | A000108
=2|1 2 6 22 90 394 1806 ... | A006318
=3|1 3 12 57 300 1686 9912 ... | A047891
=4]1 4 20 116 740 5028 35700 ...| A082298
5/1 5 30 205 1530 12130 100380 ... | A082301

which include the Catalan numbers (r = 1) and the large Schréoder numbers (r = 2). These
sequences can be characterized as

1—1x)
— [ ReyP1 =)
an,(r) =[] VI 1)z
The sequence a,,(r) has Hankel transform ('3
Example 26.
1
g(x) = X z
B 2z
1—
3T
1= dx
1—
1—...

is the g.f. of the double factorials (2n — 1)!! = [[;_,(2k — 1) = (22,1—’2!!, whose e.g.f. is \/11_7%
The denominator polynomials are then given by

1,1,1 — 2,1 —32,1 — 62+ 32,1 — 10z + 1522, 1 — 152 + 452% — 1523, ..
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Thus the nth denominator polynomial is given by

,_
|3

J
By(z) = (2”;{) (2k + 1)lI(—1)Fz*.

k=
Example 27.
1
1— .
1 —
1_ 2x
1 2z
B 3
1 —
1—...
is the g.f. of the factorial numbers n! with e.g.f. ﬁ The denominator polynomials are

given by
1,1,1 — 2,1 —2x,1 —4x 4+ 222 1 — 62 + 62%,1 — 9z + 182 — 62°,1 — 122 + 362% — 2443, . ..

We obtain the following array of numbers as the coefficient array of these polynomials:

1

1

1 -1

1 -2

1 -4 2

1 -6 6

1 -9 18 -6

1 -12 36 -24

1 -16 72 -96 24

The second column is minus times the quarter squares |[%][5] A002620. The third col-

umn is given by _p—(=1)"F~1 £ | [E21] | £ [5]. We note that this last sequence appears
to be twice A000241(n + 1), where A000241 gives the crossing number of K, the complete
graph with n nodes. The formula appears to be consistent with Zarankiewicz’s conjec-
ture (which states the the graph crossing number of the complete bigraph K, ,, is given

by [2] %2 ][ 2] [ =2 ] [247]). In fact (see below), we conjecture that A000241 is given by

() (3.

An alternately signed version of every second row of this array is given by

1
-11
1 4 2

-1 9 -18 6
1 -16 72 -96 24
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This is A021010, the triangle of coefficients of the Laguerre polynomials L, (z) (powers

of z in decreasing order). It has general term Tél,z = (—1)""‘3/@!(2)2.

Taking the second embedded triangle of alternate rows, we obtain

1 -12 36 -24
which has general term

= S = () (e

We note that the quotient

is the Narayana triangle (see A001263)

== =
D W =
D =
—

) and Tf,z we see that the coefficient array for the denominator

- (_1)k(L?J) <L%J)k!

This triangle is A145118. We note that the triangle with general term (L?J)(L%J) is

A124428. This triangle has row sums equal to (LZJ)' A variant is given by A104559, which
2

counts the number of left factors of peakless Motzkin paths of length n having & number of
U’s and D’s.

Example 28. The Bell numbers A000110 have g.f. given by

Combining the terms for Trgl
polynomials is given by
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The bi-variate generating function

generates the array that starts

O OO OO
DN = = O
TN = OO

- O W HHE O oo

0 OO OO
_ o O O o o

)
[\
[u—
(@)}

with row sums equal to the Bell numbers A000110. This is the array
0,1,1,2,1,3,1,4,1,...] A [1,0,0,0,...]
(see Chapter 5 for notation).

Of particular interest for this work is the notion of J-fraction. We shall consider these
in the context of a sequence ¢y, ¢y, ... such that H,, = |¢;y;lo<ij<n # 0, n > 0. Then there
exists a family of orthogonal polynomials P,(z) that satisfy the recurrence

Pra(z) = (z = an) Pa(2) = BuBpa (7).

This means that the family P,(z) are the denominator polynomials for the “J-fraction”

1
ﬁliUZ
1—apx — 5
1 fox
1—apr— ...
The theory now tells us that in fact
o) . ¢o
g(a:):ZCnx = /81'2
n=0 1 —apx — ! i
11—z — 2
1— agx —

29


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A000110

is the generating function of the sequence. In addition, the Hankel transform of ¢, is then
given by

n
_ n—k-+1
hn = 15
k=1

227, 131, 132)].

Example 29. The continued fraction

1
2
l—2z— ’ 5
x
1—2x — 5
x
1-22 — ——
1—-2z—...
is the J-fraction generating function of the Catalan numbers. More generally, we have
clz) 1
1—k N 2
xe(x) 1~ (it D — x 2
x
1—2x — 5
l—9p—
1—-2z—...
This is therefore the image of the power sequence k" (with g.f. =) under the Riordan
array (c(z),zc(z)). Each of these sequences has Hankel transform h, = 1. Thus
k+1/2n—k\ . .., 1
Zn+1 n—k =l 7
k=0 1—(r+1zx-— 5
1— 22— S
1 -2 — ——
1 -2z —...

We note that the g.f. of C), 1 is given by

1
1-2 z
—_— x _—
-9 v
JR— ‘r JE—
$2
1— 2z —
1 _
while that of (*"*') A001700 is given by
1
1-3 v
J— :L‘ —
1-2 v
— m —
I2
1—2x—
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The sequence with g.f. given by

is Fine’s sequence A000957.

Example 30. The sequence A026671 which begins 1,3,11,43,173, ..., with g.f.

1 1
I—Ti-z 227
1—3x— 5
1-2 °
J— x_
:L.Q
1—2x —
1_

has Hankel transform 2". The sequence 1,1,3,11,43,173,... which has g.f.

1

212
l—xz—

1—3x—

(L‘2

1—2x—

172

1— 20—
T

also has Hankel transform 2". A026671 is a transform of F'(2n + 2) by the Riordan array
(1,zc(z)). The sequence 1,1,3,11,43,173,... is the image of A001519, or F'(2n — 1), by
(1, zc()).

Example 31. The sequence 1,5,28,161,934, 5438, ... with g.f.

1

32
1—5x—

1—2x —

.]72

1—2x —

LL’2

1—2x —
1

is the image of A107839, or [:U"]m under the Riordan array (1,zc¢(z)). It has Hankel
transform 3". Looking now at the sequence 1,1,5,28,161,934, 5438, ... we find that it has
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a g.f. given by

1
. 42
_‘/I/‘_
15,2
1— 8y — 167
1 24,2
1— 8 — 25
20 35,2
1— 8y — 36
30 48,2
1——3:— 197
1 —

This sequence has Hankel transform (n + 3)3"~! with g.f. (11 32”)2 (A006234).

Example 32. In this example we characterize a family of sequences in a number of ways.

—rx? l—rzx

the Catalan numbers Cy. Thus let a,(r) denote the r-th element of this family. We have

n k+1 .
() e

The family, parameterized by r, is obtained by applying the Riordan array ( —z 2l x)> to

k=0 5=0
with generating function
(1) l—z [(z(1-2x)
xr) = c .
g 1—rx 1—rx
In terms of continued fractions we find that
1
g(w§ T) = TT )
1 - T
L— T
L - T
1— T A
1 —
where the coefficients follow the pattern r,1,1,7,1,1,7,1,1,.... As a J-fraction, we have
1
g(z;7r) = 3
re
1—rx— 3
1— 27— o .
1—(r+1)p———
(r+ 1z 1—-2x—...

Here, the a sequenceisr, 2, r+1,r+1,2, r+1,r+1, 2, ... while the § sequenceisr,r, 1,r,r,1,r,7,1,...

(starting at (3;). The Hankel transform of a,(r) is then given by
= L5

a,(2) is A059279 with Hankel transform A134751.
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Example 33. The continued fraction

l—z—

222

1—2x—
o 32

1-3r— ————
v 1—4x — ...

is the generating function of the Bell numbers (see also Example 28), which enumerate the
total number of partitions of [n]. These are the numbers 1,1,2,5,15,52,203,... A000110
with e.g.f. e ~'. They satisfy the recurrence a,1 = >, (z) ay. From the above, we have
that

n

hn _ H kn—k+1

k=1
which is 1,1,2, 12,288, 34560, ... or A000178, the superfactorials.

Example 34. The continued fraction

1—a—
1—2x —

Xz

1-83¢r— ————
. 1—4x— ...

is the generating function of the Bessel numbers, which count the non-overlapping partitions
of [n]. These are the numbers 1,1,2,5,14,43,143,509,... A006789. They have Hankel
transform h,, = 1.

Example 35. The continued fraction

l—x—

222
32

l—z— ...

l—xz—

1l—a—

is the generating function of the sequence I,, of involutions, where an involution is a permu-
tation that is its own inverse. These numbers start 1,1, 2,4, 10, 26, 76, ... A000085 with e.g.f.
e*(2+2)/2 Once again the Hankel transform of this sequence is given by the superfactorials.

Example 36. The continued fraction

1—0x—

1— 0z — 5
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or

1=
1—0x—...

is equal to c(x?), the generating function of the aerated Catalan numbers 1,0, 1,0, 2,0, 5,0,14,0, . . ..
Since (3, = 1, the Hankel transform is h,, = 1.
The coefficient array for the associated orthogonal polynomials (denominator polynomials)

is given by the Riordan array
1 x
1+ 1422)"

We note that the aerated Catalan numbers are given by

n+1 z
(2" ]Rev(1+x2).

Example 37. The continued fraction

1—1x —
1—1x —

x2

-1y —
R P

is the generating function M (x) of the Motzkin numbers >7_ (5,)Ck. This is the binomial
transform of the last sequence (we note that the coefficients «, are incremented by 1). The
Hankel transform of the Motzkin numbers is given by h,, = 1.

The coefficient array for the associated orthogonal polynomials (denominator polynomi-
als) is given by the Riordan array

1 T
l+ox+22"14+2x+22)

Example 38. The continued fraction

22
1— 0z — a 5

1—0x—

332

1-00— ————
v 1—0x—...

is the generating function of the aeration of the central binomial numbers (2:) Thus these
are the numbers ( " )(1+(—1)”)/2 beginning 1,0, 2,0,6,0, ... with g.f. ———. Their Hankel

n/2 V1—422"
transform is governed by the 3-sequence 2,1,1,1,1,... and hence we have ngLn = 2",

34



The coefficient array for the associated orthogonal polynomials (denominator polynomi-
als) is given by the Riordan array
1—-22 =z
1+a2" 1+a22)°

Example 39. The central trinomial numbers 1,1,3,7,19,... A002426, or t,, = [z"](1 + = +
2?)", are given by the binomial transform of the last sequence. Their generating function is
then

1 B 1
V1 — 2z — 322 222
1—2— 5
1—2x— x
1 2’
_x_—
1l—az— ...

The Hankel transform is again h,, = 2".
The coefficient array for the associated orthogonal polynomials (denominator polynomi-
als) is given by the Riordan array

1— 22 T
l+x+22"14+x+22)°

Example 40. The sequence 1,1,2,3,6,10,20,... A001405 of central binomial coefficients
(LZ j) has the following continued fraction expression for its generating function
2

1

1—1x —

1—0x—

T

10— — 2%
S I

Thus h,, = 1.
The coefficient array for the associated orthogonal polynomials (denominator polynomi-

als) is given by the Riordan array
11—z T
1+22" 1+2%)"

Example 41. We have the following general result : If the a sequence is given by «, 0,0, 0,0, . ..
(i.e. o, = a0™), and the 3 sequence is given by 0, 3,7v,7,7, ... (i.e o =0, f1 = 3, B, = 7y for
n > 1), then the coefficient array for the associated orthogonal polynomials (denominator
polynomials) is given by the Riordan array

(1—%—(5—7)9[;2 . >

1+ a2 "1+ ya?
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In particular,
27y 1

—f— T — a2 2
2y — B —2ayx + /1 — 4y 1— o — P .

Yy
1—0x— 3

v
1—0p— — 1
T T 0e =

In this case we have

Example 42. The continued fraction

1
. ba?
) ba?
ba?
1—ax— 5
1 bx
ba?
1—ax —
1—

is the generating function of the sequence

L5]
—k
(n " )C’ka”%bk.
k=0

1 ba?
c
1—ax 1—ax

where ¢(z) is the generating function of the Catalan numbers.
This sequence represents the diagonal sums of the triangular array with general term

(Z) Cra* bk,

To prove the initial assertion, we can proceed as follows. ZIZJO (";k) Cra™?*b* is the result
of applying the matrix with general term

(n ; k) an—2k

to the scaled Catalan numbers "C;,,. Now the matrix with general term (";k) a" 2 is the
generalized Riordan array
1 x?
1—azx’1—azx

36

It is equal to




while the g.f. of b"C,, is expressible as the continued fraction

1

Anticipating results from the theory of Riordan arrays, we can thus say that the g.f. of
(Z) Cra™*b¥ is expressible as

Simplifying this expression leads to the desired result.

The Hankel transform of this sequence is o2, T = b = 1, we obtain the sequence
,ﬁJO (";k) C) which is A090344. This enumerates the number of Motzkin paths of length

n with no level steps at odd levels. It represents the diagonal sums of the array (Z) Ch,

A098474. Thus its generating function is given by

1
72
1l—2— 2
1— 2
l—2— 2
B 1—z— v
1—..-
This is equal to ﬁc (%) The first differences of this sequence have g.f. ¢ (%) which is
equal to
1
72
1-— e
1l—2— 2
1-— 2
1—2— 2
B 1—2— v

1— ...

This sequence enumerates the number of Motzkin paths of length n with no level steps at
even levels. This is A121482.
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2.17 Hypergeometric functions

A generalized hypergeometric function [98, 141, 204] ,F,(aq, ..., ap; b1, ..., by x) is a power
series Y o, cxz" which can be defined in the form of a hypergeometric series, i.e., a series
for which the ratio of successive terms can be written

Ck+1_P(]€)_ (k:—l—al)...(k:—i—ap)

e Qk)  (k+b)...(k+by)(k+1)

We have () - (1) (a,);
A1)k - \A2)k - \Ap)k 2
F(ay,...,a,;b1,...,b,;2) = —,
D lI( 1 pr V1 q ) ; (bl)k (b2)k<bq)k’ k!
where (a), = ala+1)(a+2)---(a+ k —1). We note that ,F,(ai,...,ap;b1,...,0,;0) =1.
For the important case p = 2, ¢ = 1, we have

> Q) b ka
o Fi(a,b;c;2) = ;0%@

Example 43. 2F(1,1;1;x) = ﬁ, the o.g.f. of the sequence u,, = 1 and the e.g.f. of the
sequence u,, = n!.

Example 44. 2F(1,2;1;x) =9 F1(2,1;1;2) = ﬁ, the o.g.f. of the sequence u, =n+ 1,
and the e.g.f. of (n +1)!

Example 45. More generally 5 Fj(a, 1;1;x) = ﬁ while o Fy (—a, b; b; ) = (1 4+ x)*.

Example 46. We have

1. oF1(1/2,1;1; 4x the o.g.f. of (2:) This has Hankel transform 2.

) _ 1
T V1-4x?

2n
2. oF1(1/2,—-1/2;1/2;42) = oF1(—1/2,1;1);4x) = /1 — 4z, the o.g.f. of 1(_”221. This has
Hankel transform (2n + 1)(—2)".

3. ol (1/2,-1/2;1/2;4x/(1 — x)) = /+2% is the o.g.f. of the binomial transform of

1—x

2k
Sho(=1)nk 1( _’“2)k This has Hankel transform with o.g.f. +é;iix2 which gives the

sequence (—2)" - L(2n + 1), where L(n) is the Lucas sequence A000032.

4. 9Fy(1/2,1;1;42/(1—2)) = /=% is the binomial transform of >, (—1)"7* (2:) This

1-5z
has Hankel transform A082761, the trinomial transform of the Fibonacci numbers, with
ol T

5. 9F1(1/2,1;1;42/(14x)) = /72 is the inverse binomial transform of the partial sums

of the central binomial coefficients. This has Hankel transform with o.g.f. (1—2z)/(1—
2z + 42%) or A120580.
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Example 47. We have

1. oF1(1/2,1;2;42) = c(z), the o.g.f. of the Catalan numbers. In general, oF)(k —
1/2, k; 2k; 4x) = c(x)* 1.

2. oF1(1/2,1;2; 42 /(1 — 2)) = L=e=vi-brtdes ”12;6”5:”2, the o.g.f. of A002212. The Binomial trans-

form has o.g.f. isr—xi and the Hankel transform of A002212 is F'(2n + 1).

3. 9F1(1/2,1;2;: 4z /(14-2)) = La=v1=20=32% the o o f. of A08G246. The Hankel transform

2x
of this sequence has o.g.f. —=%. It is the inverse binomial transform of the partial

1—x+a2"
sum of the Catalan numbers i.e. the inverse binomial transform of %

Example 48. We have the following:

1. 35F1(1/2,1;3;4x) is the o.g.f. of the super-ballot numbers A007054, or % =
4C,, — Cyyq1 [101]. The Hankel transform of this sequence is 2n + 3.

2. 39F1(1/2,2;3;4x) is the o.g.f. of C'(n+1)+2C(n), or A038629. The Hankel transform

of this sequence has 0.g.f. =% (A001835).

3. 109F1(1/2,1;4;4x) is the sequence A007272 with general term 0@ Tt has Hankel

nl(n+3)!"
transform A000447(n + 2) with o.g.f. 10=2etde—r

4. 59F1(1/2,2;4;4x) yields a sequence with Hankel transform with o.g.f. (% —
1)/x.

30(%)

n+3

5. 109F1(1/2,3;4;4x) is the o.g.f. of the sequence with general term

10—5z+1422 —a?
14z+622—14x3+24 "

Its Hankel

transform has o.g.f. given by —

Example 49. ,F(3,1;1;9z) = (1 — 92)~/3 is the o.g.f. of A004987 with general term
3nn TRy 3k + 1.

Example 50. 5 F(1/2,1;1;42(1 —kx)) is the o.g.f. of the sequence [z"](1+2z — (k—1)2?)".
Example 51. We have
oF1(—n,1/2;1; —4k) = [2"](1 + (2k + D) + k*2*)"

n![z")eF DT [ (2kx)
1

]\/1 —2(2k 4 1)z + (4k + )22

n

:[x

The coefficient array of this family of polynomials in k is the array with general term
2k\ (n
Thr =
= (1))
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or

1 0 0 O 0 0
1 2 0 O 0 0
1 4 6 O 0 0
1 6 18 20 O 0
1 8 3 8 70 O
1 10 60 200 350 252

Thus

k=

"L 2\ (n
o1 (—n,1/2;1; —4a) = 0 (k) (k)xk

In particular,
n 2, .2\n . 2~7 n j
[2"](1+ (2k + Dz + K*2®)" = (j)(j)kﬂ.
j=0

The row sums of the coefficient array above yield 1,3,11,45, ... or [z"](1 + 3z + z*)™.
Taking the reversal of the above array, we obtain the array

1 0 0 0 0 0
2 1 0O 0 0 0
6 4 1 0 0 0
20 18 6 1 0 O
70 8 36 8 1 0
252 350 200 60 10 1

The general term of this array is in fact

2" K] o P (1/2,k + 1;1;42) = <QZ - zk) <Z>

Equivalently,

(n ; k) <2n> = "2 (1/2, b + 1 1; 4).

n

Example 52. We have

_ +
(2" ¥ o Fy(—rn, —n — s;1;2) = <Z N z) (nr—nk>

For instance, [z" %] o F1(—2n, —n,1,2) = (") (ff‘ ) is A110608, which has row sums equal to

(). o
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Example 53. We have

[‘Inik] 2F1(k + 1? ku 27 I) = N(nu k)a

where ]\:/(n, k) =+(2)(.",) for n,k > 1. This is the matrix

100 0 00
010 0 0 0
o110 00
N=|o0o13 1 00 ,
016 6 1 0
01 10 20 10 1

a version of the Narayana numbers, A001263. Note that
[ 2Bk + 1k i) = (n =k + DN (n, k),

or

o= OO
_ o O O
_ o O O O

—_
oo

12
40 60 20

O OO O O
QL W N~ O
= O O O OO

2n n
with row sums (”);0 , or AO88218. The Hankel transform of this latter sequence is n + 1.
n—1

The above triangle has general term 0"** + (2) ( k71)' It is a left column augmented version
of A103371.

Example 54. We have

oo ()2

which is the general term of the array that starts

1 0 O 0 0 0
0 1 0 0 0 0
0 -2 1 0 0 0
0 0 -6 1 0 O
0o 0 6 —-12 1 0
0 0 0 30 =20 1
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The row sums of this array are 1,1, —1,—5,—5,..., A098331, equal to
n 1
[z"] = =
v1—2x+5x

The binomial transform of this array is the Pascal-like array

[2"](1 + 2 — 2",

1 0 0 0 0 O
1 1 0 0 0 O
1 0 1 0 0 O
1 -3 =3 1 0 0
1 -8 =12 -8 1 O
1 —-15 =20 =20 —-15 1

A version of this triangle (A099037) is related to the Krawtchouk polynomials.
We also have

(" * WPy (k+ 1, —k; 2;0) = (—1)"_7“M
2471 ) ) & n—k + 1
which is the general term of the array that starts

1 0 0 0 0 0

0O 1 0 0 0 0

0 -1 1 0 0 0

0 0 -3 1 0 0

0o 0 2 -6 1 O

0O 0 0 10 —-10 1
This array has row sums 1,1,0,—2,—-3,1,11,... or

W VOor? =2 +1+2—1 ntl
=" 22 = " Ry — 7

Multiplying this array on the left by Pascal’s triangle B yields the Pascal-like matrix

1 0 0 0 0 0
1 1 0 0 0 0
1 1 1 0 0 O
1 0 0 1 0 0
1 -2 -4 -2 1 0
1 -5 =10 =10 =5 1

Finally

2" o Fy(k + 1, —k; 1/2;2) = (—4)" 7" (%n_ n)
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which is the general term of the array A117411 which begins

1 0 0 0 0 O
0 1 0 0 0 O
0 -4 1 0 0 O
0 0 —-12 1 0 O
0 0 16 —-24 1 O
0 O 0 80 —40 1

This has row sums 1,1, -3, —11,—7,41,117,29, ..., A006495 which is [x"]l_;ﬁ Multi-
plying this array by Pascal’s triangle B yields the Pascal-like array

1 0 0 0 0 0
1 1 0 0 0 O
1 =2 1 0 0 O
1 -9 -9 1 0 O
1 =20 =26 =20 1 O
1 =35 =30 =30 —-35 1

2.18 Transformations on integer sequences

In this section, we shall use the notation Geq to denote the set ZMo of integer sequences. By
an integer sequence transformation 7" we shall mean a mapping

T:Geq — Geq

such that
T(ri(an) + r2(by)) = 1T (an) + r2T(by,)

for r1,r € R.
Example 55. We define the binomial transform
B : Geq — Geq
to be the transformation of integer sequences defined by
b= (Z)

Thus B{a,} = {b,} where b, is defined above. Since (}) is always an integer, this is a
mapping from Seq to Geq. It is a classical result that this transformation is invertible, with
the inverse, which we denote by B!, given by

ay, = g(—w—k (Z) br.

43


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A117411
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A006495

We have already seen above that if A(x) is the e.g.f. of the sequence (ay,)n>0, then exp(z)A(x)
is the e.g.f. of the binomial transform (b,). It is not difficult to show that the k-th iterate
of B, denoted by B*, is given by

B*.a, —b, = Zk’”’j <T,L)aj.
j=0 J

We shall see later that if A(x) is the o.g.f. of (a,)n>0, then

=4 ()
1—=x 1—=x

is the o.g.f. of the binomial transform of (ay,).

Example 56. The partial sum of the sequence (ay),>0 is the sequence (b,,)n>0 given by

n

bn = Zak.

k=0

This obviously defines a mapping
P Geq — Geg.
If A(z) is the o.g.f. of (a,) then the o.g.f. of (b,) is simply given by ﬁA(a:)

Example 57. Define a transform of the sequence (a,,),>0 by the formula

n

b= (—1)""ay.

k=0

Then the o.g.f. of (b,) is given by H%A(m) This corresponds to the fact that (b,) is the

convolution of (a,) and the sequence with general term (—1)".

Example 58. Define a transform of the sequence (a,,),>0 by the formula

by = (—1)fa.

k=0

Then the o.g.f. of (b,) has generating function =A(—x). (b,)n>o is called the alternating
sum of (ay,).

Example 59. In this example, we define a transformation on a subspace of Geq. Thus let
Geq, denote the set of integer sequences (a,)n>o with ap = 0. For such a sequence (ay)
with o.g.f. A(z), we define the INVERT transform of (a,) to be the sequence with o.g.f.

B(z) = 1f,(4x()q;)' We note that since ay = 0, we also have by = 0. Hence we have

INVERT : Geqy — Geq,.
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A number of consequences follow from this. For instance, we have

B(x)

Ax) = T—B@)

Similarly, we have

and hence
n
Ay — bn = E (Ijbn,]’.
k=0

Finally, since ag = 0 and by = 0, we can calculate the b,, according to

n—1
bn = Ay — E afjbn—j-
J=1

As an example, the Fibonacci numbers F(n) with o.g.f. —%— have INVERT transform

1—z—x?
equal to the Pell numbers Pell(n) with o.g.f. Thus

T
1-2z—22"

F(n) — Pell(n) = z”: F(k)Pell(n — k) = F x Pell(n)

Example 60. Let (¢, x)n >0 be an element of ZNo*No. Then (¢, ;) defines a transformation
from Geq to Geq in the following natural way. Given {a,} € Geq we can define {b,} € Seq

by
bn - Z Cn, kO,
k=0

where we place appropriate conditions on a,, or ¢, to ensure that the sum is finite for finite
n. Thus we consider the element (¢, 1)n x>0 € ZNN0 as an infinite integer matrix.

2.19 The Hankel transform of integer sequences

For a general (integer) sequence (a,),>o, we define

Qo aq e Qp,

ap as R T |
Ap—1 Qn, cee OG2p—1

Qp Apy1 - - QAo

Then the sequence of numbers h,, is called the Hankel transform of a,,. The Hankel trans-
form is closely associated to the theory of orthogonal polynomials, moment sequences and
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continued fractions [53, 99]. The link to orthogonal polynomials may be derived as follows.
We let

Qao ay ... Qp
aq Az ... QApt1
ho(z) = Ay(z) = :
Qp—-1 Gnp A2pn—1
1 T z"
Then letting
Ay (z)
P,(x) =
(z) A

defines a family of orthogonal polynomials when h,, # 0 for all n. This family will then obey
a three-term recurrence:

Puir(@) = (@ — ) Pa() — BuPa 1 ().
The Hankel transform can be calculated [132, 227] as
h = ag BT B3 By B
The generating function of the sequence a,, is given by
Qg

g(x) = Zanl'n = 6112
n=0 1+ QoL —

2
1"‘@133—%

2.20 Simple Pascal-like triangles

We shall be concerned in Chapters 10 and 11 with the construction of generalized Pascal-like
triangles. In this section, we will study several simple families of Pascal-like triangles, as
well as looking at three Pascal-like triangles with hypergeometric definitions. By a Pascal-
like triangle we shall mean a lower-triangular array 7;, , such that T, = 1, Ty, = 0% and
Tt = Thn—tk-

The first family of Pascal-like triangles corresponds to integer sequences a,, with ay = 0 and
a; = 1. We define the triangle T, by

T.(n, k) = [k < n](1+ a(k)a(n — k)].

Clearly this triangle is Pascal-like. We note that the row sums are given by n + 1 +
> or_ga(k)a(n — k) while the central coefficients T,,(2n,n) are given by 1+ a(n)?.
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Example 61. Taking a(n) = F'(n), we obtain the triangle

100000
1170000
121000
122100
132310
143 3 41

with row sums equal to n+ 14>} _, F(k)F(n — k) with g.f. % The central

coefficients in this case are given by 1+ F(n)?2.

Example 62. The case of a(n) =1 — 0™ is of some interest. We obtain the matrix

100000
110000
121000
122100
122210
122 2 21

with general term [k < n](2 — 0¥("=*)). Taking the matrix obtained by removing the first
row as a production matrix (see Chapter 4), we find that this matrix generates the array
A132372, which begins

w = O

1 0
1 0
2 1
6 10 5
22 38 22
90 138 98 38

0
0
0
1
7

_ o O O O O

0
0
0
0
1
9

In terms of the so-called Deleham construction (see Chapter 5) this is the array

,1,2,1,2,1,2,1,...] A [1,0,0,0,...]
with generating function
1
. z(1+vy)
x
1—
2z
1 —
x
1 —
2x
1—
1
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The inverse of this array is the following signed version of the Delannoy triangle A008288

1 0 0 0 0 0
-1 1 0 0 0 0
1 -3 1 0 0 0
-1 5 -5 1 0 0
1 -7 13 -7 1 0

1

-1 9 =25 25 -9

This is the Riordan array

1 z(1—2)
1+2 1+z )
In general, the Pascal-like array with general term [k < n](r — (r — 1) * 0¥(=%) Jeads in a
similar manner to the array

(1—1—(7"—2)95 (1l —x) >
I+(r—1)z’ 1+ (r—1)z /)"

The next family of Pascal-like triangles derive many of their properties from Pascal’s triangle
B with general term (Z) Thus we define the triangle B, to be the triangle with general

term
n

Tor(r) = [k < n] ((k> (r—(r—210""% —(r—-10"+(r— 1)0”*’“) .

Clearly, By = B, while T}, ,,_x(r) = T, x(r) shows that this is a Pascal-like family of matrices.
We have

1 0 0 0 0 O
1 1 0 0 0 0O
1 2r 1 0O 0 0
B, = 1 3r 3r 1 0 0
1 4 6r 4 1 0
1 5r 10r 10r 5r 1
Thus
1 00 0 0O
1 10 0 00
1 01 000
B, = 10 0100
1 00 0 10
1 00 0 01
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with inverse

1 00000
-1 1 0 0 00
-1 01 0 00
B;' = -1 0 01 00 ’
-1 0 0 0 1 0
-1 0 0 0 0 1
while
1 0 0 0 0 O
1 1 0 0 0 0
1 4 1 0 0 0
B,=| 16 6 1 0 0
1 8 12 8 1 0
1 10 20 20 10 1

Interesting characteristics of these triangle are given below.

Sequence Formula g.f.
n—(r— — O 1—a+(r—Dz*
Row sums r2" —(r—1)(2—-0") e
Diagonal sums rFn+1)—(r—1) (# - 0”) 1_z(1r3;2;(11)f;¥2_)1)x
Central coefficients ") (r—(r—1)0") -
. W T
Central coefficients <L% J) (r—(—-1)(,))

Example row sums are presented in the next table, along with their inverse binomial trans-

forms, which have g.f. %
r Row sum sequence A-number | Inverse binomial transform
0 1,2,2,2,2,2,2,... A040000 1,1,-1,1,—-1,1, ..
1 1,2,4,8,16,32,64,. .. A000079 1,1,1,1,1,1,...
2| 1,2,6,14,30,62,126,... A095121 1,1,3,1,3,1,..
31 1,2,8,20,44,92,188, ... A131128 1,1,5,1,5,1,..
411,2,10,26,58,122,250,... | A131130 1,1,7,1,7,1, ..

These row sums have the interesting property that when we apply a certain inverse “Cheby-
shev” transform to them then the resulting sequences have interesting Hankel transforms.
Anticipating results of later chapters, we have the following. Consider the family of sequences
13] n
an(r) = (k> (r2" 2 — (r = 1)(2 = 0"7%)).
k=0
The sequence a,(r) is obtained from the corresponding row sum sequence by applying to

it the Riordan array (1 a7 T fx2> Letting h,(r) denote the Hankel transform of a,r, we
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find that the ratio
ha(r)
(2r)"
has a form whose formula is easy to conjecture. The first few of these sequences is as follows :

First elements of sequence IZ;(Q

1,1,2,5,5, -2, —11, —11,2,17,17, ...
1,1,0,—1,-1,0,1,1,0, -1, —1,...
1,1,-2,-7,2,13,13,—2,-19, —19, ...
1,1,—4,—13,—13,4,25,25, —4, —37, —37, . ..

W =] O 3

The indicated form of the Hankel transform of a,(r) is then
h, 4 9 1 . 9 9 1
(2£;2 = —g(r - 1) (cos (g(n — 2)7r) + 5) +(—=1)3(2n(r —1)+1) (§ cos (%) + 5)
n— 2 2(n—1 1
+(—1)T1(2(n —1)(r—1)+1) (§ Ccos (y) + g) .

where the sequence on the right has generating function

1+z)(1—236r—7)) 2(r— 1)x2.

(14 23)2 1— a3

The next family Ty,z is simple to describe : the rth member of the family has general (n, k)-th

element given by
Ty = [ (1 + Ve + 2%

T° is Pascal’s triangle, so we obtain a parameterized family of Pascal-like triangles 7 with
7O = B.

The first few members of the family are

1 1 1

1 1 1 1 1 1

1 2 1 1 3 1 1 4 1

1 3 3 1 1 6 6 1 1 9 9 1

1 4 6 4 1 1 10 19 10 1 1 16 34 16 1

1 5 10 10 5 1|1 15 45 45 15 1|1 25 90 90 25 1
1 1 1
1 1 1 1 1 1
1 5 1 1 6 1 17 1
1 12 12 1 1 15 15 1 1 18 18 1
1 22 51 22 1 1 28 70 28 1 1 34 91 34 1
1 35 145 145 35 1|1 45 210 210 45 1|1 55 285 285 55 1

20



These triangles exist for negative values of r as well. For instance,

1 1 1
1 1 1 1 1 1
1 1 1 1 0 1 1 -1 1
1 0 0 1 1 -3 -3 1 1 6 -6 1
1 -2 -5 -2 1 1 -8 -14 -8 1 1 -14 -21 -14 1
1 -5 -15 -15 -5 1|1 -15 -30 -30 -15 1|1 -25 -35 -35 -25 1
correspond to the values 7 = —1, r = —2 and r = —3, respectively. The general triangle 7"
is given by
1
1 1
1 r42 1
1 3r+3 3r+3 1
1 6r+4 72412146 6r+4 1
1 10r+5 572430r+10 57r24+30r+10 10r+5 1

with bivariate generating function

1—z(1+vy)
1—2x(1+y)+22(1 — (r —2)y + y?)

Tui= Z ()t

The central coefficients of the triangle T are given by

, " (n+k 2n
e = £ ()"

k=0

o (20 (20 -2k
- ok )\ n—k )"
k=0

G(x,y) =

and general term

The coefficient array (";Ck) (ffk) begins
1 0 0 0 0 0
2 1 0 0 0 0
6 12 1 0 0 0
20 90 30 1 0 0
70 560 420 56 1 0
1

252 3150 4200 1260 90

o1



The k-th column of this array has g.f. given by

¥ (%) (L)t

(1 — 4z)@+D)/2

TO(2n,n) = (*") while 7" (2n,n) is A02758.
We further note that the inverse binomial transform of 7") has a special form. We find
in fact that B~'T) is the array

1 0 0 O 0 O
01 0 O 0 O
O r 1 O 0 0
0 0 3r 1 0 0
00 60 1 0
00 0 52 10r 1

with general term

n n—k __ n n—k
(Qk: _ n)r - (Qn _ Qk)r '

This observation allows us to generalize the foregoing construction. Thus if a,, is a sequence
with ag = 1, we form the matrix with general term

1= (3) (oo

i = Z () o )
since (%) = ().

Thus for a,, = F(n+ 1) we obtain the matrix A162745 which begins

We have

1 0 0 0 0 0 0
11 0 0 0 0 0
1 3 1 0 0 0 0
1 6 6 1 0 0 0
1 10 20 10 1 0 O
1 15 50 50 15 1 0
1 1

21 105 173 105 21

with row sums starting 1,2,5,14,42,132,427,.... This is the sequence A162746 which is
equal to the second binomial transform of the aerated Fibonacci numbers starting at index

52


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A082758
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A162745
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A162746

1. This sequence has general term b, given by
" 1] i
b, = F(k+1
% ()% (@)reen

= Y ok (Z) Fk/2 + 1)%%

k
L

> <2T;> 2" P (k4 1).

k=0

— o

wIs |

The case a,, = C), is a special case, yielding the matrix with general term
jzo 3/ \20 = k) !

which begins

1 0 0 0 0 0 0
1 1 0 0 0 0 0
1 3 1 0 0 0 0
1 6 6 1 0 0 0
1 10 20 10 1 0 O
1 15 50 50 15 1 O
1 21 105 175 105 21 1

This is the Narayana triangle A001263. The row sums of this matrix are C,, ;. We obtain

n 1] . n L5]
o n J _ n—k [T 1+ (_1>k n n—2k
Con =Y (j) (%)Ck ~3 0 (k>cg—2 )2

=0 k=0 k=0 k=0

Example 63. We let a, = w, with e.g.f. cosh(z). Then we obtain the matrix that
begins

10 0 0 0 00

110 0 0 0O

12 1 0 0 00

13 3 1 0 00

14 7 4 1 00

1 5 15 15 5 1 0

1 6 30 50 30 6 1

with row sums that start 1,2,4,8,17,42,124,408, ... with general term
izn"“ n\ 1+ (=1)3 1+ (—1)*
k 2 2 '
k=0
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The Hankel transform of this sequence is 1,0,0,—1,0,0, . ...

Example 64. We now take a,, = n!. We obtain the triangle A162747 which begins

1 0 0 0 0 0 0
11 0 0 0 0 0
1 3 1 0 0 0 0
1 6 6 1 0O 0 0
110 20 10 1 0O O
1 15 50 50 15 1 O
1 1

21 105 176 105 21
with row sums that start 1,2, 5, 14,42, 132,430, 1444, 4984, . . .. This is the sequence A162748,
equal to the second binomial transform of the aerated factorial numbers. It has general term
1)

£ 0 (£

k=0 k=0

|3

and generating function expressible as the continued fraction

1—2x— 5
1—2x —

1—2x —

1—2x—

1—27—---
The Hankel transform of this sequence is A137704.

Example 65. The following example will be returned to in Chapter 11. We let a, =
(2n — 1)l = ! These are the double factorial numbers, A001147, with e.g.f. Jll—ﬁ This

2nn!”

gives us the Pascal-like triangle that begins

1 0 0 0 0 0 0
11 0 0 0 0 0
1 3 1 0 0 0 0
1 6 6 1 0 0 0
1 10 21 10 1 O O
1 15 535 55 15 1 0
1 1

21 120 215 120 21
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with row sums starting 1,2, 5, 14,43,142,499, ..., A005425, with general term

> (4) zsk(!g)x =

k=0

2
2z+ %

The e.g.f. of this sequence is e . The Hankel transform of this sequence is the sequence

of superfactorials AO00178.

We close this section by looking at three special arrays whose binomial transforms are Pascal-
like, along with three closely related triangular arrays. Thus we consider the expressions

1 n n 4 1 n n 4
2 1(2 27 2’T’Q3) and 2 1(2 2a 2’717513'2)
1

forr =5, r=1andr=2.
Starting with the value r = %, we find that z" o F} (% — 5,5 %; %) defines the sequence of
polynomials

1z, 2% + 4z, 23 + 1222, 2t + 2423 4+ 1622, 2° + 402* + 8023, . ..

with coefficient array

100 0 0 O
01 0 0 0 O
04 1 0 0 O
0012 1 0 O
0 0 16 24 1 0
0 0 0 8 40 1

which is the matrix ( " )4"*’“. We find that its binomial transform is the matrix 7%

2k—n
1 0 0 0 0 0
11 0 0 0 0
1 6 1 0 0 0
1 15 15 1 0 0
1 28 70 28 1 0
1 45 210 210 45 1

2n

2k). This is the coefficient array of the polynomials

with general term (
"o Fy (—n,—n +1/2;1/2;1/x).
Thus n
" o Fy(—n,—n+1/2;1/2;1/x) = Z (ZZ)Q:]“

k=0
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1 n nld < n ~ (N (29
nop (2D P22 L gn—kok _ 1) k.
v 1(2 2’ 2’2’1;) Z(?k—n) ! k:oj-:o( ) (J) (%)x

k=0
We note further that the polynomials 5 F (% — 5 =5 %; 4x) or
1,142 + 1,122 + 1,162 + 242 + 1,802 + 40z + 1, . ...

are given by

Associated with these arrays is the coefficient array of the family of polynomials

1 n n1l 4
LU A
1'21(2 27 272’.@2)

1z, 2% + 4, 2% + 122, 21 + 242% + 16, 2° + 402 + 80z, . . .

or

The coefficient array is then given by

1 0 0 0 00
0 1 0 0 00
4 0 1 0 00
0 12 0 1 0 O
16 0 24 0 1 0
0 8 0 40 0 1

with general term

indicating that

1 n nl 4 "2 (N gy el (=) F
n_p - _ vl ) = 4(n ky/2- "\ ) k.
v 1(2 2’ 2’2’x2) Z(k) >

We now consider the family =" 5 F} (% -2 21 ) of polynomials:
1z, 2% + 2z, 2% 4+ 622, 2t + 122 + 622, 2° + 202 + 3023, . ..
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with coefficient array A105868:

100 0 0 O
010 0 0 0
021 0 0 0
006 1 00
006 12 1 0
0 0 0 30 20 1

with general term

This signifies that

1 n n _ 4 - k n
L 2 LS P J
v 1(2 272 x> £ (n—k;)(k:)x

Taking the binomial transform of this coefficient array, we obtain the number triangle

1 0 0 0 0 0
11 0 0 0 0
1 4 1 0 0 0
19 9 1 0 0
1 16 36 16 1 0
1 25 100 100 25 1

n

which has general term (k)2 A008459. This is the coefficient array of the family of polyno-

mials defined by
anFI(_n7 —n; 1; 1/3:)7

so that

n 2
"ok (—n,—n;1;1/z) = Z (Z) zF.

k=0

1 n n_4 " n\ (J 2
n F 1= — -1 n—j k.
T ol (2 27 2) ,ZL’> " j0< ) (,]) (k’) T

We note further that the polynomials o F (% — 5,5 1 4x) or

We also have

1,1,22 + 1,62 + 1,622 + 122 + 1,302% + 20 + 1, . ..
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are given by

In particular, we have

2] n
1 n n n 2k k n
+f (5‘5’_5’1’4): (%)(k)‘ (n—k)(k)‘t"
k=0 k=0

where ¢, = [2"](1+z+2?)" denotes the n-th central trinomial coefficient A002426. Similarly

s D N [ [V

k=0

is A098331.
We consider now the family 2" »Fy (3 — %, -%;1; %), or

1z, 2%+ 2, 2% + 62,2 + 1222 4+ 6, 2° + 202> + 30z, . ..

with coefficient array

1 0 0 0 0O
01 0 0 0O
2 0 1 0 00
0 6 0 1 00
6 0 12 0 1 0
0 30 0 20 0 1

A109187 with general term

(1) ()

This array counts Motzkin paths of length n having k& (1,0)-steps. We have

. 1 n n_ 4 U [tk n\ (14 (-1)"*
o (35 -g) =2 (7)) () T

k=0

8

Finally, we consider the family x™ o F} ( — 2,52 ), or

1
2

1z, 2%+, 2% + 322, 2% + 62° + 222, 2° + 102* + 1023, . ..
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with coefficient array A107131

100 0 0 O
010 0 0 0
011 0 0 0
003 1 00
002 6 1 0
0 00 10 10 1

which has general term

[k < n] (%”_ n) Crus.

Again, this array is associated to the counting of Motzkin paths, and it has as row sums the
Motzkin numbers. We have

1 n n _4 “ n
n F o __.2._ — n— k.
v 1(2 27" Y x) ;<2k—n>c ke

Multiplying this coefficient array by the binomial matrix B, we obtain the Narayana numbers

0O 0 0 0 0
0 0 0
1 0 0
6 1 0
10 20 10 1

1
1 1
1 3
1 6
1
1 15 50 50 15

This triangle is the coefficient array of (z — 1)" o F} (—n, n+ 3;2; ﬁ) Thus

. 1Y & 1 [n\[(n+1\ ,
(xr—1) 2F1( n,n+3,2,1_$)—kz:%—k+1<k)( i )x

We note further that the polynomials o F (% — 5,552 4x) or

1,1,z +1,3z+ 1,22 + 62+ 1,102% + 10z + 1, . ..

are given by

In particular, we have
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the n-th Motzkin number (A001006). From the above, we also see that

i n
M, = Ch_r.
> (o4 )

We look now at the family 2" o Fy (3 — %, —%;2; %), or
Lz, 2+ 1,2° + 3z, 2* + 622 + 2, 2° + 102> + 10z, . ..

with coefficient array A097610 which starts

1 0 0 0 0O
01 0 0 00
1 01 0 00
0 3 01 00
2 0 6 0 10
0 10 0 10 0 1

with general term

n 1+ (—1)n*
() —

This array counts Motzkin paths of length n having k horizontal steps. The row sums of the
array are indeed the Motzkin numbers. We have

" 1 n n_ 4\ < (n L+ (=1)"*k
o (5= 55t ) =3 () ot TGt

k=0

It is interesting to note that the family of polynomials given by
" o Fy(—n, —n+ 1;2;1/x)
which begins
Lz, z(x+1),z(2* + 3z + 1), 2(2® + 62° + 6z + 1), (2" + 102° + 202% 4+ 10z + 1), . ..

has coefficient array given by the Narayana numbers

100 0 0 O
01 0 0 0 O
01 1 0 0 0
01 3 1 0 0
01 6 6 1 0
0 1 10 20 10 1

60


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A001006
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A097610

with general term

1
n + Ok

n
k

1
k

n—1
k—1

n

N — ntk
(n,k) =0""" + b1

()2 = (e G

Thus 2" o Fy(—n, —n +1;2;1/2) = >, _, N(n, k)z*. In particular, we find

The family of polynomials
"o Fi(—=n, —n +1;1;1/x)

has coefficient array

10 0 0 0 O
01 0 0 0 O
021 0 0 O
03 6 1 0 O
0 4 18 12 1 0
0 5 40 60 20 1

with general term N(n,k)(n —k+ 1). Thus
"o Fi(—n,—n+1;1;1/z) =
k

N(n,k)(n —k+ 1)a".

2n—1
n

In particular we find that o Fy(—n, —n + 1;1;1) = (

), A088218.
We summarize these findings as follows.

k—1

1
k+ 0k

n

)

Polynomial family Coefficient array Polynomial family Coefficient array
o RG- b -higd) | Gl (e RG - h o) | ()47
R -5 51D [ (DG rORG- 5 -nkd) | () () EE—
RG-5 32| ()0 [ e RG -3 5% | (0BG

We note the following. We have

1

n nl 4 n\ ok 14 (=1)"7%
nF - .. = — 472
" 1(2 2’ 2’2’r2) Z%(k) 2
n 1\
k 2
k=0

Thus this is the r-th binomial transform of the aerated sequence 1,0,4,0, 16,0, 64,0, ... with

g.f. ﬁ. Thus the sequence with general term r" gFl(%—g, -5 %; %) has g.f.
that is,
1 n nlH4 1—rx
L 2N (L R .
"2 1(2 2’ 2’2’r2) Sy ey
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Similarly we have

1 n n_ 4 " n\ (n—k\1+ (=1)"F ,
nR (22 22 ) = L
) 1(2 27 27 77’2) <k)< n;k) 9 T

T = (Z) m (/jz) %_N

which shows that " oF} (% — 5, =5 1; 1%) is the r-th binomial transform of the aerated

sequence of central binomial coefficients 1,0,2,0,6,0,.... Hence this sequence has g.f.

1 .
\/1727"27(471"2)22 ’ that 15,

b
3
<)

1 n n 4 1
Moy | s — 5,5 ) = [2" :
? 1<2 27 2 7”2) | ]\/1—27"30—(4—7’2)152

Finally, we have

n

1 n n_4 n L+ (=) "

nop (222 29 2 ) = E 2
"2 1(2 2’ ’r2) % O(k>02’“ >
1 —1)*
= (n> Tnka/Q%

k
k=0

S|

where the last expression is the r-th binomial transform of the aerated Catalan numbers.
Thus

N 1 n n_4 w1l —re—/1—2kx — (4 —r?)a?
o Fy (5—57—532; 7,—2) = [2"] ) '
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Chapter 3

Integer sequences and graphs '

Integer sequences arise naturally in the study of graphs. They are closely related to the
notion of walk or path on a graph, and their enumeration. In this chapter we shall study
the cyclic groups, and find links to a family of decompositions of Pascal’s triangle. The role
of the circulant matrix is central to much of the work of this note. We first recall some
definitions and then study some sequences associated to particular types of graph.

A graph X is a triple consisting of a vertex set V = V(X), an edge set £ = E(X), and a
map that associates to each edge two vertices (not necessarily distinct) called its endpoints.
A loop is an edge whose endpoints are equal. To any graph, we may associate the adjacency
matriz, which is an n x n matrix, where |V| = n with rows and columns indexed by the
elements of the vertex set V and the (x,y)-th element is the number of edges connecting
x and y. As defined, graphs are undirected, so this matrix is symmetric. We will restrict
ourselves to simple graphs, with no loops or multiple edges.

The degree of a vertex v, denoted deg(v), is the number of edges incident with v. A graph
is called k-regular if every vertex has degree k. The adjacency matrix of a k-reqular graph
will then have row sums and column sums equal to k.

A matching M in a graph X is a set of edges such that no two have a vertex in common.
The size of a matching is the number of edges in it. An r-matching in a graph X is a set
of r edges, no two of which have a vertex in common. A vertex contained in an edge of M
is covered by M. A matching that covers every vertex of X is called a perfect matching.
We note that a graph that contains a perfect matching has an even number of vertices. A
maximum matching is a matching with the maximum possible number of edges.

If x, y € V then an z-y walk in X is a (loop-free) finite alternating sequence

T = T0,€1,21,€2,T2,€3,...,Cr-1,Ty—1,Cp, Tyr =Y

of vertices and edges from X, starting at the vertex x and ending at the vertex y and
involving the r edges e; = {z;_1,2;}, where 1 <14 <r. The length of this walk is r. If x =y,
the walk is closed, otherwise it is open. If no edge in the z-y walk is repeated, then the walk
is called an z-y trail. A closed z-z trail is called a circuit. If no vertex of the z-y walk is
repeated, then the walk is called an x-y path. When x = y, a closed path is called a cycle.

IThis chapter reproduces the content of the published article “P. Barry, On Integer Sequences Associated
with the Cyclic and Complete Graphs, J. Integer Seq., 10 (2007), Art. 07.4.8” [19].
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The number of walks from z to y of length r is given by the x, y-th entry of A", where A is
the adjacency matrix of the graph X.

The cyclic graph C, on r vertices is the graph with r vertices and r edges such that if we
number the vertices 0,1,...,r — 1, then vertex 7 is connected to the two adjacent vertices
i+ 1 and ¢ — 1(modr). The complete graph K, on r vertices is the loop-free graph where for
all z,y € V,x # y, there is an edge {z,y}.

We note that C5=K3.

A final graph concept that will be useful is that of the chromatic polynomial of a graph.
If X = (V,F) is an undirected graph, a proper colouring of X occurs when we colour the
vertices of X so that if {z,y} is an edge in X, then z and y are coloured with different colours.
The minimum number of colours needed to properly colour X is called the chromatic number
of X and is written y(X). For k € Z*, we define the polynomial P(X, k) as the number of
different ways that we can properly colour the vertices of X with & colours.

For example,

P, k) =k(k—1)...(k—r+1) (3.1)

and
P(Cr k)= (k—=1)"+ (=1)"(k—1). (3.2)

3.1 Notation

In this chapter, we shall employ the following notation: r will denote the number of vertices
in a graph. Note that the adjacency matrix A of a graph with r vertices will then be an
r x r matrix. We shall reserve the number variable n to index the elements of a sequence,
as in a,, the n-th element of the sequence a = (a,)n>0, or as the n-th power of a number
or a matrix (normally this will be related to the n-th term of a sequence). The notation 0™
signifies the integer sequence with generating function 1, which has elements 1,0,0,0, .. ..
Note that the Binomial matrix B and the Fourier matrix F, (see below) are indexed from
(0,0), that is, the leftmost element of the first row is the (0,0)-th element. This allows us
to give the simplest form of their general (n, k)-th element ((}) and e~ respectively).
The adjacency matrix of a graph, normally denoted by A, will be indexed as usual from
(1,1). Similarly the eigenvalues of the adjacency matrix will be labelled A, Mg, ..., A,.

In the sequel, we will find it useful to use the machinery of circulant matrices.

3.2 Circulant matrices
We now provide a quick overview of the theory of circulant matrices [64], as these will be
encountered shortly. An r x r circulant matrix C is a matrix whose rows are obtained by

shifting the previous row one place to the right, with wraparound, in the following precise
sense. If the elements of the first row are (¢q,...,¢,) then

Cikk = Ck—j+1
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where subscripts are taken modulo n. Circulant matrices are diagonalised by the discrete
Fourier transform, whose matrix F, is defined as follows : let w(r) = e=2™/" where i = v/—1.
Then F, has 4, j-th element w*/, 0 <i,5 <r — 1.

We can write the above matrix as C = circ(ey,...,¢). The permutation matrix 7 =
circ(0,1,0,...,0) plays a special role. If we let p be the polynomial p(z) = ¢; + cox +
.+ ca™ !t then C = p(7).

We have, for C a circulant matrix,

C = F!AF,
A = diag(p(1),pw),...,plw™")).
The i-th eigenvalue of Cis \; = p(w'), 0 <i <r —1.

3.3 The graph C3; and Jacobsthal numbers

We let A be the adjacency matrix of the cyclic graph C'5. We have
011
A=|10 1
110

Here, p(x) = z(1 + z). We note that this matrix is circulant. We shall be interested both
in the powers A" of A and its eigenvalues. There is the following connection between these
entities:

trace(A") = Z A}
j=1

where Ay, ..., )\, are the eigenvalues of A. Here, r = 3. In order to obtain the eigenvalues of
A, we use F3 to diagonalize it. We obtain

2.0 0
F;'AF;=( 0 -1 0
0 0 -1

We immediately have
trace(A™) = 2" 4+ 2(—1)".

Since Ji(n) = (2" +2(—1)")/3, we obtain
Proposition 66. Ji(n) = strace(A™)

Our next observation relates J;(n) to 3-colourings of C... For this, we recall that P(C,., k) =
(k—1)"+ (—=1)"(k —1). Letting k = 3, we get P(C,,3) =2" +2(—1)".
Proposition 67. J;(r) = 3 P(C,,3).
Since A is circulant, it and its powers A" are determined by the elements of their first rows.

We shall look at the integer sequences determined by the first row elements of A" - that is,
we shall look at the sequences ag?, for j =1,2,3.

65



Theorem 68.
Y = Ji(n), afy = J(n), afy = J(n).

Proof. We use the fact that

2" 0 0
A"=F*'[ 0o (-1)» 0 F (3.3)
0 0 (=1
Then
1 1 1 1 2" 0 0 1 1 1
A" = 3 1 w w? 0 (=)™ 0 1 w W
1 w? Wt 0 0 (=1 1 w? Wt
= 3 ) 1 w w
. 1 w? w4

1
3
Thus we obtain

affy = (2"+2(-1)")/3

a§2) = ( (

afy = (2"+ (-1
The result now follows from the fact that
14wy +wi=1+w]+w;=0.

O]

Corollary 69. The Jacobsthal numbers count the number of walks on Cs. In particular,
Ji(n) counts the number of closed walks of length n on the edges of a triangle based at
a verter. J(n) counts the number of walks of length n starting and finishing at different
vertices.

An immediate calculation gives

Corollary 70.

2" = a{} + oy +ay).

The identity
2" =2J(n) + Ji(n)

now becomes a consequence of the identity

2" = agl) + ag:s) + gg)
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This is a consequence of the fact that C3 is 2-regular. We have arrived at a link between
the Jacobsthal partition (or colouring) of Pascal’s triangle and the cyclic graph C5. We
recall that this comes about since 2" = J;(n) + 2J(n), and the fact that J;(n) and J(n) are
expressible as sums of binomial coefficients.

We note that although C3 = K3, it is the cyclic nature of the graph and the fact that it is
2-regular that links it to this partition. We shall elaborate on this later in the chapter.

In terms of ordinary generating functions, we have the identity

1 1—=x T T
2 (1ol-20) (+o0(-20) (1+2)0_20)

and in terms of exponential generating functions, we have

2 3 3 2 3
exp(2z) = 3 exp(—x) (1 + exp(g) sinh(?x)) + 2§ exp(g) sinh(g)

or more simply,
1 1
exp(2z) = g(exp(Qx) +2exp(—x)) + 2§(exp(2x) — exp(—x)).

An examination of the calculations above and the fact that F is symmetric allows us to state

Corollary 71.
(n)

al” 11 on
AV =z 1 w o? (—1)"
CL%) 1 w? Wt (=)™

In fact, this result can be easily generalized to give the following

(n)

o "

n 1 )\n

“2 o Cp | 7 (3.4)
: r :

o ¥

so that )
A" = cire(al”, a\?, ... a\™) = cire(ZF,(\7, ..., A™)).
T

It is instructive to work out the generating function of these sequences. For instance, we

have
(n) 1.2”+w.(—1)”+w2.(—1)”
a1 = :
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This implies that agg) has generating function

()_1 1 N w +w2
92AP) = s\ 10y " 142 14z

_ 1 ((1 +2)2 +w(l +z)(1 - 22) + (1 —23:)(1—|—q;))

3 (1-22)1+2z)(1+x)
B 3z(1 + x)
o 3(1—22)(1 + )2
B x(1+x)
1 — 322 — 223

[p——ot

This is as expected, but it also highlights the importance of
(1—22)1+2)(1+2z) = (1 - \2)(1 = Xz)(1 — A3z) = 1 — 32° — 22°.

Hence each of these sequences not only obeys the Jacobsthal recurrence

Ay, = Ap—1 + 2ay_2

but also
an = 3Gy_o + 2a,_3, n>3.

Of course,
1—32% = 22° = (1 - p(w3)a)(1 = p(w3)z)(1 - p(w3))

where p(x) =z + 2%

3.4 The case of C}

For the cyclic graph on four vertices Cy we have the following adjacency matrix

0101
1 010

A= 010 1 (3.5)
1010

Here, p(z) = x(1 + 2?). We can carry out a similar analysis as for the case n = 3. Using F
to diagonalize A, we obtain

-1 -
FIAF = S

0

O O O N

o O O O
)

o O OO

From this, we can immediately deduce the following result.
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Theorem 72.

1 1
JfraceA”™ = 2(2" + (=2)" +2.07) =1,0,2,0,8,0,32,.. .

Theorem 73.
aV = (2" +(=2)"+2.0")/4=1,0,2,0,8,0,32,...
al?) (2" — (—=2)")/4=10,1,0,4,0,16,0...
aly (2" + (=2)" — 2.0")/4 =0,0,2,0,8,0,32, ...
alV = (2" = (=2)")/4=0,1,0,4,0,16,0,...
Proof. We have
1 1 1 1 ™ 0 0 0 11 1 1
An_l 1 —i =1 i 0 o 0 0 1 i =1 —i
411 11 -1 0 0 (=2 0 1 -1 1 -1
1 + -1 — 0 O 0 0" 1 — -1

From this we obtain

aiy =

(27 40" + (—2)" +0") /4 = (2" + (—2)" +2.0") /4
apy = (20007 = (22)" 0" /A = (27— (=2)")/4
W= (27— 10"+ (=2)" — 1.0") /4 = (2" + (=2)" — 2.0") /4
(2"

(n) _ +0.0" — (=2)" —i.0") /4 = (2" — (=2)") /4.

Ay =
O]
Corollary 74. The sequences above count the number of walks on the graph Cy. In par-

ticular, aY{) counts the number of closed walks on the edges of a quadrilateral based at a
vertez.

An easy calculation also gives us the important
Corollary 75.
o = o™ 4 g™ 4 gy )
11 12 13 14
In terms of ordinary generating functions of the sequences a{”, a{%, a', a!”) we have the
following algebraic expression

11 (1—2x+ T +2x2+ a:>
1—-22x 1-2x\1+22 1+2z 142x 1422
Anticipating the general case, we can state
Theorem 76. There exists a partition
B=B¢+B; +B:+Bg
(n) _(n) _(n) _(n)

where the By are zero-binomial matrices with row sums equal to ayy’, ayy , Gy, Gy, , TESpec-
twely, fori=0...3.

69



In fact, we have

n n

@ - ()
2k—n=0 mod 4

n n

@ - ()
2k—n=1 mod 4

n n

A=Y (k)

2k—n=2 mod 4
(n) } : n
a = .
14 k
2k—n=3 mod 4

We shall provide a proof for this later, when we look at the general case. Each of these
sequences satisfy the recurrence
anp = 4an,2.

We can see the decomposition induced from Cjy in the following coloured rendering of B.

100 0 0 00 1 0 0 0
110 0 0 00 0 1 0 1
121 0 0 00 2 0 2 0
133 1 0 00 0 4 0 4

B=146 4 1 00 8 0 8 0
1510 10 5 1 0 0 16 0 16
16 15 20 15 6 1 32 0 32 0

3.5 The case of (5

This case is worth noting, in the context of integer sequences, as there is a link with the
Fibonacci numbers. For the cyclic graph on five vertices C5 we have the following adjacency
matrix

01001
1 0100
A=l01010 (3.6)
00101
10010
Here, p(z) = z(1 + z3).
Diagonalizing with F, we obtain
2 0 0 0 0
0 ¥—1 0 0 0
A=l0 o ¥ -1 0 0
0 0 0o -1 0
0 0 0 o L1
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or

Il
cCo o oW
oo oslmO
col oo

<
ol ooco

ASE
O O OO

where ¢ = @

Proposition 77. itrace(A") = (2" +2(—1)"(F(n+ 1)+ F(n —1)))/5.

Proof. We have itrace(A") = (2" + 2 <*/75 — %)n +2 (—‘/75 — %)n) /5. An easy manipula-

tion produces the result. O
This sequence is A054877.
Theorem 78.

W = (2”+2<§—%) +2<—§—% )/5

n+1 n+1
n 5 1 5
afy = (2"+ §—§ +<——— ) /5

1
2 2
\ (5 1\ (Vs o1 VB 1) (VB 1
ary = (2 N (7*5)*(‘7‘5) (7‘5))/5
. L (V5 1\ (V51 Ve 1\ (V5 1
aiy = (2 %3 (7*5)*(‘7‘5) (7‘5))/5
1
2

n+1 n+1
(n) n Vb o1 Vb
= |2 YL _Z Ve '
ajs ( + 7 3 + ( 5 /5
Equivalently,
o) = (2" 207" +2(—0)") /5
agg) _ (2n s <_¢>n+1) /5
ag) _ (2n g (_1)n¢n+l) /5
aff = ("¢ (-1 /5
agg) _ (2n Lot g (_¢)n+1) /5.
Proof. The result follows from the fact that the first row of A™ is given by $F(AT, A5, A5, A7, Az)'.

[]

Corollary 79. The sequences in Theorem 78 count walks on Cs. In particular, the sequence
aﬁ‘) counts closed walks of length n along the edges of a pentagon, based at a vertex.
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We note that a12) = a15 This is A052964. Similarly a13 = a14 This is (the absolute value
of) A084179.
An easy calculation gives us the important result

Corollary 80.

2" = a\? + ') +alP +alP +alY.

In terms of the ordinary generating functions for these sequences, we obtain the following
algebraic identity

I | <1—x—x2 22(1 — ) 222 )

1—22 1—-2z\14z—22 14+z—22 1+z—2%
Anticipating the general case, we can state the
Theorem 81. There exists a partition

B =By +B;+B;+B3+ By

where the B; are zero-binomial matrices with row sums equal to agq), ag), aﬁ’;,), aﬁ), aﬁ’;),

respectively, fori=0...4.

In fact, we have

n n
agl) = (k)
2k—n= O mod
n n
a§.2) = (k)
2k—n=1 mod 5
n n
2k—n= 2 mod
n n
W= Y (k)

2l—n=3 mod

v

(n) _ n
Q15 (k

2k—n=4 mod

We note that

(1 = p(wg)2)(1 = p(wz)2)(1 = p(wi)a) (1 = p(ws)2)(1 — p(w3)e) =1 = 52° + 5a* — 22°
for p(x) = x + 2* which implies that each of the sequences satisfies the recurrence

Qp, = DQp_3 — DAp_a + 20,,_5.
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3.6 The General Case of C.

We begin by remarking that since C,. is a 2-regular graph, its first eigenvalue is 2. We have
seen explicit examples of this in the specific cases studied above. We now let A denote the ad-
jacency matrix of C,. We have A = p(r) where p(z) = z+2""!, s0o A = circ(0, 1,0,...,0,1).

Theorem 82.

r

2" = Z aﬁ?)

j=1
where aﬁ?) is the j-th element of the first row of A™.

Proof. We have
n ]' n n n
(agj))lijﬁr = ;F(/\l ) )‘27 s 7/\7~)/
1 :
— ;(Z ARU=Dk=1))
k=1

Hence we have

i P = % Z Z A=D1
j=1

j=1 k=1
1 T T )
- = AP (G—1)(k-1)
Yy
k=1 j=1
1 1
= —rAl =-r2"=2"
r r

We can now state the main result of this section.

(n)

Theorem 83. Let A be the adjacency matriz of the cyclic graph on r vertices C,.. Let ay;

be the first row elements of the matrix A™. There exists a partition

B=Bo+B:i+...+B;1

where the By are zero-binomial matrices with row sums equal to the sequences aﬁ"ill, respec-

tively, fori=0...r — 1.

Proof. We have already shown that

n

r =3 (1) = 4
j=1

=0
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We shall now exhibit a partition of this sum which will complete the proof. For this, we
recall that A = p(r), where p(x) = x + 2"~'. Then

p(w))"
. p(wé)"
(@)zjer = e G
plwy )"
(wl _'_wl.(r 1))
_ e | @)
r :
( r 1+w(.r 1).(r 1))
(W 4+ w™ 0"
(W +w™Hr
r :
(wr—l Tw (r 1))
r—1
) = ISl et
1=0
1 r—1 n
_ _ZZ(Z)wklw—l(n k) 7(ﬂj—1)l
,
1=0 k=0

_ n 2kI+1(j—1—n)
= E w;
k

k=0
n
- k
r|2k+(j—1-n)

- = ()

2k=(n+1—j) mod r

|
/\

We thus have

(Bi)ns = [2k=n+1—imod 1] (Z)

1 2my
A" = circ [ -F, (2 cos( Wj)”) .
r " Jogj<r
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Proof. This comes about since (w/ + w™) = e2™4/k 4 e=2mii/k = 9 cos(2mj /1), H

This verifies the well-known fact that the eigenvalues of C, are given by 2cos(27j/r), for
0 <j<r—1]/[248]. It is clear now that if o; = i-th symmetric function in 2 cos(27j/r),

0 < j <r —1, then the sequences a'™

1 » 1 <J <r, satisfy the recurrence

r—1
Ap = O20p_2 — 03an_3+ -+ (=1)"""0,_1a,_1.

We thus have

Corollary 85. The sequences

ol

2.

2k=n+1—j mod r

(&)

+ (_1)T_10-T—1a7'—1

which satisfy the recurrence
p = 02Qp—9 — 03Qp_3 + -+

count the number of walks of length n from vertex 1 to vertex j of the cyclic graph C...

3.7 A worked example

We take the case r = 8. We wish to characterize the 8 sequences » g\ (i 1 (7) for

7 =1...8. We give details of these sequences in the following table.
sequence Qn binomial expression
1,0,2,0,6,0,20... | (1+(=1)")(0"+2.2"%4+2")/8 > k0 mod s (1)
0,1,0,3,0,10,0... | (1—(=D)")2"+v2(+2)")/8 2bn=1 mod s (1)
0,0,1,0,4,0,16,... (1+(-1)")2"/8 —0"/4 > ok ne2 mod s (1)
0,0,0,1,0,6,0... |  (1—-(=1)")2" = v2(v2)")/8 | > s moas (1)
07 07 07 Oa 27 07 12a ce ( ( )n)(Q (\/E)n)/8 + 0n/4 ZQk‘—nE4 mod 8 (Z)
0,0,0,1,0,6,0... | (1—(=1D)"C"=v2(v2)")/8 | Yot nosmeas (1)
0,0,1,0,4,0,16, ... (1+(-1)")2"/8 —0"/4 o net mod 8 (1)
0,1,0,3,0,10,0... | (1- (D" +V20V2)/8 | > ot mods ()
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In terms of ordinary generating functions, we have

1 — 4z + 222
1.0.2.0.6.0.20.. .
b ) ) ) b b (1 _2x2)(1 _4x2>
z(1 — 3z?%)
0.1,0,3,0.10.0. ..
M ) ) ] M ) (1 _2x2)(1 _4x2)
(1 — 22?)
0.0.1,0,4.0,16. . ..
b) b b b b) b b) (1 _2x2)(1 _4$2)
0.0.0.1.0.6.0 v
) ) M M ) ) A (1 _21_2)(1 _4x2>
2t
0.0.0,0,2.0,12. ...
b) b b M b) b ) (1 _23;'2)(1 _43;'2)
0.0,0.1,0.6.0 2
) ) b b ) ) e (1 _2:62)(1 _4:62)
22(1 — 22?)
0.0.1,0,4.0.16. . ..
) ) M M ) ) ) (1 _2x2)(1 _4x2)
1 — 2
0,1,0,3,0,10,0. .. (1 —3a)

(1 —222)(1 — 42?)
All these sequences satisfy the recurrence

ap = 60,2 — 8ay_4

with suitable initial conditions. In particular, the sequence 1,0, 2,0,6, ... has general term
o _ 0 (2 2"

This counts the number of closed walks at a vertex of an octagon.
The sequences are essentially A112798, A007582, A000302, A006516, A020522, with
interpolated zeros.

3.8 The case n —

We recall that the modified Bessel function of the first kind [231, 249] is defined by the
integral

Ix(2) :/ e* W) cos(kt)dt.
0

I,,(2) has the following generating function

o0

ez(t+1/t)/2: Z ]k<Z)tk.

k=—o0
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Letting z = 2z and t = 1, we get

[e.9]

X = Z I.(22) = Iy(2z) + 2 i I(27).

k=—00 k=1

The functions I;(2z) are the exponential generating functions for the columns of Pascal’s
matrix (including ‘interpolated’ zeros). For instance, Ip(2x) generates the sequence of central
binomial coefficients 1,0, 2,0,6,0,20,0, 70, ... with formula (n72)(1 + (=1)")/2. This gives
us the limit case of the decompositions of Pascal’s triangle - in essence, each of the infinite
matrices that sum to B, corresponds to a matrix with only non-zero entries in a single
column.

The matrix

01000
10100
A.—| 01010
00101

corresponds to the limit cyclic graph C.,. We can characterize the (infinite) set of sequences
that correspond to the row elements of the powers A7 as those sequences with exponential
generating functions given by the family I;(2z). We also obtain that trace(A”Z ) is the set of
central binomial numbers (with interpolated zeros) generated by [y(2z).

3.9 Sequences associated to K,

By way of example for what follows, we look at the adjacency matrix A for K;. We note
that K, is 3-regular. A is given by

_ == O

1
0
1
1

O =

1
1
0
1

Again, this matrix is circulant, with defining polynomial p(z) = z + 22 + 23 = (1 + z + 2?).
Using F to diagonalize it, we obtain

30 0 0
0 -1 0 O
A= 0 0 -1 0
0 0 0 -1

This leads us to the sequence %trace(A”) = 3"+ 3(-1)")/4=1,0,3,6,21,60,. .., which is
A054878. Comparing this result with the expression P(C,,4) = 3" + 3(—1)" we see that
trace(A"™) = P(Cy,4).
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Proposition 86.
(n)

a” = (3" 4+3(=1)")/4=1,0,3,6,21,60,...
a? = (3"—(=1)")/4=0,1,2,7,20,61,. ..
all = (3= (=1)")/4=0,1,2,7,20,61,. ..
a” = (3"—(=1)")/4=0,1,2,7,20,61, ...

Proof. Using
n 1 n o\n n
(agj))lijﬁn = EFO‘l A )\n>/

we obtain, for instance,

a? = B"+w(=D"+w (=1 4w (=1)")/4
= 3"+ (—1D)"(Ww+w’+uw?)/d= (3" = (=1)") /4.

We note that ol is A054878, while a{2) = a{?) = a{?) are all equal to A015518.
Corollary 87.
g — 5" (n) (n) (n)
=ay; tapy tag tay.

(n)

Corollary 88. The sequences ay; salisfy the linear recurrence

Ap = 20,1 + 3Gy_o
with initial conditions

(ZO:]., a1:0, jZO
&OZO, alzl, j:24

This result is typical of the general case, which we now address. Thus we let A by the
adjacency matrix of the complete graph K, on r vertices.

Lemma 89. The eigenvalues of A arer —1,—1,...,—1.

Proof. We have A = p(r), where p(z) = = + 2> + ... + 2"'. The eigenvalues of A are
p(1),p(w), p(w?),...,p(w" 1), where w" = 1. Then p(1)=1+...+1=r—1. Now

1_ T
p(x):x—i_“'""xpl:1+I+...+x“1—1: 1 ; — 1.
—x
Then |
. 1 —w™
A -
p(W) 1—uﬂ
since w' =1 for j > 1. .

78


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A054878
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A015518

Theorem 90. Let A be the adjacency matrix of the complete graph K, on r vertices. Then
the r sequences aﬁ?) defined by the first row of A" satisfy the recurrence

a, = (r—2)a,1+ (r—1)a,_»
with initial conditions

CL():]_, a1:0,j:1

G():O, CLl:l, j:27“

In addition, we have

7=1
Proof. We have
afy A
O B S
ro " :
alm AL
p 12)”
w n
_ 1 p(wr)
,
plwp=h)"
(r—1)"
1)
e
r :
(="
Hence
ay; = ;((r—l) +(=D"+...+(—-1D)")
1 n n
= (0 =1D"+(r=1)(=1)").

It is now easy to show that agq) satisfies the recurrence

an = (r—2)an_1+ (r — 1)a,_o

with ag = 1 and a; = 0.
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For j > 1, we have

ay = %((r—l)”+(—1)”wj+- + (1))
_ %(('r S (1) 4 Wi
1 1 —wi®
e Y Ly
= (-1 (1

This is the solution of the recurrence
an, = (r—2)a,_1+ (r—1)a,_»

with ag = 0 and a; = 1 as required. To prove the final assertion, we note that

(n)

>_ai(n) = an(m)+(r—1ais
_ W—D”+04WW—1LHT_U(@;D”_04W>

TN Gl G SV )
= (T_Tl)nr =(r—1)"

Thus the recurrences have solutions

-1 (-1

ap =
r r
when
ap =1, ap =0,
and 1y 1y
a;l: (T_ ) _ (_ )
r r
for

! !
ag =20, a; = 1.

We recognize in the first expression above the formula for the chromatic polynomial P(C,,, ),
divided by the factor . Hence we have

Corollary 91. ltrace(A") = al?) = 1P(Cy,1).
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We list below the first few of these sequences, which count walks of length n on the complete
graph K,.. Note that we give the sequences in pairs, as for each value of r, there are only
two distinct sequences. The first sequence of each pair counts the number of closed walks
from a vertex on K. In addition, it counts r-colourings on C,, (when multiplied by 7).

(2" +2(=1)")/3
2" = (=1)")/3
(3" +3(-1)")/4
(3" = (=1)")/4
(4" +4(=1)")/5
4" = (=1)")/5
(5" +5(=1)")/6
(5" = (=1)")/6

3

1,0,2,2,6,10,22, ...
0,1,1,3,5,11,21,. ..

4

1,0,3,6,21,60,183, ...
0,1,2,7,20,61,182,...

5

1,0,4,12,52,204, 820, . ..
0,1,3,13,51, 205,819, ...

6

1,0, 5,20, 105, 520, 2605, . . .
0,1,4,21,104, 521, 2604, . . .

We have encountered the first four sequences already. The last four sequences are A109499,

A015521, A109500 and A015531.
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Chapter 4

Riordan arrays

4.1 The ordinary Riordan group

The Riordan group R [146, 153, 193, 202, 208], is a set of infinite lower-triangular matrices,
where each matrix is defined by a pair of ordinary generating functions g(z) = go + g1z +
gox®+. .. where gy # 0 and f(z) = fix+ for?+.... We sometimes write f(z) = zh(x) where
h(0) # 0. The associated matrix is the matrix whose k-th column is generated by g(z) f(x)*
(the first column being indexed by 0). The matrix corresponding to the pair g, f is denoted
by (g, f), and is often called the Riordan array defined by g and f. When gy = 1, the array
is called a monic Riordan array. When f; # 0, the array is called a proper Riordan array.
The group law is given by

(9, ) * (u,0) = (g(uo f),vo f). (4.1)

The identity for this law is I = (1,2) and the inverse of (g, f) is (g, f)™" = (1/(g o f), )
where f is the compositional inverse of f.

To each proper Riordan matrix (g(x), f(x)) = (g(), zh(z)) = (dnr)nk>0 there exist [75] two
sequences a = (ap, a1, Qa,...)(p # 0) and & = (&0, &1, &2, - - .) such that

1. Every element in column 0 can be expressed as a linear combination of all the elements
in the preceding row, the coefficients being the elements of the sequence &, i.e.

dpy1,0 = §odno + Eidp1 + Eadpo + ...

2. Every element d,41 441 not lying in column 0 or row 0 can be expressed as a linear
combination of the elements of the preceding row, starting from the preceding column
on, the coefficients being the elements of the sequence a, i.e.

i1 k1 = 0ody jp + 1dp g1 + Qadp o + ...

The sequences « and & are called the a-sequence and the &-sequence of the Riordan matrix. It
is customary to use the same symbols o and £ as the names of the corresponding generating
functions. The functions g(z), h(z), a(z) and &(x) are connected as follows:

doo

hz) = a(zh(z)), g(x) = W
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The first relation implies that

The a-sequence is sometimes called the A-sequence of the array and then we write A(x) =
a(x). A matrix equipped with such sequences a and £ can be shown to be a proper Riordan
array. A Riordan array of the form (g(z),x), where g(z) is the ordinary generating function
of the sequence a,, is called the Appell array (or sometimes the sequence array) of the se-
quence a,. Its general term is a,,_.

If M is the matrix (g, f), and u = (ug, uq,...)" is an integer sequence with ordinary gener-
ating function U (z), then the sequence Mu has ordinary generating function g(z)U(f(x)).
We shall sometimes write

(9, f)-U= (g9, ) Hh = g(x)U(f(x)).

T, %) of the Riordan group. It
has general element (). For this matrix we have A(z) = 1+ x, which translates the usual

defining relationship for Pascal’s triangle

n+1 _(n n n

k+1)  \k k+1)
1 x
1-mz’ 1—-mx

Example 92. The binomial matrix B is the element (

More generally, B™ is the element ( ) of the Riordan group, with general term

(”) m"*. Tt is easy to show that the inverse B=™ of B™ is given by (

1 T )
k 1+maz’ 1+mzx /"

Example 93. We let ¢(z) = == Ei_‘lx be the generating function of the Catalan numbers
C, = #1(2:) A000108. The array (1,zc(z)) is the inverse of the array (1,z(1 — z)) while
the array (1,2c(2?)) is the inverse of the array (1, 1:5%).

Example 94. The row sums of the matrix (g, f) have generating function g(x)/(1 — f(z))
while the diagonal sums of (g, f) have generating function g(z)/(1 — zf(x)). The row sums
of the array (1,zc(x)), or A106566, are the Catalan numbers C,, since #c(w) = ¢(x). The
diagonal sums have g.f. #C(x), A132364.

4.2 A note on the Appell subgroup

We denote by A the Appell subgroup of R. Let A € R correspond to the sequence (ay,)n>0,
with o.g.f. f(z). Let B € R correspond to the sequence (b,), with o.g.f. g(z). Then we have

1. The row sums of A are the partial sums of (a,,).

L

2. The inverse of A is the sequence array for the sequence with o.g.f. o

3. The product AB is the sequence array for the convolution a*b(n) = >"7_, ayb,_x with
og.f. f(x)g(x).
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Example 95. We consider the sequence a,, = Pell(n + 1) with o.g.f. f(z) = and

general term

1
1-2z—x27

(L VE™ - (1= vt

an =
2v/2
We obtain ﬁ =1 — 2z — 22 and thus we see that the matrix
1 0 0 000
2 1 0 000
5 2 1 0 00
A = 12 5 2 1 0 0
29 12 5 2 1 0
70 29 12 5 2 1
has as inverse the simple matrix
1 0 0 0 0 O
-2 1 0 0 0 O
-1 -2 1 0 0 0
AL — 0O -1 -2 1 0 0
0 0O -1 -2 1 0
1

where the k-th column has o.g.f. 2%(1—2z—2?). Of course, this example extends in a natural
way to all sequences with o.g.f. of the form m, and more generally to sequences with
o.g.f. ﬁ where P(z) = >",_, axx® is a polynomial with ag = 1.

Another simple example (corresponding to the simple sequence a,, = 1 with o.g.f. ﬁ)

is given by the fact that the ‘partial sum’ matrix (ﬁ, a;)

— = = = = =
— === = O
— === OO
_—= = O OO
__—0 O O O
_— o oo oo
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has inverse the ‘first difference’ matrix (1 — z, )

1 0O 0 0 0
-1 1 0 0 0 O
0o -1 1 0 0 0
0o 0 -1 1 0 O
0o 0 0 -1 1 0
o 0 o0 0 -11

4.3 The subgroup (g(z),zg(z))

We let f(x) = xg(z) and hence (g(x),zg(z)) = (g9(x), f(x)). Then

(g(x), zg(x))™" = (g
(1

In addition, we have

(9(x), zg(2)) - (h(x), zh(z)) = (g9(x)h(zg(x)), xg(z)h(xg(x))
= (9(x), zg(x))

where g(x) = g(z)h(xg(x)). Thus the subset of Riordan arrays of the form (g(x),zg(x))
constitutes a sub-group of R.

Example 96. Let g(z) = c¢(z) = 14 Wpe the generating function of the Catalan numbers.
Then if f(x) = xg(x) we have seen that f(z) = z(1 — x). Hence

(c(x),zc(x)) ™' = (1 —2,2(1 — z)).

Thus the inverse of the matrix

1 0 0 0 00
1 1 0 0 0O
2 2 1 0 00
5 5 3 1 00
14 14 9 4 10
42 42 28 14 5 1
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10 0 0 0 0
-1 1 0 0 0 O
0o -2 1 0 0 0
0o 1 -3 1 0 0
0 0 3 -4 1 O
0 0 -1 6 =51

with general term

(i)

The general term T, ; of the matrix (¢(z), zc(x)) may be expressed as

(k’ + 1) (ankJrl)

T, = ntl Tk <
* k1 ksn
n 2n—k+1

(k+1+0m)( n;)

2n —k+ 1402k

4.4 The subgroup (1,zg(x))
We let f(x) = xg(x) where g(0) # 0. Then we clearly have
(L f(2)) " = (1, f(x))

and
(1, (@) (1, fo()) = (L, fo(fr(2))).
Clearly, fo(f:(2)) = 2§(x) where §(0) # 0.
Example 97. We consider the Riordan array (1,c(z)). This is the matrix

1 0 0 000
01 0 00O
01 1 000
0 2 2 100
05 5 310
0 14 14 9 4 1
with general term
2n—k—1 n+k
k4 0"
Tn,k _ ( n—k ) ( ) )

n + 0k
We have

(17 C(x))_l = (L :E(l - {L'))
which has general term (—1)"* (nﬁk)
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4.5 The exponential Riordan group

The exponential Riordan group [17], [75], [73], is a set of infinite lower-triangular integer
matrices, where each matrix is defined by a pair of generating functions g(z) = go + g1 +
g2 + ... and f(z) = fix + fox? + ... where f; # 0. The associated matrix is the matrix
whose i-th column has exponential generating function g(z)f(x)?/i! (the first column being
indexed by 0). The matrix corresponding to the pair f, g is denoted by [g, f]. It is monic if
go = 1. The group law is then given by

g, f]# [h, 1] = [g(h o f), Lo f].

The identity for this law is I = [1, ] and the inverse of [g, f] is [g, f] ' = [1/(go f), f] where
f is the compositional inverse of f. We use the notation eR to denote this group.

If M is the matrix [g, f], and u = (u,)n>0 is an integer sequence with exponential generat-
ing function U (z), then the sequence Mu has exponential generating function g(z)U(f(x)).

Thus the row sums of the array [g, f] are given by g(x)ef(® since the sequence 1,1,1,. .. has
exponential generating function e”.
As an element of the group of exponential Riordan arrays, we have B = [e¢",z]. By

the above, the exponential generating function of its row sums is given by e%e® = %%, as
expected (€?* is the e.g.f. of 2").

Example 98. We consider the exponential Riordan array [ﬁ, x]. This array has elements

1 0O 0 0 00

1 10 0 00

2 2 1 0 00

6 6 3 1 00

24 24 12 4 1 0

120 120 60 20 5 1

and general term [k < n|% with inverse

1 0 0 0 0 0
-1 1 0 0 0 0
0 -2 1 0 0 0
0 0 -3 1 0 0
0o 0 0 -4 1 0
0 0 0 0 =51

which is the array [1 — z,z|. In particular, we note that the row sums of the inverse, which
begin 1,0, —1,—2,—3,... (that is, 1 — n), have e.g.f. (1 — x)exp(x). This sequence is thus
the binomial transform of the sequence with e.g.f. (1 — x) (which is the sequence starting
1,-1,0,0,0,...).
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Example 99. We consider the exponential Riordan array [1, +*-

matrix may be calculated as follows:

]. The general term of this

n! "
Tog = H[ﬂf"]m
nl —k
= T - )
n' = =k i
= &l ’ﬂ%}(ﬂ“”f
nlo > k+j5—1 ;
e };( j )

_onlfk+n—k—1

Tk ( n—=k )

_onlfn—1

Tk (n — k) '
Thus its row sums, which have e.g.f. exp (lf—z), have general term »_ Z—:(Z:}C) This is
A000262, the ‘number of “sets of lists”: the number of partitions of {1, .., n} into any number
of lists, where a list means an ordered subset’. Its general term is equal to (n—1)!L, (1, —1).
The inverse of [1, ﬁ] is the exponential Riordan array [1, Hix] The row sums of this
sequence have e.g.f. exp (1% ), and start 1,1,—1,1,1,-19,151,.... This is A111884.

For more information on these matrices, see Chapter 8.

Example 100. The exponential Riordan array A = [ﬁ, ﬁ], or
1 0 0 0 0 0
1 1 0 0 0 0
2 4 1 0 0 0
6 18 9 1 0 0
24 96 72 16 1 0
120 600 600 200 25 1

has general term

n!/n
Torw=—1(").
kT okl <k)

It is closely related to the Laguerre polynomials. Its inverse is [1%, l_f—z] with general term

(—1)”_’“;—!! (7). This is A021009, the triangle of coefficients of the Laguerre polynomials L, (z).
It is noted in [205], that

A = exp(S),
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where

000 0 0 0
1000 0 0
0400 0 0

s—|oo9 0 0 o0
00016 0 0
000 0 25 0

Example 101. The exponential Riordan array [e‘”, In (ﬁ)}, or

1 0 0 0 0 O
1 1 0 0 0 0
13 1 0 0 0
1 8 6 1 0 0
124 29 10 1 0
1 8 145 75 15 1
is the coefficient array for the polynomials
2F0(_n7 Z; _1)

which are an unsigned version of the Charlier polynomials (of order 0) [99, 195, 218]. This

is equal to
1
(e, z] [l,ln( )} ,
l1—=x

or the product of the binomial array B and the array of (unsigned) Stirling numbers of the
first kind.

4.6 A note on the exponential Appell subgroup

By the exponential Appell subgroup of eR we understand the set of arrays of the form

[f (@), x].
Let A € eR correspond to the sequence (a,),>0, with e.g.f. f(z). Let B € ¢R correspond
to the sequence (b,), with e.g.f. g(z). Then we have

1. The row sums of A are the partial sums of (a,,).

2. The inverse of A is the sequence array for the sequence with e.g.f. ﬁ

3. The product AB is the sequence array for the exponential convolution a % b(n) =
Soreo () axbn—k with e.g.f. f(z)g(x).
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Example 102. We consider the matrix [cosh(x), z] with elements

100 0 00
010 0 0O
101 0 00
030 1 00
106 0 10
05 0 10 0 1

The row sums of this matrix have e.g.f. cosh(x)exp(x), which is the e.g.f. of the sequence

1,1,2,4,8,16,.... The inverse matrix is [sech(x), x| with entries
1 0 0 0 00
0O 1 O 0 00
-1 0 1 0 00
0 -3 0 1 00
5) 0O -6 0 10
0 25 0 =10 0 1

The row sums of this matrix have e.g.f. sech(x)exp(x).

Riordan group techniques have been used to provide alternative proofs of many binomial
identities that originally appeared in works such as [191, 192]. See for instance [208, 209].

4.7 Conditional Riordan arrays

On occasion, we find it useful to work with arrays that are “almost” of Riordan type. One
particular case is where after the first (0-th) column, subsequent columns follow a Riordan
type rule. We will call such arrays conditional Riordan arrays, and will use the notation

(h(2)|(g(x), f(x)))

to denote an array whose first column is generated by h(z), and whose k-th column, for
k > 0, is generated by g(x)f(z)*. We will sometimes also use the notation

(h(x)lg(x) f(x)")
to denote such an array.

Example 103. The conditional Riordan array

(= ()
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begins

1 0 0 0 00
-11 0 0 00
1 2 1 0 00
-1 3 3 1 00
1 4 6 4 10
-1 5 10 10 5 1

On occasion, we shall also find it useful to use the notation

(h(2)|I(g(x) /2, f(x)))

to denote the matrix whose first column is generated by h(x), with subsequent columns
generated by @f(x)k.

Example 104. The array

begins
110000
111000
111100
111110
111111
111111

4.8 Generalized Riordan arrays

Recently, the authors in [226] have defined the notion of “generalized” Riordan array. Given
a sequence (¢, )n>0, with ¢, # 0Vn, a generalized Riordan array with respect to the sequence
cn is a pair (g(t), f(t)). of formal power series, where g(t) = Y 7o, git"/c, and f(t) =
S oo St /e, with fi # 0. The generalized Riordan array (g(t), f(t)). defines an infinite,
lower triangular (d,, x)o<k<n<oo according to the rule:

doy = {ﬁ} o(t) (f(t))’i

Cn, Ck

where the functions g(¢)(f(t))*/cy are called the column generating functions of the gener-
alized Riordan array. Here, if f(t) = >, fit"/ck, then [t"/c,] f(t) = f,. We have

] =i,

Cn
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We now note that all the results that are valid for Riordan arrays remain valid for generalized
Riordan arrays, whenever we use [t"/c"] in place of [t"] in the ordinary case. Thus to say that
(g(t), f(t)) is a generalized Riordan array for the sequence ¢, is equivalent to saying that
g(t) = > oo gkt*/cx and f(t) = > r, fxt"/ck. We have for instance the following theorem
[226]

Theorem 105. Let (g(t), f(t))e = (dnx)nren be a generalized Riordan array with respect to
cn, and let h(t) = Do, hit"/cy be the generalized generating function of the sequence hy,.
Then we have

Zdh - [£] stomtron,

n

or equivalently,

4.9 Egorychev arrays

Egorychev defined a set matrices, defined to be of type R (v, Bx; &, f, 1) [81, 83, 82] which
are more general then Riordan arrays. They in fact include the (ordinary) Riordan arrays,
exponential Riordan arrays and implicit Riordan arrays [156, 159].

Specifically, a matrix C' = (¢pk)n k=012, is of type R (o, Bx; ¢, f, ) if its general term is
defined by the formula

o = P res, (6(2) fH ()" ()9

n

where res, A(x) = a_, for a given formal power series A(x) = 3_; a2’ is the formal residue
of the series.

For the exponential Riordan arrays, we have «,, = %, O =+, and ¢ = 1.

k!

4.10 Production arrays

The concept of a production matriz [75, 74] is a general one, but for this work we find it
convenient to review it in the context of Riordan arrays. Thus let P be an infinite matrix
(most often it will have integer entries). Letting ry be the row vector

ro = (1,0,0,0,...),

we define r; = r;_1 P, © > 1. Stacking these rows leads to another infinite matrix which we
denote by Ap. Then P is said to be the production matriz for Ap.
If we let

u’ =(1,0,0,0,...,0,...)

then we have

UT

ul'P
Ap = uTPQ
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and
DAp = ApP

where D = (6; j+1)i ;>0 (where 0 is the usual Kronecker symbol).

In [174, 203] P is called the Stieltjes matrix associated to Ap.
The sequence formed by the row sums of Ap often has combinatorial significance and is
called the sequence associated to P. Its general term a,, is given by a,, = u’ P"e where

In the context of Riordan arrays, the production matrix associated to a proper Riordan array
takes on a special form:

Proposition 106. [75] Let P be an infinite production matriz and let Ap be the matriz
induced by P. Then Ap is an (ordinary) Riordan matriz if and only if P is of the form

fo (%)) 0 0 0 0
51 a1 O O 0 0
S ay ap o 0 0
P=| & a3 aa o ap O
§4 a4 a3 ay arp Qg
& a5 oy a3 o o

Morever, columns 0 and 1 of the matrix P are the £&- and a-sequences, respectively, of the
Riordan array Ap.

Example 107. We consider the Riordan array L where

-1 _ 1 — Az — pa? x
C\l+4ar+bx2’ 1+azx+ba?)’

The production matrix (Stieltjes matrix) of

I 1 — Az — pa? x -
 \1+4azx+bx2" 1+ ax + ba2

is given by
a+X 1 0 0 0 O
b+p a 1 0 0 O
0 bal00O0
P=S; = 0 0b a1l
0 00 5b a1l
0 000 %Db a
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We note that since
I 1— M — pa? x
N 1+ax+bx2’ 1+ ax + ba?

- (1—Ax—ux2,:(:)-( ! ’ )

1+ax+bx?’ 1+ ax + bx?

we have

I 1 — Az — pa? x - 1 x - 1
= ) - ) N, 7 | .
1+ ax +bx?’ 1+ ax + bx? 1+ ax +bx? 1+ ax + ba? 1—Ax — pa?

If we now let )
L1: 5 - 'L7
l+axr 1+ ax

then (see [175]) we obtain that the Stieltjes matrix for L, is given by

A 10000
b+p 01000

0 50100

S, = 0 0bo010
0 005b 01

0 0000b0

We have in fact the following general result [175]:

Proposition 108. If L = (g(x), f(z)) is a Riordan array and P = Sy, is tridiagonal, then
necessarily

az 1 0 0 0 O
by a 1 0 0 0
0O b alO0OO
P=S =0 010ba 10
0 00 b al
0 000 Db a
where
R and )= !
/(@) Revl + ax + ba? w I 1—az—bixf’

and vice-versa.

We have the important corollary
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Corollary 109. If L = (g(x), f(z)) is a Riordan array and P = Sy, is tridiagonal, with

agz 1 00 0 O
by a 1 0 0 O
0 balO0O
P=S =10 015 a 10
0 00 b al
0 000D a

then L™ is the coefficient array of the family of orthogonal polynomials p,(x) where po(x) =
1; p1($) =T —day, and

anrl(m) = (3: - &)pn(x) - bnpnfl(x)a n = 27
where b, 1s the sequence 0,b1,b,b,b,. . ..

We note that the elements of the rows of L=! can be identified with the coefficients of the
characteristic polynomials of the successive principal sub-matrices of P.

Example 110. We consider the Riordan array

1 x
<1+am—|—bx2’1—|—ax+bx2)‘

Then the production matrix (Stieltjes matrix) of the inverse Riordan array ( MII 50T Tra? ) -

left-multiplied by the k-th binomial array

1 T B 1 T k
1—kx'1l—kx) \1—-2"1-—2z

is given by
a+k 1 0 0 0 0
b a+k 1 0 0 0
0 b a+k 1 0 0
P = 0 0 b a+k 1 0
0 0 0 b a+k 1
0 0 0 0 b a+k

and vice-versa. This follows since

1 x 1 x 1 x
(1+ax+bx2’1+ax+bx2)'(1+k:v’1+kx) B (1—|—(a—|—k)x+bx2’1—|—(a—|—k)a:+bx2>'
In fact we have the more general result :

14+ v+ px? x 1 x _
1+ax+bx?’ 1+ ax + ba? 1+ka’1+ke)
1+ Az + px? x
1+ (a+k)x+bx? 14 (a+ k) + ba?
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The inverse of this last matrix therefore has production array

at+k—X 1 0 0 0 0
b—p  a+k 1 0 0 0
0 b a+k 1 0 0
0 0 b a+k 1 0
0 0 0 b a+ 1
0 0 0 0 b +k
Example 111. The series reversion of %, which has g.f.

V1I+ @2y —a)z+ (a2 —48)z® +ar — 1
2(y — pz) ’

is such that the first column of the Riordan array

( 11—~z x >_1
L+ (a=27)z+ (72 —ay+ B)2?" 1+ (a = 27)z + (v* — ay + §)2?

is equal to

(1 + ~yx)
1+ ax+ fa?’
The production array of this matrix is given by

[z" T Rev

a— 2y

a—y 1 0 0 0 0
—ay+ B +7? a— 2y 1 0 0 0
0 —ay+ [ +* a— 2y 1 0 0
0 0 —ay+ B+ 42 a— 2y 1 0
0 0 0 —ay+ [+ 2 a— 2y 1
0 0 0 0 —ay+ B+ +2
A consequence of this is that the Hankel transform of [:z:”“]Rev% or
\/1 + 2y —a)r+ (a®? —4P)2x?2 + ax — 1
2z(y — fx)
is equal to
("31),
(—ay +8+7%)
z(14~x)

The sequence [z |Rev— has g.f. given by the following continued fraction:

T+az+pBz?
1
(—ay + f +7°)a?
(—ay + f +7°)a?
(—ay + f + )2

1—(a—7)-

1—(a—2v)—

1—(a—2y)—
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Equivalently the first column of the matrix

1+~yx x !
1+ ax+ B22’ 1+ ax + Ba?
is equal to the sequence with general term

(1 —vyx)
1+ (a=27)x+ (2 + 08 —ay)a?’

[z" " Rev

. n+1 . . . .
which has Hankel transform ﬂ( 2" since, as we have seen earlier, the inverse matrix above

has production array

a—y 1 0 0 0 O
5 a 100 0
0 6 a1 0 0
0 0 6 a 1 0
0 0 0 f a1l
0 0 0 0 8 «
The sequence 2" ]Rev; m-mﬂi}jﬂ 772 has generating function given by the continued
fraction
1
Ba?
1 —(a—7v)z— 2
1l —ar— 52
x
1—ar—

1—...

Example 112. The matrix Ap with production matrix

= = e
e e
— = = = O
— === OO
_ == O OO
—_—_-0 o0 oo

or

1 C(]k_l
(1—x||1—x>

is the Catalan matrix (c(z),zc(z)) = (1 — z,z(1 — x))~* (A033184). Similarly, the matrix
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with production matrix

- oo ocoo o
N el e e
R R = = O
== OO
— = =0 OO
Y == = I e B

is the Riordan array (1,zc(x)) (A106566).
Example 113. The matrix Ap with production matrix

0

e

I
B = T i S S
O R O O
O R O OO

O s T S i
_— o = O O
O = O O O

or

1 A
(1—:1:2”1—3:2)

is the aerated “ternary” matrix (1 — 22, z(1 — 2?))~!. This begins

100 000
01 0O0O0O0
101000
020100
303 010
070401
3n
with first column given by % aerated, or
3n/2
)

(1+(=1)")/2.

The Hankel transforms of these sequences are of combinatorial importance [102].

n+1

Letting P denote the production array P augmented by the addition of a first row equal to

ro = (1,0,0,0,...) we see that
= 1
P= (—1_x2,x)
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with general term w We then have

ApPTUARY = (1=t a1 a?) T (L= ) - (1= 2%, (1 = 2%)

= (1—f2,1‘),
where
Ja- =2
Thus | .
b (=) = (=) 2o
with < f)
9 coS 1 —323:5
f(x):%cos 3

Example 114. The production matrix for the array given by

( 1+ 7z (1 + ) )‘1

1 —oax— f22’ 1 —ax — Ba?

is given by removing the first row from

(1—04:5—5:62 )
— .
1+~

For example, the array A154929 defined by
1+a z(l+x)
l—az—22"1—x— 22

0
1
4
10
22 21
45 39 36 10

which begins

o Ut W N
= OO
_— o O O O

0
0
0
1
8

. =
w

has inverse

<\/1—|—61:—|—5:1:2—x—1 \/1—|—6:c—|—5:c2—x—1>

2z(1+x) ’ 2(1 + )

1 —x €T —x
c c
142 \14+2) 142 \1l+=zx
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with production matrix

-2 1 0 0 0 0
1 -2 1 0 0 O
-1 1 -2 1 0 0
1 -1 1 -2 1 0

1

which is
(1 - —a? )
14+
with its first row removed. We note that the general term of

( l+z a;(l—l—x))

l—z—22"1—2—22

(50

=0

is given by

while the general term of the inverse matrix is given by

S ) ()

Jj=0

We note further that the inverse of (iﬁ;“i:c) is (1f;fx2,x) which is the sequence array
for F(n+2):

1 00000
2 10000
321000
5 32100
8 53 2 10
13 8 53 21

Removing the first row of this matrix, we obtain the production matrix

2 1 0000
3 2 1000
5 3 2100
8 5 3 210
13 8 5 3 21
21 13 8 5 3 2
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of the matrix that begins

1 0 0 0 0 0
2 1 0O 0 0 0
7T 4 10 0 0
31 18 6 1 0 0
154 90 33 8 1 0
870 481 185 52 10 1

where the first column is A007863.

This is the matrix .
(1—x—x2 x(l—x—$2)>

1+2 1+=z
or

(f/z, f)

(1 18x+11 1
(\/4—3xsm <§sm <—2(4—3x)§>>> 3

where

W —

fx) =

z(1—x—z?)

is the reversion of T
“+x

The matrix

1+z 1+z
starts
1 0 0 0 0 O
-2 1 0 0 0 O
1 -4 1 0 0 O
-1 6 -6 1 0 O
1 -6 15 -8 1 0
-1 7 =23 28 —-10 1
We further note that
1 0 0O 0 0 O
2 1 0O 0 0 O
7 4 1 0 0 0
31 18 6 1 0 O .B!
154 90 33 8 1 0
870 481 185 52 10 1
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is generated by the matrix

1 0 0 0 0 0
21 0 0 0 0
1 -4 1 0 0 0
B.l -1 6 =6 1 0 0
1 -6 15 -8 1 0
—1 7 —23 28 —10 1

with its first row removed.

Example 115. The matrix Ap with production matrix

110 0 0 O
12 1 0 0 O
13 3 1 0 0
p=|14 6 4 1 0
1 5 10 10 5 1
1 6 15 20 15 6

with general term

or equivalently the matrix

()

is the (unsigned) Stirling matrix of the first kind

()]

) (or [e*, z]) less its top row.

xT

In this case P is equal to (ﬁ, oo

We now define the augmented production array P to be the matrix with general term (Z),
that is, P = B. This is the matrix P with the row

ro = (1,0,0,0,...)
added as its first row. We find that

1 0 0 0 0 0
-1 1 0 0 0 0
0 -2 1 0 0 0
ApP A =] 0 0 =3 1 0 0
0 0 0 —4 1 0
0O 0 0 0 -51
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or [1 — z, x] whose inverse is given by

1 0 0 0 00
1 1 0 0 00
2 2 1 0 00
ApPAZ =| 6 6 3 1 00
24 24 12 4 1 0
120 120 60 20 5 1

or [;==, x]. This translates the identity of Riordan arrays

()= [ ]

Example 116. This example continues the theme of the last example. We start with the
array [1 — z, x]; removing its first row we obtain the matrix

-1 1 0 0 0 0

o -2 1 0 0 O
o 0 -3 1 0 0
0o 0 0 -4 1 0
o 0 0 0 =5 1
o 0 o0 o0 0 -6

This is the production matrix of the inverse of the Stirling matrix of the first kind [, In (%],
or [e7* 1 — e~*] which starts

1 0 0 0 0 O
-1 1 0 0 0 O
1 -3 1 0 0 O
-1 7 -6 1 0 O
1 =15 25 =10 1 O
-1 31 -9 65 -—15 1

This is the (signed) Stirling matrix of the second kind. Now taking as production array the
0-column augmented matrix

001 0 0 0 0
0 -1 1 0 0 0

00 -2 1 0 0

00 0 -3 1 0 ,
00 0 0 —4 1

00 0 0 0 -5
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we find that this generates the matrix

1 0 0 0 0 0
0 1 0 0 0 0
0 -1 1 0 0 0
0 1 -3 1 0 0
o -1 7 -6 1 0
0 1 —-15 25 —-10 1

which is the Stirling matrix of the second kind [1,1 — e~*]. We note that if we square this
production matrix, and remove the first column, we obtain the matrix

-1 1 0 0 O 0
1 -3 1 0 O 0
0O 4 -5 1 0 0
o o0 9 -7 1 0
o 0 0 16 -9 1
o 0 0 0 25 -—11

1 T

St H—x] of (signed) Laguerre coeffi-

This matrix generates the exponential Riordan array [
cients. This matrix begins

1 0 0 0 0 O
-1 1 0 0 0 O
2 —4 1 0 0 O
—6 18 -9 1 0 0
24 -9 72 =16 1 O
—120 600 —600 200 —-25 1

The inverse of this is the unsigned version of the above matrix, which is the Riordan array

1 T
L =
a8 {1—:5’1—:5}

(see Chapter 8). This latter matrix has production matrix given by

110 0 0 O
131 0 0 O
045 1 0 0
009 7 1 0
00016 9 1
000 0 25 11
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We note that since the first column of Lag is n!, the above indicates that the generating
function of n! is given by

1l—x—
472
1—3x—

972

1622

1—5x—

1—"7Tx —
1

Example 117. The matrix Ap with production matrix P with general term

nekr1 (M1
()

or equivalently the matrix

is the exponential Riordan array

()]
,—In
1—rx r 1—rx
nl 1 1 g
dn’k:rkk![x]l—rx (ln<1—7’x>> ‘

(See (fhapter 4). In this case P is equal to (1fm, ﬁ) less its top row (that is, Pis equal
X
to (1frx’ 177"z)>'

Example 118. The matrix Ap with production matrix P with general term

n+1 n
-1
is the exponential Riordan array

e [ ()]

(See Chapter 8 for the above notation). The matrix P is the r-Pascal matrix

I+(r—1)z =
l—2 '1—2x)’

with general term

less its top row.
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Example 119. The Lah matrix (see Chapter 8) is defined as

Lah = [1, a }
1

— X

The production matrix P for this matrix is given by

0100 0 0
021 0 0 0
024 1 0 0

p_—loo06 6 1 0
00012 8 1
000 0 20 10

The matrix obtained from P by removing the leftmost column is the exponential Riordan
array [(1+ )2, z]. The row sums of this latter matrix have e.g.f. (1 + x)%e®. By prepending
the row (1,0,0,0,...) we obtain a matrix P with row sums equal the central polygonal
numbers n? —n + 1 with e.g.f. (1 + 2%)e®. Thus

)

Il
- O OO OO
O O DN = O
O R = OO
= O OO
o —_ OO oo
_ o O O OO

N
[\

Then

1
0
0
ApPAG =] 0
0
0

RO O O OO

with general term 0"** + (~1)(n — k + 1)!. We now note that

k—1
10 0 0 0 0
o 1 0 0 0 O
0O -2 1 0 0 O
Apﬁ_lAlél - 10 2 -4 1 0 0 7
0 0 6 -6 1 O
0 0 0 12 -8 1
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which is a signed version of P. The corresponding signed production array generates the
signed Lah numbers [1, Him]

Example 120. We consider the conditional Riordan array
B

11—z

Pa,8) = ({2l (0= 10t )

The row sums of Ap have o.g.f.

l1—(a—1x

1—ax — [Ba?’
Furthermore, the row sums of the matrix with production array I+P where I is the (infinite)
identity matrix, are the binomial transform of the first sequence. For example, with o = 2
and 3 = 3, we get

010000
302000
300200

P23)=| 300020
30000 2
300000

and the row sums of Ap are given by 1,1,5,13,41,121,365, ..., A046717, with o.g.f. 1_21;—_w3$2

The row sums of Ap where P = P(2,3) + I are given by 1,2,8,32,128,512, ..., A081294,
with o.g.f. ti;, which is the binomial transform of A046717. In general the row sums of
the matrix with production array P + kI will be the k-th binomial transform of the matrix

with production array P.

Example 121. The production array of the Riordan array

1 T
l—z—r22’1—2
re
I k=11
()

is given by

xT

Thus in particular, Pascal’s triangle B = (ﬁ ) has production array

—
I+ (0]]z"1)
with R
P=(1+zux).

In [75], we find the following result concerning matrices that are production matrices for
exponential Riordan arrays.
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Proposition 122. Let A = (ank), 150 = 19(), f(x)] be an exponential Riordan array and
let -
c(y) =co+ay+ey’+..., r(y) =ro+ry+ray’ + .. (4.2)

be two formal power series that that

") = (4.3
) = 2. (4.4

Then

(2) Ap+10 = Zi!ciam (45)

3 1 —
(17) An1k = ToGnk—1 + i Z il(cick + kri—ge1)an (4.6)
T >k
or, defining c_1 = 0,
1 .
Ant1,k = ] Z ik + kricgs1)an,. (4.7)
Ti>k—1

Conversely, starting from the sequences defined by 4.2, the infinite array (ank), 1~ defined
by 4.7 1is an exponential Riordan array. -

A consequence of this proposition is that P = (p;;), .., where

1,5 >

7! .
Pij = ﬁ(ci—j +Jrr—j+1) (1 =0).
Furthermore, the bivariate exponential function

Z’I’L
¢P(t7 Z) = kan,ktka
n,

of the matrix P is given by
op(t,z) = e”(c(z) +tr(z2)).

Example 123. The exponential array s = [1, In (ﬁ)] of Stirling numbers of the first kind,
which starts

10 0 0 0 O
0o 1 0 0 0 O
01 1 0 0 O
0 2 3 1 0 O
0 6 11 6 1 0
0 24 50 35 10 1
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has production array with bivariate generating function
so that ¢(x) = 0, r(z) = e*. This begins

010 0 0 O
011 0 0 O
012 1 00
013 3 10
014 6 4 1
0 1 5 10 10 5
The array
s-B
which begins
1 0 0 0 0 0
1 1 0O 0 0 0
2 3 10 0 0
6 11 6 1 0 0
2450 35 10 1 O
120 274 225 85 15 1

has production array with bivariate g.f. equal to e +)7(14-1) = /(1 +t)e” so that c(x) = €®
and r(x) = e”. The production array then begins

1

1
1
1
1
1

1

2
3
4
5
6

0 0 0 O
1 0 0 O
31 0 0
6 4 1 0
10 10 5 1
15 20 15 6

Example 124. We consider the exponential array

o (725

which is the product of B® and the Stirling matrix of the first kind s = [1, In (ﬁ)] This
matrix also defines the (unsigned) Charlier polynomials of order . We now find, using

Equations (4.3) and (4.4), that
1
log [ ——
(10w (12
1
1
(o

))
))

= 1i$:>7“(:v):e
= (™) =a= c(z) =a.

eax

T
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Thus the production array P for this array has bivariate generating function
op(t,z) = e (a + te?).

This implies that P takes the form

a 1 0 0 0 0
0 a+1 1 0 0 0
0 I a+2 1 0 0
0 1 3 a+3 1 0 ’
0 1 4 6 a+4 1
0 1 5 10 10 a+5
or
010 0 0 O
011 0 0 O
012 1 00
aI+] 01 3 3 1 0
014 6 4 1
0 1 5 10 10 5
Example 125. Taking
cle) = 1+ax
r(z) = l+ax

we find that Ap is the array

For a = 2, this is the array .
[esmh(z)ez, Sinh(x)eﬂ ,

whose production array P has generating function
e (1 +t)(1 + 2z).

This array begins

1 0 0 0 0 0
1 1 0 0 0 0
3 4 1 0 0 0
11 19 9 1 0 0
49 104 70 16 1 0
257 641 550 190 25 1
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This is A154602. The first column of this array is given by A004211, while the row sums are
A055882, equal to 2" Bell(n), with e.g.f.

exp(exp(2z) — 1).
The array with
clx) = 14z
r(r) = 1+ux,
and hence with production array with generating function
(1 +1)(1+ )

is equal to
[eehl, e’ — 1}

whose inverse is the array of coefficients of the (signed) Charlier polynomials (see A094816).
This array begins

1 0 0 0 0 0
1 1 0 0 0 0
2 3 1 0 0 0
5 10 6 1 0 0
15 37 31 10 1 O
52 151 160 75 15 1
This is A049020. It can be expressed as
1,1,1,2,1,3,1,4,1,...] A [1,0,1,0,1,0,...].

It has production matrix which starts

1

co oo~
N e = I T R R
L OO0 W W R O
R e R S N S
S N e i e Wl
Lo, OO0 OO

indicating that the generating function of the Bell numbers can be expressed as

The product of this array with B~" is the matrix S = [1,e” — 1] of Stirling numbers {}} of
the second kind.
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Example 126. We let

n 1
o= —(ca), elw) = -

n 1
o= (—a)ls @)=

Then we find that

Apl =", (1 + %)] :

For instance, a = 3 gives us the array

1 0 0 0 0 0
1 1 0 0 0 0
1 5 1 0O 0 0
A};?)l -1 112 12 1 0 O
1 22 69 22 1 0
1 35 235 235 35 1
We have
A, — 617@ V1+2azr—1

e
and the bivariate generating function of P, is given by

w t—1

=e .
22 14+ ax

For more about these arrays, see Chapters 11 and 13.

Example 127. The production matrix with bivariate generating function

t—1
tx
= e —_—
op T2
generates the exponential Riordan array
e“lr+—| .
3

More generally, the production matrix with generating function

t—1
tx
=e
op e
generates the array
{L‘erl -1
e’ x+
[ m + 1]



Similarly, the production matrix with generating function

t—1

_ tx
br=e 14+ xm™/m

generates the array
l,m-i—l -1
e r+ ——mm—| .
ot T

For example, the array

2-3 3! ]
begins
1 0 0 0 00
1 1 0 0 00
1 2 1 0 00
1 4 3 1 00
1 8 10 4 1 0
1 15 30 20 5 1

We note that the second column is essentially the so-called “cake numbers”, A000125.

Example 128. The production matrix with bivariate generating function

t—1
tx
A —
op. (1+ ax)?
generates the exponential Riordan array
a? !
e’ x(l+ ax + ?x2)
For instance
t—1
(1+2)?

generates the inverse of the array [e”, (1 + = + 2?/3)] which begins

op, =€

1 0 0 0 0 0
1 1 0 0 0 0
1 4 1 0 0 0
1 11 9 1 0 0
1 24 50 16 1 O
1 45 210 150 25 1

The row sums of this array, which begin 1,2, 6,22,92,432, ... have e.g.f. e2=+= +=%/3,
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Example 129. The production matrix with bivariate generating function
op =" (L+1)(1+ )

corresponding to

generates the array

which begins

1 0 0 0 00
1 1 0 0 00
3 4 1 0 00
13 21 9 1 00 ,
73136 78 16 1 0

1

501 1045 730 210 25

which is A059110. This array is equal to Lah - B (see Chapter 8).

22
Example 130. The matrix [ez, 2] begins

1 0 0 0 0O
0 1.0 0 00
1 01 0 0O
03 01 00 :
30 6 0 10
0 15 0 10 0 1
with production matrix given by
01 00O0O0
101000
020100
003 010
000401
00 0O0S50

This is A099174, which is linked to the Hermite and Bessel polynomials. Its general element
T'(n, k) is the number of involutions of {1,2, ...,n} having k fixed points. A066325 is a signed
version of this array.
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Chapter 5

The Deleham construction

5.1 Definition of the Deleham construction

The Deleham construction is a powerful method for constructing number triangles. Based
on the theory of continued fractions and orthogonal polynomials, it provides insight into the
construction of many important number triangles. Its input is two integer sequences, which
we shall denote by r, and s,, or r and s (where r(n) = r, etc). We can then construct a
two dimensional integer array, called the Deleham array determined by r and s, as follows.
First, we form the function of n, x and y defined by

q(n,z,y) = o7, + Ysn. (5.1)

Then we form a family of polynomials P(n, m,x,y) as follows:

1 ifn=20
P(n,m,z,y) =<0 ifn>0and m=—1
P(n,m—1,2,y)+q(m,z,y)P(n—1,m+ 1,x,y)
(5.2)
Finally, we form the array with general term A, ; determined by
A, = [2"*P(n,0,2,1). (5.3)

The array so formed will be denoted by rAs or A(r,s). We shall on occasion also use the

notation
AV = [z" M P(n,m, z,1) (5.4)

and
Ag}? (r,s;a, ) = [2" ¥ P(n,m,z + o, ). (5.5)

Example 131. We take r, = =G and s, = 2C Thus 7, starts 0,1,0,1,0,1,...
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while s, starts 1,0,1,0,1,0,.... The array P(n, m,x,y) then starts

1 1 1 1
Y T4y T+ 2y 2x 4 2y
y(z +y) 22 4 3zy + y? 22 + by + 3y? 322 + 8xy + 312

y(z? + 3zy + %) 23+ 622y + 62y +9° 23+ 922y + 1day? + 4P 4(a® + 5a’y + Say? + y3)

Thus P(n,0,z,y), n=0,1,2,... gives the family of polynomials
Ly, y(z +y), y(a® + 3zy + y*), y(2° + 62°y + 6xy® + °), ...

which leads to the following matrix representation of r, A s, :

100 0 0 O
01 0 0 0 O
01 1 0 0 0
01 3 1 0 0
01 6 6 1 0
0 1 10 20 10 1

which is the Narayana triangle A090181 N with generating function

1
x
1— Y
x
1—
x
1 Y
x
1—
1—
or equivalently
1
x
1—(y— 1)z — "
1—(y— 1Dz — "
1—(y— 1Dz —

We note further that
Al = N(n, k)

o= T -1
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This is therefore the triangle

10 0 0 0 O
11 0 0 0 O
1 3 1 0 0 0
1 6 6 1 0 0
1 10 20 10 1 O
1 15 50 50 15 1
which has generating function
1
x
11—y —
x
1— Y
x
1
x
1_ Y
1 —
Example 132. We now take r, = 1 and s,, = w We obtain the family of polynomials

P(n,0,z,y) that begins
1,z +y,22% 4 3zy + 32, 52 + 102%y + 6xy® + o°, 142* + 3523y + 302%¢* + 102y® + y*, . ..

This gives us the following Deleham array

1 0 0O 0 0 0
1 1 0O 0 0 0
2 3 10 0 O
5 10 6 1 0 O
14 35 30 10 1 O

1

42 126 140 70 15

which is A060693 with general term (271,; k) Ch—k. Note that this array is the product of the
previous array and B

,1,1,1,1,...] A [1,0,1,0,...]=([0,1,0,1,0,...] A [1,0,1,0,...])-B.
The generating function of this array can be expressed in continued fraction form as
1
x
1 -2y —
x
1 —ay—
x
1 -2y —
T
y 1 —_— "Ey —_— . e .
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or

1
+
- T+ 1y
x
b +
T+
1_ Yy
x
1 - —+
T+
1— Y
1—...
Example 133. In this example, we reverse the roles of » and s in the previous example.
Thus we take r,, = # and s, = 1. This gives us the Deleham array A(r, s) or
[1,0,1,0,1,0,...] A [1,1,1,1,..]
that begins
1 0 0 O 0 0
11 0 0 0 0
13 2 0 0 O
1 6 10 5 0 O
1 10 30 35 14 0
1 15 70 140 126 42

with general term (";;k)C’k = %H(Z) ("Zk) This is A088617. This is the reverse of the

previous array. This array is linked to the coefficient array of the series reversion of
(1 — ax)
1+

We can see this as follows. The sequence [:L’"“]Rev% has generating function

1—z—/(1—2)?—4dax
2ax '

Expanding this as a power series, we find the coefficients
La+1,20*+3a+1,50° +100® + 6 + 1, . ..

with coefficient array A088617. We note that the generating function for this array can be
expressed as the continued fraction

zy
Ty

Ty
Ty

l—z—

l—z—

1l—a—

1l—a—
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or

1
) z(1+4y)
1 - s
) z(1+vy)
x
1— Yy
1—
or indeed as
1
x
1l—z— y+
r+x
1— Y
x
1___3:_
- x+zy
1 —
This last expression follows from
[1,0,1,0,...] A [1,1,1,..]=11,0,1,0,...] AW [0,1,1,1,..].
As an example, we take the sequence A103210, or
1—-2
Ay, = [a:”H]Revu.
1+

We can express the g.f. of this sequence, given by

l—2—+1I—10z + 22
g(x) = .

in continued fraction form as

g(z) = 1/1—-3z/(1 —2z/(1 —3z/(1 —22/(1 —3x/(1—...,
= 1/1l-2—-2z/(1-2o—-22/(1—2x—22/(1—...,
= 1/(1 -3z —62*/(1 — 5z — 62°/(1 — 5 — 627 /(1 —

Correspondingly we have the following expressions for a,, :

1 /n n
L= = 382k n > 0,00 =1

1 (n n
= - 2"3"* n> 0,00 = 1
i (1) ()0
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As noted by Deleham in A103210, we also have

n—1
Ap = Gp—1 + 2 E Aplp_p—1, n >0, ay=1.
k=0

In fact, we have the following general result.

Proposition 134. Let
z(1 — ax)

1— Bz
Then the g.f. of a, can be expressed in continued fraction form as

g(e) = 1/ =(a=Pz/(1 —az/(l = (o= Pz/(l —az/(l-...,
= 1/1+pr—ax/1+Pr—az/(1+ P —az/(1—...,

an = [2"T] Rev

B 1
1-— (O‘_ﬁ)$_ a(a_ﬁ)j(a_ﬁ)lz
1 - (2a—p)x— = (20— P =

We then have

In addition, a, satisfies the recurrence

n—1

ap, = (—f)ap_1 + aZakan,k,l, n>0 a=1.
k=0

Corollary 135. We have

Nn,kz(a _ ﬂ)kan—k

S

3

I
(-

k=0

S |l

= Nmkak(a — ﬁ)"‘k.
k=0
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Corollary 136. a, is the moment sequence for the family of orthogonal polynomials defined
by

R(z)=1,  P)=z—(a=p),  Pue(z)=(r—2a-05))Fu(z) —ala—B)Pu(2).
We now note that the product of the array
[1,0,1,0,..] A [1,1,1,..]

with B, that is, A(r, s) - B, has generating function
1
x(y + 1)
z(y +1)

x(y + 1)

z(y+1)
1— 7 — ...

l—z—

l—z—

l1—2—
1—z—
or
1

(2 +vy)
z(1+vy)
(2 +vy)

z(1+vy)

1—

1—

This is
2,1,2,1,2,...] A [1,1,1,1,...].
A related matrix is A107131, which has general term

[k <n] (Qn . 2kr) Cr—t

This matrix begins

100 0 0 O
010 0 0 0
011 0 0 0
003 1 00
002 6 1 0
0 00 10 10 1
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with generating function

Other forms of its generating function are

2y

1—ay— 5

1—93y—1

and

1 xy+x2y
x2y
1—...

This matrix is the coefficient array for the polynomials x™ 2F1(% -5, =5;2; é) The product
of B and this array gives the Narayana triangle N, which therefore has generating function

of the following form :

1

Example 137. We can define a “¢-Catalan triangle” to be the following:
1,q.¢* ¢ ¢"..] A [1,0,1,0,1,..].

For instance, when ¢ = 2, we get the triangle that begins

1 0 0 0 0 0
1 1 0 0 0 0
3 4 1 0 0 0
17 25 9 1 0 0
171 258 102 16 1 O
3113 4635 1788 290 25 1
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with g.f. given by

1
T+
1— Y
2x
1 —
) dx + xy
8x
16z + 2y
1—-...
The first column, which has g.f.
1
x
1—
2x
1 —
4x
1 —
8z
1—
162
1—-..

is the sequence A015083 of ¢g-Catalan numbers for ¢ = 2. The row sums of this matrix are
A154828. They may be considered as ¢-Schréder numbers for ¢ = 2.

Example 138. We let r be the sequence 0,1,0,2,0,3,... and s, = VLTHJ Then

0,1,0,2,0,3,0,...] A [1,1,2,2,3,3,..]
is the array
10 0 0 0 0
01 0 O 0 0
01 2 0 0 0
01 6 6 0 0
01 14 36 24 0
0 1 30 150 240 120

which has general term k!{}} = Z?ZO(—l)k_j J" (I;) where {7} denotes the Stirling numbers
of the second kind. This matrix has bi-variate generating function

1
ry
T+ xy
2z
2(z + xy)
3xy
. 3(z + xy)
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This is A019538.

Example 139. We let r,, = 0" and s,, = 1 — 0". Then A(r, s) is the array

e e e
RN = OO
O O O OO
T O O OO
S O O OO
- O OO O oo

—_
N
=
s

AW(r, 5) is the Catalan array A009766 which begins

o O O
o O O

5 0
14 14
14 28 42 42

0 0
0 0
2 0
) 0
9 0

S VUG GV G G ST G WY

0
1
2
3
4
)

n+k) n—k+1

with general term ( w )5 and generating function

1

Example 140. Similarly, if r,, = 0™ and s,, is the sequence

0,2,1,1,1,. ..
then AM(r, s) is the array

10 0 0 0 0
12 0 0 0 0
1 4 6 0 0 0
1 6 16 20 O 0
1 8 30 64 70 O
1 10 48 140 256 352
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with generating function

1
| g 2zy
1— i
R
—
1—...

The row sums of this triangle are A026671 with g.f. given by

1 1

1 —x—2c(x) 2z
l1—2—

We note the following proposition :

Proposition 141. We have
A(r+s,s) = A(r,s) - B.

Proof. We let A* = A(r + s,s) and A = A(r, s). We note first that since
2(rn + $p) + ysn = xrp + (T + Y)Sn,
A* is defined by P(n,m,z,z + y) where A is defined by P(n, m,z,y).
Example 142. We take 7, = 1 and s, = % The A(r,s) or
1,1,1,..] A [0,1,0,1,0,..]

is the array that starts

T DN = =
ol = O O
_ o O O

0
0
0
0
14 21 9 1
42 84 56 14

<= ”]nil (n;l) <2nn— k>

O OO oo o

with general term
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and generating function

x
r+x
1— Yy
x
1_—+
T+ x
1— Yy
1—-...

This array has as row sums the little Schroder numbers A001003. The generating function
of this array can also be expressed as the continued fraction

1
x
1
x
1 —ay—
T
1 -2y —
1 —ay— ’
Yy—1- -
The array AM(r, s) is the array A126216 which begins
1 0 0 0 0 0
2 1 0 0 0 0
) ) 1 0 0 0
14 21 9 1 0 0
42 84 56 14 1 0
132 330 300 120 20 1
This array has general term - () (Q”T;ff' ) =40 (2”7;’_“; ?) and generating function
1
r+x
l—2— Y
x
b +
LTty
1—
Now

where N(n, k) = = (.

k+1 k

5.2 The fundamental theorem

For the purposes of this work, we shall take as definition of the the Deleham array

[T07T17T27T37"‘] A [807817827837"']
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the number triangle with generating function

1
(rox + sozy)
(riz + s1xy)

1—

(rox + saxy)
1—...

Then we have

Theorem 143. The first column of the Deleham array

[T07r177ﬂ27r37"'] A [80781)827837"']
has g.f.
1
1_ o
1_ mx
1_ o
1 _

The row sums of the array have g.f.

The diagonal sums of the array have g.f.

1
(rox + so?)
(riz + s12%)
(rox + s92%)
1—...

1—

1—
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The product of the array with B has generating function

1 1
1 ((ro + s0)x + sozy) N 1 rox + sox(1 +y)
. ((r1 +s1)7 + s17y) . rz+ siz(l+y)
1 ((ro + s2)x + saxy) . rox + sox(1 + )
1—-.- 1—-.-

The product of B and the array has generating function

1
(row + sp7y)
(rz + s1zy)
(rox + oY)
1— ...

1l—a—
1—

l—z—

Proof. The g.f. of the first column is obtained by setting y = 0 in the bivariate g.f. Similarly,
the g.f. of the row sums is obtained by setting y = 1, while that of the diagonal sums is
found by setting y = x. The g.f. of the binomial transform of the array will be given by

1 1
1_351_ (1o + soy) 7=
(11 + s1y) 7%
(7"24‘52?4)&

1—...
which simplifies to
1
L (rox + soxy)
- (riz + s1xy)
Ly (rox + soxy)
1—...
O]
The array
[7“0,7’1,7“2,7'3,...] A(l) [80,51,82783,...
has generating function
1
™MT + $1T
1 — (rox + sozy) — ! 1y
1 ToX + SaZY
1—...

128



5.3 The Deleham construction and Riordan arrays

In the particular case of r,, being the sequence
a, (3,7,0,0,0,0,...
and s, = 0", we have the following result :
Proposition 144. The Deleham array
la, 3,7,0,0,0,...] A [1,0,0,0,...]
18 given by the Riordan array
( 1—(B+) z(1 —yx) )
[—(a+B+etara? 1—(at B+ +are?)
This array has row sums with g.f. given by

1—(B+7)z
—(+a+d+tne+(+apd
Proof. The generating function of this array is given by
1
ar + xy

b
1 —vx

1

This is equal to
1—(B+9)z
L—(a+B+v+y)r+y(aty)e®

A trivial consequence of this is that
B=11,0,0,0,...] A [1,0,0,0,...]

while
B'=[-1,0,0,0,...] A [1,0,0,0,....

Example 145. We take for r, the sequence 1,—1,1,0,0,0,.... Then we obtain the array

< 1 wu_x)) with row sums with g.f.

P s m (and e.g.f. given by (exp(z)sin(x))’).

The row sums of the inverse of this matrix are the so-called “Motzkin sums” A005043.

Corollary 146.
la,3,0,0,0,...] A [1,0,0,0,...]

1s given by the Riordan array

< 1— Bx x >
l—(a+08)x’1—(a+PB)x )
For instance,

[£,0,0,0,...] A [1,0,0,0,...] =B
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5.4 The Deleham construction and associahedra

The Deleham construction leads to many interesting triangular arrays of numbers. The field
of associahedra [44, 49, 94, 180] is rich in such triangles, including the Narayana triangle.
We give two examples from this area.

Example 147. The triangle with general term
1 [\ (n+k+2
kE+1\k k

[1,0,1,0,1,...] AW [1,1,1,1,..].
This is the coefficient array for the f-vector for A, [44, 49]. We recall that

is given by

[1,0,1,0,1,...] A [1,1,1,1,..]
has generating function
1
T+
1_ Y
x
1— y+
T+ xy
1 —
1—
and thus
[1,0,1,0,1,...] AW [1,1,1,1,..]]
has generating function
1
Ty
1—(z+2xy) —
( v) T+ zxy
x
1— Y
1 —

This is the array A033282 that begins

1 0 O 0 0 0
1 2 0 0 0 0
1 5 5 0 0 0
19 21 14 0 0
1 14 56 84 42 0
1 32

20 120 1300 330 1
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We note that we have

S S e () e e

T
R : 5.7
Tr@r etz 2("H) a2 (57)

We deduce that the row sums (case r = 1) are given by $,,41, where s,, are the little Schroder
numbers A0O01003. They have generating function

1

— xn+1]

1—2x—

2x
1_
1—...

In addition, the diagonal sums of this array, given by A005043(n + 2) where A005043 are
the so-called “Motzkin sums”, have generating function

1
2
x
l—2z(1+2)—
(14 2) 1)
1= 2
x
1"
z(l+ x)
1~
1—...
We note that this generating function may also be represented as
1
2
x
1—z(1+x) — 5
l—2— ’
1 -
T

The Hankel transform of this sequence begins
1,2,3,3,4,5,5,6,7,7,8,9,9,10,. ..

The corresponding h-vector array is given by the Narayana numbers

10 0 0 0 O
11 0 0 0 O
13 1 0 0 0
1 6 6 1 0 0
1 10 20 10 1 O
1 15 50 50 15 1
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with generating function

1
x
1l—2— i
x
1 —
T
1_ Yy
T
1—
1—...
Thus the transition from f-vector array to h-vector array is symbolized by
1 1
=
x x
1—(x+2y) — Y l—x— Y
T+ Yy 1 T
T T
1— —y+ 1"
Lty [ __
1—... 1—...
There is also a well-defined transition from
1,0,1,0,1,...] A [1,1,1,1,...]
to the Narayana numbers. [1,0,1,0,1,...] A [1,1,1,1,...] is the array with general ele-
ment T, , = ﬁ("zk) (Z) Forming the array with general element T} ,,_; or
100 0 0 O
010 0 0 O
011 0 0 O
003 1 0 0
002 6 1 0
0 0 0 10 10 1

we find that the product of B and this matrix is the triangle of Narayana numbers. Alter-

natively, reversing [1,0,1,0,1,...] A® [1,1,1,1,..] to give
[1,1,1,1,...] A® [1,0,1,0,1,..]
or
1 0 0 0O 0 0
2 1 0 0 0 0
) ) 1 0 0 O
14 21 9 1 0 O
42 84 56 14 1 O
132 330 300 120 20 1

we find that the product of this matrix and B~! gives the Narayana numbers N.

132



Example 148. The triangle with general term

n\ (n+k\ (n+k\/[(2k
k k O\ 2 k
A063007 is the coefficient array for the f-vector for B,, [49]. This array is given by
[1,0,1,0,1,0,...] AWM [0,2,1,1,1,1,..]

and thus has generating function

1
2
1—2z— xi
r+x
1_ Y
x
1— y+
x4+
1_ Y
1—..
which can also be expressed as
1
2
l—x— i
x
l—2x— i
x
1—2— Y
R
1—
or as
1
20 +x
I+x— ( v)
x
- y+
r+x
1_ Y
x
- y+
r+x
1_ Yy
1—..
The array begins
1 0 0 0 0 0
1 2 0 0 0 0
1 6 6 0 0 0
1 12 30 20 O 0
1 20 90 140 70 O
1 30 210 560 630 252
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Its row sums are A001850, the central Delannoy numbers. We deduce the following gener-
ating functions for A001850 :

1
2z
1—2z—
2z
1 —
x
1 —
x
1—
2x
1 —
1_
and
1
2z
l—2—
x
1—z—
x
1—2z—
x
1—2z—
1—-...
Reversing this array to get the array
0,2,1,1,1,1,...] A® [1,0,1,0,1,0,..]
with general term (Z) (2"7:k) we find that the product of this matrix with B=! is the matrix
with general term (2)2 This is the h-vector array for B,,. We note that in the case of
Thr = (Z) (”Zk) the product of B and the matrix with general term T}, ,,_j is the matrix with
2 . . . .
general term ( k) . This matrix has generating function
1
2z
l+x—2y—
x
1_ Y
x
1—
x
1— )
x
1—
1
We thus have the transition
1 1
2(x + xy) - 2z
14+2— Y 1+2—2y—
x x
1— y+ 1— Y
r+x x
1— Y 1—
x x
1— —y+ T
r+z x
o -
1—... 1—...
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We note that we obtain the identities

(b) - Z V) )
(Z) B Z (Z:]D (%n_ j) (—1p*,

and
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Chapter 6

Riordan arrays and a Catalan
transform !

6.1 Introduction

In this chapter, we report on a transformation of integer sequences that might reasonably be
called the Catalan transformation. It is easy to describe both by formula (in relation to the
general term of a sequence) and in terms of its action on the ordinary generating function
of a sequence. It and its inverse can also be described succinctly in terms of the Riordan
group.

Many classical “core” sequences can be paired through this transformation. It is also linked
to several other known transformations, most notably the binomial transformation.

Unless otherwise stated, the integer sequences we shall study will be indexed by Ny, the
nonnegative integers. Thus the Catalan numbers, with general term C,,, are described by

c - 1 <2n)
n+1l\n

with ordinary generating function given by

1—+v1—4x

c(x) =

2z
In the following, all sequences a,, will have offset 0, that is, they begin ag, ay, as,.... We use
the notation 1" to denote the all 1’s sequence 1,1, 1, ... with ordinary generating function

1/(1 — z) and 0™ to denote the sequence 1,0,0,0,... with ordinary generating function 1.
This is A000007. We have 0" = 0,0 = (2) as an integer sequence. This notation allows us
to regard ... (—=2)", (=1)",0™,1",2" ... as a sequence of successive binomial transforms (see
next section).

In order to characterize the effect of the so-called Catalan transformation, we shall look at
its effect on some common sequences, including the Fibonacci and Jacobsthal numbers. The

! This chapter reproduces the content of the published article “P. Barry, A Catalan Transform and Related
Transformations on Integer Sequences, J. Integer Seq., 8 (2005), Art. 05.4.5” [15].
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Fibonacci numbers [237] are amongst the most studied of mathematical objects. They are
easy to define, and are known to have a rich set of properties. Closely associated to the
Fibonacci numbers are the Jacobsthal numbers [239]. In a sense that will be made exact
below, they represent the next element after the Fibonacci numbers in a one-parameter family
of linear recurrences. These and many of the integer sequences that will be encountered are
to be found in The On-Line Encylopedia of Integer Sequences [205], [206]. Sequences in this
database will be referred to by their Annnnnn number. For instance, the Catalan numbers
are A000108.

The Fibonacci numbers F'(n) A000045 are the solutions of the recurrence

Ap = Gp-1+ Ap_2, Ay = 07 a; =1

with
n [01 23456
Fin)[0O 1 1 2 3 5 8

The Jacobsthal numbers J(n) A001045 are the solutions of the recurrence

p = Gp-1 + 2an727 ap = 07 ap =1

with
n |01 2345 6
J(n)[0 1 1 3 5 11 21
J(n) == — .
(n) =3 5

When we change the initial conditions to ag = 1, a; = 0, we get a sequence which we will
denote by Ji(n) A078008, given by

We see that
2" =2J(n) + Ji(n).

The Jacobsthal numbers are the case k = 2 for the one-parameter family of recurrences
Qp = Qp-1 + kan—Qa ap =10, a; =1

where the Fibonacci numbers correspond to the case &k = 1. The Pell numbers Pell(n)
A000129 are the solutions of the recurrence

ap = 2051+ ap2, ag =0, a; =1

with
n 01234 5 6
Pell(n)[0 1 2 5 12 29 70

The Pell numbers correspond to the case k = 2 of the one-parameter family of recurrences

Ap = kan—l + ap—2, ap = 07 ap =1

where again the Fibonacci numbers correspond to the case k = 1.
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6.2 Transformations and the Riordan Group

In this chapter we use transformations that operate on integer sequences. An example of
such a transformation that is widely used in the study of integer sequences is the so-called
binomial transform [230], which associates to the sequence with general term a,, the sequence

with general term b,, where
b= (Z) .

k=0
If we consider the sequence to be the vector (ag, ay, . ..) then we obtain the binomial transform
of the sequence by multiplying this (infinite) vector with the lower-triangle matrix Bin whose
(1, 7)-th element is equal to (;)

10 0 0 00
110 0 00
12 1 0 00
Bin=I| 13 3 1 00
14 6 4 10
15 10 10 5 1

Note that we index matrices starting at (0,0). This transformation is invertible, with
" (n
Ay = ( ><—1)n_kbk.
k
k=0

We note that Bin corresponds to Pascal’s triangle. Its row sums are 2", while its diagonal
sums are the Fibonacci numbers F(n + 1). The inverse matrix Bin™' has form

1 0 0 0 0 0

-1 1 0 0 0 0

1 -2 1 0 0 0

Bin‘=| -1 3 -3 1 0 0
1 -4 6 -4 1 0

1

If A(x) is the ordinary generating function of the sequence a,,, then the generating function
of the transformed sequence b, is (1/(1 — z))A(z/(1 — z)).

Thus the transformation represented by the Binomial matrix Bin is the element (1, %)
of the Riordan group, while its inverse is the element (H%, HLI) It can be shown more gener-

ally [209] that the matrix with general term (::Zl;) is the element (2™ /(1 —x)™ !, 22 /(1—

7)?) of the Riordan group. This result will be used in a later section, along with char-

acterizations of terms of the form (zgj;f) As an example, we cite the result that the
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lower triangular matrix with general term (nQ_”k) = (ngfk) is given by the Riordan array
(\/11—4;57 2 visdny — (\/11_%,3:0(3;)2) where ¢(z) = =4=*¢ is the generating function of

the Catalan numbers.
A lower-triangular matrix that is related to (ﬁ,xc(m)% is the matrix (\/ll_ﬂ,xQC(x)Q).
This is no longer a proper Riordan array: it is a stretched Riordan array, as described in

[59]. The row sums of this array are then the diagonal sums of (ﬁ, zc(x)?), and hence

have expression Z,EZ/OQ : (z(n; k)>~

6.3 The Catalan transform

We initially define the Catalan transformation by its action on ordinary generating functions.
For this, we let A(z) be the generating function of a sequence. The Catalan transform of
that sequence is defined to be the sequence whose generating function is A(zc(x)). The
Catalan transform thus corresponds to the element of the Riordan group given by (1, zc(x)).
This has bivariate generating function 179011/0(:6). That this transformation is invertible is
demonstrated by

Proposition 149. The inverse of the Catalan transformation is given by
A(z) = A(z(1 — 2)).

Proof. We prove a more general result. Consider the Riordan matrix (1,z(1 — kx)). Let
(g%, f) denote its Riordan inverse. We then have

(9% f)(L,z(1 — kx)) = (1, 2).
Hence

fA—kf)y=2 = kf’—f+z2=0
N le—\/l—éler.
2k
Since g =1, g* = 1/(g o f) = 1 also, and thus

(1,—1_m).

(1,z(1 — kx)) ' = oF

Setting k£ = 1, we obtain
(La(l =)' = (1, 2¢(2))

Taking inverses, we obtain
(L, ze(2) ™" = (La(l - 2))

as required. N
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We note that in the sequel, the following identities will be useful: ¢(z(1 — z)) = - and

1-z
C(.T) - 1—aclc(cc ’

In terms of t?he Riordan group, the Catalan transform and its inverse are thus given by the
elements (1, zc(z)) and (1,z(1 — z)). The lower-triangular matrix representing the Catalan

transformation has the form

10 0000
01 0000
01 1 000

Cat—| 0 2 2 100
05 5 310
0 14 14 9 4 1

Where convenient, we shall denote this transformation by Cat. We note the the row sums
of this matrix have generating function given by (1, zc(x))1= = ﬁc(a;) = ¢(z). That is, the
matrix Cat has the Catalan numbers as row sums. The bivariate generating function of this

matrix may be expressed as

1
(6.1)
T
1_ Yy
T
1—
T
1
x
1—
1—
or as
1
(6.2)
Ty
1 —
72
1l—a— 2
1—2x —
T o
1—2x—
1—
The inverse Catalan transformation Cat™' has the form
1 0 0 0 0 0
0 1 0 0 0 0
0 —1 1 0 00
Cat =1 0 0 -2 1 00
0 0 1 -3 1 0
0 0 0 3 —4 1

The general term of the matrix (1,2z(1 — x)) is given by (nfk)(—l)"_k. This can be shown
by observing that the k—th column of (1,z(1 — z)) has generating function (z(1 — z))*.
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But [z"](z(1 — z))* = ( i )(—=1)"*. We note also that the bivariate generating function of

n—k
- 1
(Lz(l—2))is -

We now characterize the general term of the matrix for the Catalan transform.

Proposition 150. The general term T'(n, k) of the Riordan matriz (1,c(x)) is given by

T(n, k) = zk: ( )(‘7/2> (—1)tig2n—k,

Proof. We seek [2"](zc(z))k. To this end, we develop the term (zc(z))* as follows:

te@) = ot (ﬁ)
- 21 (1 - VI— i)

- ()

>3
Z k> (1 — 4g)I/?

J

<
()
R0
()

)

1
2k

Thus [z"](zc(z))k = Z?:o (];) (72) (—1)ntig2n-k,
[

The above proposition shows that the Catalan transform of a sequence a,, has general term

b, given b
g y " .
EEO)

The following proposition gives alternative versions for this expression.

Proposition 151. Given a sequence a,, its Catalan transform b, is given by

"k [2n—k
bn = ZQn—k‘(n—k>ak
k=0
B z”:ﬁ n—k—1 "
a n n—=k k

k=0
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or
n o n

2k +1 i 21 k
b, = T (—1)k y
: Zn—i—k—l—l( ) (n—k)(j)aJ

7=0 k=0

The inverse transformation is given by

2
. = —1D*p,_
a Z( 5 )( b

— io (n f k) (—=1)" by

Proof. Using [209] (3.164) we have
rogy = ey () (3w

S . {(—1)"2“" (<2nn__k1_ 1) - <2n _nk ) 1))}

But

k(2n—k-1\ _ k2n—k—(n—Fk)(2n—k
n n—=k on 2n —k n—=k

E2n—k—n+k(2n—k)

n 2n — k n—=k
B k 2n — k
 m—k\n—k
This proves the first two assertions of the proposition. Note that we could have used La-
grange inversion to prove these results, as in Example 13.

The last assertion follows from the expression for the general term of the matrix (1, z(1—z))
obtained above. The equivalence of this and the accompanying expression is easily obtained.
The remaining assertion will be a consequence of results in Section 5.

O

Using the last proposition, and [205], it is possible to draw up the following representative
list of Catalan pairs, that is, sequences and their Catalan transforms.
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Table Catalan pairs

(i, by, G, by,
0" 0" A000007 A000007
1" Ch, " A000108
on ) A000079 A000984
2" —1 () A000225 A001791
2" — Z?;é (’;) (.2") various various
n 3nC,/(n + 2) A001477 A000245
n+1 Crit A000027 A000108(n + 1)
(5) 5(,7%)/(n+3) A000217(n — 1) A000344
) 177 J(n+3) A000217 A002057
(”*2) 3(°") /(n+3) A000217(n + 1) A000245
— (=)™ Fine’s sequence - A000957
( +(—=1)")/2 Fine’s sequence A000035(n + 1) A000957(n + 1)
20" 2-0MC, A040000 A068875
F(n) (o) =2 A000045 -
F(n+1) [2"] 7 e A000045(n + 1) A081696
J(n) D A G A001045 A014300
J(n+1) ZL" T2 pon | A001045(n+1) | AD26641(n) + 0"
Jl( ) S (T 1)( 1)+ A078008 A072547
2sin( + %)/V3 n A010892 "
(— 1)”F(n +1) (—1)" (—1)"A000045(n + 1) (—1)"
22 (cos(T) + sin(T)) 2" A009545 A000079

We note that the result above concerning Fine’s sequence A000957 is implicit in the work
[71]. We deduce immediately that the generating function for Fine’s sequence can be written

as

T 2x

T

1 — (zc

See also [173].

(@)?

1420 +v1—dz

6.4 Transforms of a Jacobsthal family

1+ z—xc(z)

From the above, we see that the Jacobsthal numbers J(n) transform to give the sequence

with general term

L(n—Xli/ 2] (Qn

—2j—2>
. n—1
7=0

xe(x)
(1 + zc(x))(1 — 2zc(x))”

and generating function
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This prompts us to characterize the family of sequences with general term

[(n—1)/2] .
<2n —2j— 2) i

’ n—1

7=0
where the transform of the Jacobsthal numbers corresponds to the case £ = 1. Re-casting
the ordinary generating function of the Jacobsthal numbers as

x _ z(1l—x)

(I+2z)(1—2x) (1—22)(1—2x)

we see that the Jacobsthal numbers are the case & = 1 of the one-parameter family of
sequences with generating functions
z(1—1x)
(1—kx2)(1—2z)

For instance, the sequence for £ = 0 has g.f. % which is 0,1,1,2,4,8,16,.... For k = 2,

we obtain 0,1,1,4,6,16,..., or AO07179. The general term for these sequences is given by

(VE)"' (1 = V&) N (VK" (1 +Vk) Lz
2(2 — V) 2(2 + Vk) 4—k

for k # 4. They are solutions of the family of recurrences

Up = 2051 + kap_o — 2ka,,_s3
where ag =0, a; = 1 and ay = 1.

Proposition 152. The Catalan transform of the generalized Jacobsthal sequence with ordi-
nary generating function
z(1—x)
(1 — kx?)(1 —2x)

has ordinary generating function given by

X

V1 —4z(1 — k(zc(x))?)

[(n—1)/2] .
n—1

J=0

and general term

Proof. By definition, the Catalan transform of % is

ze(x)(1 — ze(x))
(1 — ka2c(x)?)(1 — 2zc(x))
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But ¢(x)(1 — ze(x)) = 1 and 1 — 2ze(x) = /1 — 4. Hence we obtain the first assertion.
We now recognize that

1 < 1 20( )2) 1
= ,roc(x)” | ———.
V1 —4z(1 — k(xc(z))?) V1—4dx 1 —kx
But this is Z Ln/2] (2" 2]) k7. The second assertion follows from this. ]
For example, the transform of the sequence 0,1,1,2,4,8,... can be recognized as (21?:12) =

Z\_n 1)/2] (2n 25— Q)OJ
As noted in A()143( )0, the Catalan transform of the Jacobsthal numbers corresponds to

the convolution of the central binomial numbers (with generating function ﬁ) and Fine’s

sequence A000957 (with generating function —-= x))g). The above proposition shows that
the Catalan transform of the generalized J acobsthaﬁ numbers corresponds to a convolution of
the central binomial numbers and the “generalized” Fine numbers with generating function

1—k(z
(Usmg the inverse Catalan transform, we can express the general term of this Jacobsthal

family as
[n/2] , l(n—i—1)/2] : .
n—1 , 2n — 21— 25 — 2\ . .
E —1) E k7.

k=0 =0
This provides us with a closed form for the case k = 4 in particular.
We now wish to find an expression for the transform of J;(n). To this end, we note that

[n/2] L(n—1)/2] -
m—2—1\ m—2j—1\ 14 (=1)"
J(n+1 HZ< )+0— JZ_O: ( o )+ .
Then Jy(n) = J(n+ 1) — J(n) is transformed to

1252 ]

. L25+] .
2n —2j —1 L+ (=) 2n —2j — 2
0 < n—1 )+ 2 ;( n—1

“”im 2n—2j =2\ 14 (-1)"
n—2 2 '

<.

or

j=0
The first term of the last expression deserves comment. Working with generating functions,
it is easy to show that under the Catalan transform, we have

(—1)"F(n+ )/2—1—005( >/2—|—\/_sm< )/6—>ﬂ.

Hence Z]L(:"Ofl)/ 2] (*"27%) is the Catalan transform of

Ji(n) — (— 1)”F(n+1)/2—cos( )/2—\/_sm< )/6
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6.5 The Generalized Ballot Transform

In this section, we introduce and study a transformation that we will link to the general-
ized ballot numbers studied in [165]. For this, we define a new transformation Bal as the
composition of the Catalan transform and the Binomial transform:

Bal = Cat o Bin.

The Riordan matrix formulation of this transformation is thus given by

Bal = CatoBin
1 T
~ (1
et (1575

B 1 xe(x)
B (1 —zc(z)’ 1— a:c(x))
= (c(z), c(x) = 1) = (c(), zc(2)?).

This has generating function

1
T+ xy
x
1 —
x
1—
1_
The row sums of this array are (2:) since
clz) 1

1—xzc(x)?  1—4dx

In similar fashion, we can find the Riordan description of the inverse of this transformation
by

Bal™! = Bin'oCat™!

_ (1; 1:)1 (1, ()
B S T
- (1ix'1’1ix (1_ 1—1;93))

- (1—11-x’(1fx)2)'

The general term of Bal™' is easily derived from the last expression: it is [2"](z*(1 +

x) ") = (Zf];) (—1)nk = (";;ck) (—1)"7*. Alternatively we can find the general term in the
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matrix product of Bin™', or (Z)(—l)”_k, with Cat™!, or (nﬁk)(—l)”_k to get the equivalent

expression Zf:g (’;) (]fk) (—1)"k,
We now examine the general term of the transformation Bal = (c¢(z), c¢(z)—1) = (¢(z), zc(z)?).
An initial result is given by

Proposition 153. The general term T'(n, k) of the Riordan matriz (c(z),c(x) — 1) is given

by

k j+1 . .

1 2 A ,

— o \J } n+j+1

7=0 =0
and -

+ .
2k +1 j/2 .
T(n, k) =24" )kl
b ;( j ><n+k+1>( )

Proof. The first assertion follows by observing that the k—th column of (¢(z),c(z) — 1)
has generating function c(z)(c(x) — 1)¥. We are thus looking for [z"]c(x)(c(z) — 1)*. Ex-
panding and substituting for c¢(x) yields the result. The second assertion follows by taking
[z"]e(z) (we(x)?)". O

We now show that this transformation has in fact a much easier formulation, corresponding
to the generalized Ballot numbers of [165]. We recall that the generalized Ballot numbers or
generalized Catalan numbers [165] are defined by

on 2k +1
n+k)n+k+1

5 =

B(n, k) can be written as

2n 2k +1 2n 2n
B k — _— —
(n, k) (n—l—k‘)n—l—k—l—l (n—k> (n—k—l)
2n

nfk) is the element

(e )

where the matrix with general term (

( 1 1—2w—\/1—4x)
V1—dzr’ 2x

_ (ﬁ,mm?)

of the Riordan group [11]. The inverse of this matrix is (172, ﬁ) with general term
(_1)n7k2_n(n+k)
n+k\ 2k /°

Proposition 154. The general term of the Riordan matriz (c(z),c(x) — 1) is given by

on 2k +1
n+k)n+k+1

b =
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Proof. We provide two proofs - one indirect, the other direct. The first, indirect proof is
instructive as it uses properties of Riordan arrays.

We have B(n, k) = (nsz) — (nf]zil) Hence the generating function of the £—th column of
the matrix with general term B(n, k) is given by

1
V1 —4x

1
V1 —4x

(c(w) = 1)F = (c(w) — 1)

Then
1 k 1 K+l _ _ 1\ 1 _ () —1
()~ D - S (el) - ) = () - ) (¢1_4x ¢1_4x)
— (elo) = 1 (1 - (o) = 1)
- o (323

But this is the generating function of the k—th column of (¢(z), c(z) — 1).
The second, direct proof follows from the last proposition. We first seek to express the
term S 2MH! (= ( ir2 )(—1)7 in simpler terms. Using [209] (3.164), this is equivalent to

Jj=0 J n+k+1
(_1)n+k+122k+1_2(n+k+1) Nn+2k+2—-2k—-1-1 _ n+2k+2-2k—-1-1
n+k n+k+1
n 2n 2n
or (—1) +k+lﬁ {(n+k) - (n-l—k:-i—l)} - Hence
2k+1 .

2k +1 J/2 ;
B(n,k) = 2.4"(—1)"tk+t ( )( )-11
(n, k) SR DI QU I oS (B

- {(nsz) B (n+2l?+ 1>}
7))

B 2n 2k +1
 \n+k)n+k+1

The numbers B(n, k) have many combinatorial uses. For instance,
B(n,k)=D(n+k+1,2k+1)

where D(n, k) is the number of Dyck paths of semi-length n having height of the first peak
equal to k [173]. B(n,k) also counts the number of paths from (0, —2k) to (n — k,n — k)
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with permissible steps (0,1) and (1,0) that don’t cross the diagonal y = = [165].

We recall that the classical ballot numbers are given by 2n’ik (2n:k) = 2n]1k (?ijk) [117].

We now define the generalized Ballot transform to be the transformation corresponding
to the Riordan array Bal = Cat o Bin = (c¢(x), c(z) — 1) = (c(x), zc(x)?). By the above, the
generalized Ballot transform of the sequence a,, is the sequence b,, where

~/ 2n \ 2k+1
by, = 2T
" ;<n+k>n+k+1ak

In terms of generating functions, the generalized Ballot transform maps the sequence with
ordinary generating function g(x) to the sequence with generating function c(z)g(c(z) —
1) =c(x)g(zc(z)?) where c(x) is the generating function of the Catalan numbers. We then
have

Proposition 155. Given a sequence a,, its inverse generalized Ballot transform is given by

by = i(—mk (”;kk) a.

k=0
If a,, has generating function g(z) then b, has generating function H%g (ﬁ) )

Proof. We have seen that Bal™' = Bin™' o Cat™ = (-2 £ ). The second statement

Ttz (1+x)2
follows from this. We have also seen that the general term of Bal™' is (—1)"* (";gk) Hence

the transform of the sequence a,, is as asserted. O
We can now characterize the Catalan transformation as

Cat = Balo Bin™'.

n

Since the general term of Bin™" is (—1)"7* (7

) we immediately obtain the expression

D ke L (—1)E () (I;) for the general term of Cat.

The following table identifies some Ballot transform pairings [205].

Table. Generalized Ballot transform pairs
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Qn by, an, by,
(=)™ 0" (—1)" A000007
0" C, A000007 A000108
1" *" 1" A000984
2" [ e A000079 A007854
n o) 2 A001477 A000346(n — 1) 4 0"/2
n+1 > o (4) A000027 A032443
2n + 1 4" A005408 A000302
(1+(=1)")/2 ) A059841 A088218
20" () A040000 A001700
(2" +0")/2 - A011782 A090317
cos(%5") + sin(%")/V/3 1 A057078 g
cos(%*) + sin(7*) 2" - A000079
cos(Z2) + v/3sin(Z2) 3" A057079 A000244
F(n) — A000045 A026674
F(n+1) — A000045(n + 1) A026726

In terms of the Riordan group, the above implies that the generalized Ballot transform and

its inverse are given by the elements (c¢(x),z(c(x) — 1)/x) and (1%«7 ﬁ) The lower-

triangular matrix representing the Ballot transformation thus has the form

1 0 0 0 00
1 1 0 0 00
2 3 1 0 00
Bal—| 5 9 5 1 0 0
14 28 20 7 10
42 90 75 35 9 1

while the inverse Ballot transformation is represented by the matrix

1 0 0 0 00
-1 1 0 0 0
1 =3 1 0 0
Bal-'—| -1 6 -5 1 0
1 -10 15 -7 1
~1 15 —35 28 —9

O O OO

The first matrix is A039599, while the absolute value of the second matrix is A085478.

6.6 The Signed Generalized Ballot transform

For completeness, we consider a transformation that may be described as the signed gener-
alized Ballot transform. As a member of the Riordan group, this is the element (¢(—z),1 —
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c(=z)) = (e(—z),zc(—x)?). For a given sequence a,, it yields the sequence with general

term
- 2n \ 2k+1
b, = —1)nk ——— Q-
kzzo( ) (n+k)n+k:+1’“
Looking at generating functions, we get the mapping

A(r) — co(—=2)A(1 — ¢(—2)) = c(—2)A(zc(—2)?).

The inverse of this map is given by

or, in terms of generating functions

A0 = A ()

Example mappings under this transform are 0" — (—=1)"C,, 1" — 0", F(2n + 1) — 1™
We note that if the sequence a,, has generating function of the form

1
1— a1 xr
1— Qo
1 —
then the matrix with general term
n+k
a
2% )"
has generating function
1
ax
1— - 1Y
QoY
l—2— ——
l-g—---

Hence the inverse signed generalized Ballot transform of the sequence a, will in this case
have the generating function

a1 T
l—2—

Qo
l—g———
11— —---

We can characterize the effect of this inverse on the power sequences n — k™ as follows:
the image of k™ under the inverse signed generalized Ballot transform is the solution to the
recurrence

ap = (k + 2)an—1 — Gp—2
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with ag =1, a1 = F(2k + 1).

The matrices that represent this inverse pair of transformations are, respectively, the alter-
nating sign versions of A039599 and A085478.

The latter matrix has a growing literature in which it is known as the DFF triangle [87],

[88], [216]. As an element of the Riordan group, it is given by <ﬁ, ﬁ)

It has a “companion” matrix with general element

o n+k+1 _n+k+1 n+k
T\ 2kl )T 2k+1 2%

called the DFFz triangle. This is the element

((1—156)2’(1—9096)2)

(ﬂ, 1— c(—:c)) = (c(—2)* zc(—2)?).

of the Riordan group with inverse

T

Another number triangle that is related to the above [216] has general term

A 2n (n+k
TR\ 2k )

Taking ago = 1, we obtain the matrix

10 0 0 0 O
21 0 0 0 O
24 1 0 0 0
29 6 1 0 O
2 16 20 8 1 O
2 25 50 35 10 1

which is the element (}J_r—z, (l—xx)2> of the Riordan group. Its inverse is the matrix

1 0 0 O
-2 1 0 0
6 —4 1 0

—-20 15 -6 1
70 —56 28 -8
—252 210 —120 45 -1

O RO O OO
_ o O O O O
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with general element (—1)"7*( *" ) which is the element

1 142x — 1+ 4x 1 |~ (=)
, = ——,1—c(—x
N 2 V1 + 4z
of the Riordan group. We note that HQIT VITT g the generating function of (—1)"C) .

Applying Bin? to this matrix yields the matrix

1 0 0000
01 000O0O
2 01000
0 3 0100
6 0 4010
0 10 0 5 0 1

which is the element ( xc(x2)> of the Riordan group.

1
V1—4z2’

6.7 An Associated Transformation

We briefly examine a transformation associated to the Ballot transformation. Unlike other
transformations in this study, this is not invertible. However, it transforms some “core”
sequences to other “core” sequences, and hence deserves study. An example of this transfor-
mation is given by

where M, is the nth Motzkin number A001006. In general, if a, is the general term of a
sequence with generating function A(z) then we define its transform to be

Ln/2] n

k=0

1ixA<ﬂf2V>'

As this sequence represents the diagonal sums of the array with general term
n+k
a )
2% )"

a1 T

which has generating function

it will have generating function

l—z—

(654

1—a—
Q3T

1l —p— ——2%

v 1l—gp—---
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in the event that a, has generating function

The opening assertion concerning the Motzkin numbers follows from the fact that

1 ( x2 )_1—x—\/1—2x—3x2

1—z° (1—x)? 222

which is the generating function of the Motzkin numbers. We also deduce that the generating
function of the Motzkin numbers may be expressed as

1

1l—z—
2

[ —
11— — -

The effect of this transform on the power sequences n — k™ is easy to describe. We have

1 11—z
— .
l—kzx 1—-2x—(k—1)2?

In other words, the sequences n — k™ are mapped to the solutions of the one parameter
family of recurrences
ap = 20,1+ (k — 1)a,_2

satisfying ag = 1, a1 = 1.
For instance,
[n/2] n
> (2k> 28 = (1+V2)" + (1 —V2)")/2
k=0
is the general term of the sequence A001333 which begins 1,1,3,7,17,.... Related to this is
the following formula for the Pell numbers A000129

[n/2]

3 <2k’1 1) 9k — Peli(n).

k=0

Under this mapping, the central binomial numbers (2:) are mapped to the central trinomial
numbers A002426 since

1 1 1 1

— .
V1 — 4z l—z/1-422/(1 —2)? V1—2x—3a?
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This is an interesting result, as the central trinomial numbers are also the inverse binomial
transform of the central binomial numbers :

1 1 1 1
_> pr— .
V1 —4x 1+x\/1—4:z:/(1—|—x) V1 — 22 — 3a2

We also deduce the following form of the generating function for the central trinomial num-
bers

1

212
2

Z

1l—x—

l—g— ————
1l—p—---

This transformation can be represented by the “generalized” Riordan array (ﬁ, (1fi)2 ). As
such, it possesses two interesting factorizations. Firstly, we have

(1 i:c (1 i)?) - (;x 1:5) (1,2%) = Bino (1,2°).

Thus the effect of this transform is to “aerate” a sequence with interpolated zeros and then
follow this with a binomial transform. This is obvious from the following identity

S ()= (1)

k=0 k=0

where we use the usual convention that a;/; is to be interpreted as 0 when k is odd, that is
when k/2 is not an integer. Secondly, we have

1 z? B 1—x x? 1 x
-2’ (1-2)2) \1—-20+2221-20+222) \1—-2'1—-2)"

As pointed out in [59], this transformation possesses a left inverse. Using the methods of
[59] or otherwise, it is easy to see that the stretched Riordan array (1,z?) has left inverse
(1,4/7). Hence the first factorization yields

(1im’(1f2x)2)wl = (Bino (1,2%))™!
= (1,vz)oBin™'

- (1’ﬁ)<1ix’1ix)

- _<1+1ﬁ’1+ﬁﬁ)

where we have used (.)™! to denote left-inverse.
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It is instructive to represent these transformations by their general terms. We look at

(1, 2%) first. We have

(2] = "0 = [2"] fﬁ (2) = (n ! 2k>
Hence
e 5 (53 0 e

We now wish to express b,, in terms of a,,. We have

-1 (= (o)

EE0 )G

k=0 j=0

[2"](Va)* =

)it

Hence

We can use the methods of [59] to further elucidate the relationship between (1,2?) and
(1,4/x). Letting b(x) be the generating function of the image of the sequence a, under
(1,22), we see that b(x) = a(x?) where a(z) = > p-, axz®. We wish to find the general term
a, in terms of the b,. We have a(x) = [b(t)|z = t?] and so

an = [ﬂﬁn]a(iv) = [2"](b(®)]t =

=[ (1)t = w)
= { ) =

= b2n.

V)

1
—2n.by,,
2nn2

Table 3 displays a list of sequences and their transforms under this transformation. Note
that by the above, we can recover the original sequence a, by taking every second element
of the inverse binomial transform of the transformed sequence b,,.

Table 3. Transform pairs

ap, by, an, b,

0" 1" A000007 | 17
1 (2" +07)/2 1” | A011782
2n A2V | A000079 | A001333

n s~ GG | agouarr | -
n+1 e A000027 | A045891
2n+1 | 2°(n+2)/2,n > 1| A005408 | A087447
(1+(=1)")/2 ) A059841 | A038503
) Central trinomial | A000984 | A002426
C, Motzkin A000108 | A001006
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6.8 Combining transformations

We finish this chapter by briefly looking at the effect of combining transformations. For
this, we will take the Fibonacci numbers as an example. We look at two combinations: the
Catalan transform followed by the binomial transform, and the Catalan transform followed
by the inverse binomial transform. For the former, we have

. B 1 €T - 1 X T
Bin o Cat = (1—x’1—:1:‘> (1, ze(@)) = (1—:1:’ 1—xc<1—:€)>'

while for the latter we have

1 1
Bin ' o Cat = : ‘ (1, zc(z)) = : Y .
1+z 1+ 1+ 142 \1+=z

Applying the first combined transformation to the Fibonacci numbers yields the sequence
0,1,4,15,59,243, ... with generating function

(Vir —1—+/x —1)
2((z — 1)Vbr —1—zy/x — 1))

V1 —6x+ 522 — (1 — bz + 42?)
2(1 — x)(1 — 62 + 422) '
Applying the second combined transformation (Catalan transform followed by the inverse
binomial transform) to the Fibonacci numbers we obtain the sequence 0, 1,0, 3,3, 13,26, ...
with generating function

or

(1+22)v1—2x — 322 — (1 — x — 22?%)

2(1 4+ z)(1 — 2z — 42?)

It is instructive to reverse these transformations. Denoting the first by Bin o Cat we wish
to look at (Bin o Cat)™' = Cat ' o Bin~'. As elements of the Riordan group, we obtain

(Le(l =) (l—ll—x 111:) N (1 +xl—g;2’ 1x+(1x_—32;2> '

Applying the inverse transformation to the family of functions k™ with generating functions
L for instance, we obtain

1—kx?
1 1 B 1
1+x—x21_%_ 1—(k—1Dz+ (k—1)a2

In other words, the transformation (Bin o Cat)™! takes a power " and maps it to the

solution of the recurrence
an, = (k—1a,—1 — (k= 1)a, o

with initial conditions ag = 1, a1 = k — 1. In particular, it takes the constant sequence 1"
to 0™.
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The Jacobsthal numbers J(n), for instance, are transformed into the sequence with ordinary
z(l—x)
1+x—3z2+4a3 —224

BB

k=0 7=0

with general term

generating function

= 2V/3sin(mn/3 +7/3)/9 — {—s {(\/5 — 1) ()B4 1)"+1} .

We now look at (Bin™' o Cat)™! = Cat ' o Bin. As elements of the Riordan group, we

obtain
La(l— oL, ):( 1 :E(l—$)>'

1l—2'1—2x l—ax+22"1—x+ 22

Applying this inverse transformation to the family of functions k" with generating functions
L for instance, we obtain

1—kx?
1 1 B 1
1—x+x21_’;f<1jg 1= (k+Da+ (k+1)22

Thus the transformation (Bin~! o Cat)~' takes a power k" and maps it to the solution of
the recurrence

an, = (k+ 1Da,—1 — (k4 1)a,—2
with initial conditions ag = 1, a; = k+ 1. In particular, it takes the constant sequence 1" to

2% (cos(Z%) + sin(™%)) (the inverse Catalan transform of 2").

As a final example, we apply the combined transformation Cat™' o Bin to the Fibonacci
numbers. We obtain the sequence

0,1,2,2,0,—5,—13,—-21,—-21,0, 55, 144, 233, 233, 0, —610, — 1597, . ..
whose elements would appear to be Fibonacci numbers. This sequence has generating func-

tion
z(1—x)

1 — 3z + 422 — 223 + 2%
In closed form, the general term of the sequence is

2 2V5 mom 1 2 2vV5 2mn 2w
by = ¢ 2+ 22 <_ _>_ Sy oA g (2T, 2T
Nt 5 5 TGN T Sm<5+5)

where ¢ = # We note that

b, = % {¢"\/\/T5¢sin (% + g) — (%)"\/\/_T/qﬁsin (2%” + 2%) } :
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Chapter 7

An application of Riordan arrays to
coding theory !

7.1 Introduction

In this chapter, we report on a one-parameter family of transformation matrices which can be
related to the weight distribution of maximum distance separable (MDS) codes. Regarded
as transformations on integer sequences, they are easy to describe both by formula (in
relation to the general term of a sequence) and in terms of their action on the ordinary
generating function of a sequence. To achieve this, we use the language of the Riordan
group of infinite lower-triangular integer matrices. They are also linked to several other
known transformations, most notably the binomial transformation.

7.2 Error-correcting codes

Maximum separable codes are a special case of error-correcting code. By error-correcting
code, we shall mean a linear code over F, = GF(q), that is, a vector subspace C' of F} for
some n > 0. If C is a k-dimensional vector subspace of F', then the code is described as a
q-ary [n, k]-code. The elements of C' are called the codewords of the code. The weight w(c)
of a codeword ¢ is the number of non-zero elements in the vector representation of c¢. An
[n, k] code with minimum weight d is called an [n, k, d] code. A code is called a maximum
separable code if the minimum weight of a non-zero codeword in the code is n — k + 1. The
Reed-Solomon family of linear codes is a well-known family of MDS codes.

An important characteristic of a code is its weight distribution. This is defined to be
the set of coefficients Ay, Ay, ..., A, where A; is the number of codewords of weight i in C.
The weight distribution of a code plays a significant role in calculating probabilities of error.
Except for trivial or ‘small’ codes, the determination of the weight distribution is normally
not easy. The MacWilliams identity for general linear codes is often used to simplify this

!This chapter reproduces the content of the published article “P. Barry and P. Fitzpatrick, On a One-
parameter Family of Riordan arrays and the Weight Distribution of MDS Codes, J. Integer Seq., 10 (2007),
Art. 07.9.8. [20].
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task. The special case of MDS codes proves to be tractable. Using the MacWilliams identity
[147] or otherwise [179], [222], we obtain the following equivalent results.

Proposition 156. The number of codewords of weight i, where n —k+1 <1 < mn, in a
q-ary [n, k] MDS code is given by

S
- (g Qs

=

() Z e Qoo

where dpim =n — k + 1.

We note that the last expression can be written as

747dmin .
n . . 1 .
A, — E _1 i—dmin—J J+1 _ 1

§=0
by a simple change of variable.
We have Ag =1, and A; =0 for 1 <i <n — k. The term (7;) is a scaling term, which
also ensures that A; = 0 for i > n. In the sequel, we shall study a one-parameter family of
Riordan arrays associated to the equivalent summation expressions above.

7.3 Introducing the one-parameter family of ‘MDS’
transforms

In this section, we shall frequently use n and k to address elements of infinite arrays. Thus
the n, k-th element of an infinite array 7' refers to the element in the n-th row and the k-th
column. Row and column indices will start at 0. This customary use of n, k, should not
cause any confusion with the use of n, k above to describe [n, k] codes.

We define T, to be the transformation represented by the matrix

T, — 1—1—37’ T
l—-—mz' 1+2x

where m € N. For instance, we have

100 0 0 0
210 0 0 0

211 0 0 0
le(Hx,x): 210 1 0 0
-z 1+ 211 -1 1 0
210 2 -2 1
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This triangle is A113310, which has row sums 1, 3,4,4,4, ... with generating function %
(1+a)?

This is A113311. In general, the row sums of T, have generating function {——-. Note also
that
10 0 0 0 O
11 0 0 0 O
00 1 0 0 O
T0:(1+% z ): 00 -1 1 0 0
1+ 00 1 -2 1 0
00 -1 3 =31

with general term ("~2)(—1)""*.

The A-sequence of each matrix T,, is clearly 1 —x (since f(z) = =

715 ), and hence we have

Ton+1,k+1)="T,(nk)—T,(n k+1).

Proposition 157. For each m, T,, is invertible with

T;Z(L4m+mx x).

"1—=x

Proof. Let T;;! = (g%, f). This exists since T,, is an element of the Riordan group. Then

o (o) = e

1—ma' 1+x
Hence 7
m:x:f: 1ix
and _
g*:gif:}g*: 11_+”}f:1—(m+1)x.

Corollary 158. The general term of T} is given by

T, (n, k) = (Z:,ﬁ) —(m+1>(n:f1).

161


http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A113310
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A113311

Proof. We have

T, (n.k) = [2")(1— (m+1)z)(

]

Our main goal in this section is to find expressions for the general term T,,(n, k) of T,,. To
this end, we exhibit certain useful factorizations of T,,.

Proposition 159. We have the following factorizations of the Riordan array T,,:
14+ T
Tm = )
(1 —mz 1+ x)
1 T
= (1
(1+z,2) (1—771957 1+x)
1 T
= 1, , T
( 1+:L'> (1—(m+1)$ )
1 14 x
= x x
1 —ma’ 14 a

1 x 1 1
= ) , L.
l+z'1+2z)\1l—2z1—(m+ 1z

Proof. Each of the assertions is a simple consequence of the product rule for Riordan arrays.
For instance,

T 1 1 T
1, , x| = 1. ,
Il+z)\1—(m+1)x I—-(m+1)="1+z
_ (1 I+x x
B 1+z—(m+1z’1+2

1
_ —i—:L" X _T, .
l—mz' 1+zx

The other assertions follow in a similar manner. O
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The last assertion, which can be written

T,, =B! L L T,
l—z1—(m+1)x

is a consequence of the fact that the product BT,, takes on a simple form. We have

BT, — 1 , T 1+x, T
l—-z"1—=2x l—mzx 1+=x

3 1 1+ 5

- l—xl—mﬁ’l—kﬁ

- (1ix1—('ni+1)x’x)'

We can interpret this as the sequence array for the partial sums of the sequence (m + 1),
(m41)nt1-1

(m+1)—1 -
sequence array. We note that the inverse matrix (BT,,)™! takes the special form

that is, the sequence array of Thus T,, is obtained by applying B~! to this

(1—2)1—(m+Dz),z)=(1—(m+2)xz+ (m+1)2%2% ).

Thus this matrix is tri-diagonal, of the form

1 0 0 0 0 0

—(m+2) 1 0 0 0 0

m+1  —(m+2) 1 0 0 0

(BT,,) ! = 0 m+1 —(m+2) 1 0 0
0 0 m4+1l  —(m+2) 10

0 0 0 m+1 —(m+2) 1

Corollary 160. The general term of the array T,, s

n

Tpu(n, k) =Y (—1)" (n) (m+ 171 —1)/m,  m#0.

Jj=k J

Proof. By the last proposition, we have

T,, =B} L L T .
l—z1—(m+ 1z

The general term of B~ = (11—, £&=) is (—1)"7*(}) while that of the second Riordan array

(mA1)"F -1 e .
DT The result follows from the product formula for matrices. O

18
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Corollary 161.

- I\ iRt -1 ik S n \mitt—1
T, (k) =S (1) (") = N (ke LC——
(k) =3 _(=1) (;) m—1 > (=1) (j+k) m—1

Equivalently,

<
I

ol
<
Il

o

o= () o

This last result makes evident the link between the Riordan array T,,_; and the weight
distribution of MDS codes. We now find a number of alternative expressions for the general
term of T,, which will give us a choice of expressions for the weight distribution of an MDS
code.

<.

Proposition 162.

T k) — S(-1) (52 v
R
- 3 () erime

j=k
Proof. The first two equations result from

T k) = [o"] " ( . >k

1—mx \1+=x
= [2"7F(1 —ma) (1 + x)_(k_l)

— nkZHZ< )j

i>0 >0

- YYD <k+j _2> 1 YimigH,

i>0 >0

The third equation is a consequence of the factorization

Tm = (1’ 1—|1-ZE> (1—(n’i+1)x’x>

since (1, 37) has general term (") (=1)" k. O
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Thus we have, for instance,

(m— 1) (Z) Tor(n, k) = (m — 1) <Z) Ank (Z :;) (—1)"Imi*.

J

Using the notation from the second section, we obtain

a=-n(7) 3 (1) ayigea

7.4 Applications to MDS codes

We begin this section with an example.

Example 163. The dual of the [7,2,6] Reed Solomon code over GF(2%) is an MDS [7, 5, 3]
code, also over GF'(2%). Thus the code parameters of interest to us are g =8, n =7,k =5
and d;p =n—k+1=3. Let D = diag((g), (7), o (;),0, 0,...) denote the infinite square

1

matrix all of whose entries are zero except for those indicated. We form the matrix product

(¢ —1)DT,_q, with ¢ = 8, to get

134456 16807 2101 262 34
941192 117649 14706 1839 228 31
6588344 823543 102943 12867 1611 197 29

1 0 0 0 0 0 0
8 1 0 0 0 0 0

56 7 1 0 0 0 0

392 49 6 1 0 0 0

. 7 2744 343 43 5 1 0 0
7diag { < J-> } 19208 2401 300 38 4 1 0
3 1

2

7 0 0 0 0 0O 0 0 O

392 49 0 0 0 0O 0 0 O

8232 1029 147 0 0 0O 0 0 O

96040 12005 1470 245 0 0O 0 0 O
672280 84035 10535 1225 245 0 0 0 O

— | 2823576 352947 44100 5586 588 147 0 0 0
6588344 823543 102949 12838 1666 147 49 0 0
6588344 823543 102942 12873 1596 217 14 7 0

0 0 0 0 0 0O 0 0 O

Column 3 (starting from column 0) of this matrix then yields the weight distribution
of the [7,5,3] code. That is, we obtain the vector (1,0,0,245, 1225, 5586, 12838, 12873),
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where we have made the adjustment Ay, = 1. We moreover notice that the numbers
(0,0,0,1,5,8,38,262), which correspond to the ratios A;/((¢ — 1)(’;)), are elements of the

111“7&; (Hiz)g Hence they satisfy the recurrence

sequence with ordinary generating function
ap = 40,1 + 18a,_o + 20a,_3 + Ta,_4.

This last result leads us to define the weight ratios of a g-ary [n,k,d] MDS code to be
the ratios A;/((¢ — 1)(%)).
We are now in a position to summarize the results of this paper.

Theorem 164. Let C be a g-ary [n, k,d] MDS code. The weight distribution of C, adjusted
for Ag=1, is obtained from the d-th column of the matrix

ol () (e )

Moreover, the weight ratios of the code satisfy a recurrence defined by the ordinary generating

: 1 d
function l_me (%)

Proof. Inspection of the expressions for the general term T,_; and the formulas for A; yield
the first statement. The second statement is a standard property of the columns of a Riordan
array. O

Thus the weight ratios satisfy the recurrence

(o) @) o ()
. <<q . 1>(df 1) - (2)) a4 = Va1,

Letting R; = A;/((q¢ — 1)(7)), we therefore have

e (o) (4 )

where d = d,, = — k + 1.
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Chapter 8

Lah and Laguerre transforms of
integer sequences '

In this chapter, we show how the simple application of exponential Riordan arrays can
bring a unity to the discussion of a number of related topics. Continuing a theme already
established, we show that there is a close link between certain simple Riordan arrays and
families of orthogonal polynomials (in this case, the Laguerre polynomials). By looking
at judicious factorizations and parameterizations, we define interesting transformations and
families of polynomials.

Example 165. The Permutation matrix P and its inverse. We consider the matrix

1
P = .
==

The general term P(n, k) of this matrix is easily found:

P(n,k) = Z—;[x"] -

n!

k!

1—=x
1

[=" )

= — if n—=k>0, =0, otherwise,

Here, we have used the Iverson bracket notation [106], defined by [P] = 1 if the proposition
P is true, and [P] = 0 if P is false. For instance, d;; = [¢ = j], while §,, = [n = 0].

! This chapter reproduces and extends the content of the published article “P. Barry, Some observations
on the Lah and Laguerre transforms of integer sequences, J. Integer Seq., 10 (2007), Art. 07.4.6.” [18].
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Clearly, the inverse of this matrix is P~ = [1 — z,2]. The general term of this matrix is
given by

P n,k) = E[x"](l — )"
nl .
= Tl )
n!
= E(dn—k - 5n—k—1)
= 6n7k - (k + 1)(577,71671'
Thus
1 0O 0 0 0O
1 1 0O 0 0O
2 2 1 0 00
P = 6 6 3 1 00
24 24 12 4 1 0
120 120 60 20 5 1
while
1 0 0 0 0 0
-1 1 0 0 0 0
0o -2 1 0 0 O
Pl= 0 0o -3 1 0 O
0 0 0O —4 1 0
0 0 0 0 -5 1

We can generalize the construction of P as follows:

pl) — |1 T,
(l—z)"1—=x

The general term of P is equal to

nlfn—k+a—-1\ nl/ —a (_1)nfk_ﬁ!(a)n—k
k! n—k Ck\n—k kKl (n—k)

Clearly, P = P and in general, P* = P(®),

8.1 The Lah transform

Introduced by Jovovic (see, for instance, A103194), the Lah transform is the transformation
on integer sequences whose matrix is given by

Lah — {1, ‘ ]

11—z
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Properties of the matrix obtained from the n x n principal sub-matrix of Lah, and related
matrices have been studied in [162]. From the above definition, we see that the matrix Lah
has general term Lah(n, k) given by

k

Lah(n, k) = n [m"](lf—x)k

#
- s ()

=0 \ 7

nl. A(k+7—1\ .
= k]23< y >x]

B nln—1
- kK'\n—k

Thus if b, is the Lah transform of the sequence a,,, we have

“nl/n—1
%:;HQ_Q%
=0

It is clear that the inverse of this matrix Lah™' is given by [1
Lah(n, k)(—1)""*. Thus

,Hix} with general term

n

B gl (n—1
an =Y (1) H(n—k)b’“'

k=0
Numerically, we have

1 0 0 0 00
01 0 0 0 0
02 1 0 00
Lah—| 0 6 6 1 0 0
0 24 36 12 1 0
0 120 240 120 20 1

Operating on the sequence with e.g.f. f(z), it produces the sequence with e.g.f. f(*).

Example 166. The row sums of the matrix Lah, obtained by operating on the sequence
1,1,1... with e.g.f. ", is the sequence 1,1,3,13,73,501,... (A000262) with e.g.f. eT-=.
We observe that this is n!L(n,—1,—1) = n!Lffl)(—l) (see Appendix to this chapter for

notation). This sequence counts the number of partitions of {1,..,n} into any number of
lists, where a list means an ordered subset.

8.2 The generalized Lah transform

Extending the definition in [162], we can define, for the parameter ¢, the generalized Lah
matrix

Lah[t] = {1 ° }

"1 —tx
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It is immediate that Lah[0] = [1,z] = I, and Lah[1] = Lah. The general term of the matrix
Lah[t] is easily computed:

n! xk

Lah[t](n, k) = E[x”]m

- Z_;[x”—k] > (_]k) (—1)7t/2?

J=0

nlo . (k+i-1\
= E[I k]zj( y )tjxj

 K\n—k ’

x
"1+ tx

We can easily establish that

Lah[t] ' = [1 } = Lah[—]

with general term 2 ("~))(—t)"*. We also have
Lah[u + v] = Lah[u] - Lah]v].

This follows since

Lahfu] - Lah[] — |1 _1 [1 L]

B _71—(u—|—v)x]
= Lah[u +v].

For integer m, it follows that
Lah[mt] = (Lah[t])™.
8.3 Laguerre related transforms

In this section, we will define the Laguerre transform on integer sequences to be the transform
with matrix given by




We favour this denomination through analogy with the Binomial transform, whose matrix
is given by

Numerically, we have

1 0 0 0 00

1 1 0 0 00

2 4 1 0 0 0

Lag=| 6 18 9 1 0 0
24 96 72 16 1 0

1

120 600 600 200 25

The inverse of the Laguerre transform, as we understand it in this section, is given by

Lag™! = L , a .
1+2 1+=x

Clearly, the general term Lag(n, k) of the matrix Lag is given by

Lag(n, k) = Z: (Z)

Thus if b, is the Laguerre transform of the sequence a,,, we have

“nl/n
k=0

The e.g.f. of b, is given by 1%f(igc) where f(z) is the e.g.f. of a,. The inverse matrix of
(

Lag has general term given by (—1)"~#21("). Thus

SO

The relationship between the Lah transform with matrix Lah and the Laguerre transform
with matrix Lag is now clear:

—_

L -
a8 1—33:|

—_

I
—_
—_
&
I—I
f—|
I&
8
—_

= P Lah.
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We note that this implies that

Lag(n, k)

which indeed is true since

Numerically, we have

1 0 0 0 00 1 0 0 0 0
1 1 0 0 00 01 0 0 0
2 2 1 0 00 0 2 1 0 0
P.Lah — 6 6 3 1 00 0 6 6 1 0
24 24 12 4 1 0 0 24 36 12 1
120 120 60 20 5 1 0 120 240 120 20
1 0 0 0 00
1 1 0 0 00
2 4 1 0 0 0
_ 6 18 9 1 0 0
24 96 72 16 1 0
120 600 600 200 25 1

Lag.

Similarly we have

Lag ' =Lah™'- P!,

which implies that

Lag™'(n, k)

1=0

n!
(-

!
Z(—l)n_lﬁ

a()

n—1

172
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It is of course possible to pass from Lag to Lah by:
Lah = P! . Lag.
Thus

nl/n—1

n

= S (i i+ 1>5n—i—1)% (;)

1=0

We note in passing that this gives us the identity

n (Z B /1;) - ;(%i — (4 D)6 <;)

1 0 0 0 0 0 1 0 0 0 0 0

-1 1 0 0 0 0 1 1 0 0 0 0

0 -2 1 0 0 0 2 4 1 0 0 0

P'.Lag — 0 0 -3 1 0 0 6 18 9 1 0 0

0 0 0 —4 1 0 24 96 T2 16 1 0

0 0 0 0 -51 120 600 600 200 25 1
1 0 0 0 0 0
01 0 0 00
02 1 0 0 0
_|lo 6 6 1 0 o0
0 24 36 12 1 0
0 120 240 120 20 1

= Lah.

Thus if the Laguerre transform of a, has general term b,,, then the general term of the Lah
transform of a,, will be given by
bn — nbn_l

(for n > 0).

Example 167. A simple consequence of the formula for the general term of the Laguerre
array is the following :

Proposition 168. The Laguerre transform of r™n! is (r + 1)"n!
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Proof. We have

= nl(r+1)™
where we have used the fact that the binomial transform of r™ is 1. O

Example 169. The row sums of the matrix Lag, that is, the transform of the sequence
1,1,1,... with e.g.f. €”, is the sequence 1,2,7,34,209, 1546, 13327, ... with e.g.f. L e,

1—x

This is A002720. Among other things, it counts the number of matchings in the bipartite
graph K (n,n). Its general term is >, _, % (7). This is equal to L,(—1) where L,(z) is the
n-th Laguerre polynomial.

Example 170. The row sums of the matrix Lag ™' yield the sequence
1,0,—1,4,—15,56, —185, 204, . ..

with e.g.f. H%elﬁ. It has general term

n

S ()

k=0

which is equal to (—1)"L,(1).

8.4 The Associated Laguerre transforms

The Lah and Laguerre transforms, as defined above, are elements of a one-parameter family
of transforms, whose general element is given by

1 x
(1—z)et’ 1 —x

Lag® =

We can calculate the general term of this matrix in the usual way:

n!

Lag®(n k) = T[a"](1— ) k(1 —z)
n' n— —(a
= (1 — ) e

nl & (a+k:+j) ;
i 7

_n_!n—l—a
 kK\n—-k)°
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We note that Lah = Lag™" while Lag = Lag(®”). We can factorize Lag® as follows:

1 1 x
Lag® —
ag {(1—:{:)""4 L—a:’l—x]
= P@.Lag.
Similarly,
1 T
Lag®™ = |——— 1, ——
" = || [
PV . Lah.

Now P+ has general term %,'(";Ega) and Lah has general term Z—,’(Z:i) We deduce the
following identity

(n—f—a) i(n—jﬂLa) <j—1)
n—=k e n—j j—k
The transform of the sequence a,, by the associated Laguerre transform for « is the sequence

b, with general term b, =Y _, %,'(’::Z) ay, which has e.g.f. Wf(ﬁ)

The exponential Riordan array Lag® has production matrix

1+ 1 0 0 0 0
l+a 3+« 1 0 0 0
0 22+4+a) 5+« 1 0 0
0 0 33+a) T+a 1 0
0 0 0 44+a) 9+« 1
0 0 0 0 56+a) 11+a
or
110 0 0 O 1 00 000
131 0 0 O 110000
045 1 0 0 021000
009 7 1 0 +aol 003 100
00016 9 1 000410
000 0 25 11 000O0S5H1

We note that in the literature of Riordan arrays, the subset of matrices of the form (1, f(x))
forms a sub-group, called the associated group. We trust that this double use of the term
“associated” does not cause confusion.
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8.5 The Generalized Laguerre transform

We define, for the parameter ¢, the generalized Laguerre matrix Laglt| to be

1 T

Lag|t| = .
agl!] {1—1593’1—25:1:}
We immediately have
1 x
Lag|t| =
agll] 1—tx’1—tx}

1 T

- 7'r 17

11—tz } [ 1—tx]

where the generalized permutation matrix P[t] has general term [k < n]%t"~*. It is clear
that

1 T
Lag[t| ™! = Lag[—t] = | —— .
ol = Lagl1] = |

It is possible to generalize the associated Laguerre transform matrices in similar fashion.

T
2

8.6 Transforming the expansion of FEp—;

The e.g.f. of the expansion of #

r—va?

takes the form
flz) = A(p,v)e"® + B(u,v)e™

which follows immediately from the Binet form of the general term. Thus the transform of
this sequence by Lag'® will have e.g.f.

Alpv)  pe  Bpy)  ne
(1) (1 — )

In the case of the Lah transform (o« = —1), we get the simple form
Ael*s + Bel’s

while in the Laguerre case (v = 0) we get

= 25
el—= el—x
A + B :
1—=z 1—x
Now efj is the e.g.f. of the sequence n!L, (—r). Thus in this case, the transformed sequence

has general term
An!L,(—=r1) + Bn!L,(—r2).
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Example 171. The Laguerre transform of the Fibonacci numbers
1 (1+v5\ 1 [1-vB)"
F(n)=— - —
V5 2 V5 2

%n!Ln (— Lt \/5> — Ln!Ln (—1 — \/5> .
5

This is A105277. Tt begins 0, 1, 5, 29, 203, 1680, 16058, . . ..

is given by

Example 172. The Laguerre transform of the Jacobsthal numbers [11, 239] (expansions of

1—1:—2382)

is given by

1 1

—n!L,(=2) — =n!L,(1).

Sl (=2) = SnlL, (1)

This is A129695. It begins 0, 1,5, 30,221, 1936, 19587, .... We can use this result to express
the Lah transform of the Jacobsthal numbers, since this is equal to b, — nb,_; where b, is
the Laguerre transform of J(n). We find

%!(Ln(_g) — Lo1(=2) = (Ln(1) = Lo (1))):

Example 173. We calculate the Lag" transform of the Jacobsthal numbers J(n). Since
Lag! = P - Lag, we apply P to the Laguerre transform of J (n). This gives us

n n

; Z—:(k:!Lk(—Q) — kILy(1))/3 = %‘ ;(Lk(—z) — Li(1)).

2x —x
1 -2 _¢T-x

1—x)2 3

This sequence has e.g.f. (

8.7 The Lah and Laguerre transforms and Stirling num-
bers

In this section, we follow the notation of [106]. Thus the Stirling numbers of the first kind,
denoted by m, are the elements of the matrix

(i)
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[’,ﬂ counts the number of ways to arrange n objects into k cycles. We have

10 0 0 0 0
01 0 0 0 0
01 1 0 0 0

s—| 02 3 1 00
06 11 6 1 0
0 24 50 35 10 1

The row sums of this array give n!.
The Stirling numbers of the second kind, denoted by {Z}, count the number of ways to
partition a set of n things into k£ nonempty subsets. {Z} are the elements of the matrix

S=[le" —1].
This is the matrix
0,1,0,2,0,3,0,...] A [1,0,1,0,1,...],
with production matrix
01 00O0O0
01 1000
002100
000310
000041
000005

We have

—N
> 3
——
I
| =
]~

S (f) e

1 (K
- -1 k—j . 30
k! AO( ) (])‘7
‘]7

We note that the matrix [1,e” — 1] of Stirling numbers of the second kind is the inverse of
the matrix with elements (—1)"*[7], which is the matrix [1,In(1 + z)].
Related matrices include - L\
,In
11—z 1—z2/]

} and its signed version,

- 1 i
,In
1+ <1—|—x>_
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whose elements are given by (—1)"* ["“}, along with their inverses, given respectively by

k+1
[e7* 1—e~*], with general element (—1)""‘3{23}, and [e”, e* — 1] with general element {ZE :
We can generalize a result linking the Lah matrix to the Stirling numbers [162] to the

infinite matrix case as follows:

Lah =s-8S.
This is because we have
i 1
s-S = 1,111( )}[1,6’—1]
i l1—2z
= [1,e"E) — 1
[ 1
= |1, — 1}
| 1-x
= |1, ‘ } = Lah
1—=x
Thus we have
S =s~'.Lah, s=Lah-S'.

We now observe that

Lix%} 1,In(1 +2)] = Ligg,ln(wlfx)}

or

e (e i) (522

n+1 “nl/n , j]
= = ) (=1)F|7].
{’HJ jz_;ﬂ <J)( ) {k‘
Taking the inverse of the matrix identity above, we obtain

([Z . ﬂ)_l - ((—1>”—k m)_l Lag-

which can be established alternatively by noting that

1 T 1 e —1
[1,e" — 1] , = |1 ,
1+z' 142 l1+er—1"14ex—-1

= e 1—e"].

We deduce the identity

This establishes the identity

S 04)



Finally, from the matrix identity

()= 23D
= (1) (o fl)
- (k2

" n+1
L k) =
=3 (11 {)

J:

we deduce that

Thus

This is equivalent to the factorization

This implies (see Appendix A) that

o e

T k=0 j

It is natural in this context to define as associated Stirling numbers of the first kind the

elements [Z]a of the matrices
1 1
,In .
{(1—50)“ (1—1‘)]

For instance, [Z] 0 = m and ml = [Ziﬂ We note that signed versions of these numbers
have been documented by Lang (see for instance A049444 and A049458). To calculate [}]

we proceed as follows:

27

Thus
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More generally, since ==, In(:5)] = Pl

HIE LI

S0

In(:X)], we have

Lag(o‘) (n, k) = Z
j=0

For example,

In general, we have

tog) = [ e 75 = [ (755) [ e - 0

This implies that

ween-$[1 )

8.8 The generalized Lah, Laguerre and Stirling matri-

ces

Given a parameter ¢t we define the generalized Stirling numbers of the first kind to be the

elements of the matrix | )
tl=11,-1 )
st] {’tn(l—m)]

Similarly, we define the generalized Stirling numbers of the second kind to be the elements

of the matrix b
S[t]:[l,e — }
t

Then
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For instance,

s[—1] - S[t] = :1’_%ln(l+lta:)] {Lemt_l]

The general term of s[t] is given by t"7* m and that of S[t| is given by t"*k{’;}. An easy
calculation establishes that
Lahlt] = s[t]S[t].

From this we immediately deduce that
Laglt] = P[t]s[t]S[t].

Similarly results for the generalized associated Laguerre transform matrices can be derived.

8.9 Stirling numbers and Charlier polynomials

We finish this chapter by noting a close relationship between the Stirling numbers of the
first kind s = [1,In (&-)] and the coefficient array of the (unsigned) Charlier polynomials.

In effect, we have
1 1
[e’ﬁln( )} = [e®, x] - ll,ln( )} =B -s.
11—z 11—z

where the array on the LHS is the coefficient array of the unsigned Charlier polynomials.
These polynomials are equal to oFy(—n,z;—1). The Charlier polynomials are normally
defined to be oFy(—n,—z;—1/u). Here, we define the unsigned Charlier polynomials by

k=0
where (), = Hf;é (z + 7). Letting Ch =B -s = [¢”,In (:£)], we have for example
Lah=B~'-Ch-S

and

Lag=P-B'-Ch-S.
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8.10 Appendix A - the Laguerre and associated La-
guerre functions
The associated Laguerre polynomials [241] are defined by

!

1 ~n!/n+a
(o) - e _N\k
Litte) = n!zk!(n—k)( 7)
k=0

= ety n+o¢6—ac
n! d$”[ ]
Dn
= (a+1) 1Fi(—=n;a+1;7)
n!
Their generating function is
eTo:
(1 — z)otl

The Laguerre polynomials are given by L, (x) = Ls,,o)(x). The associated Laguerre polynomi-

T 0

als are orthogonal on the interval [0, 00) for the weight e~ "z
Using the notation developed above, we have

o ]' < o
L) = — > Lag® (n.k)(~o)"
" k=0

In particular,

We finish this appendix by illustrating the use of Riordan arrays to establish a well known
identity for Laguerre polynomials [5], namely

L) (2) = i (= ke ple .

" —~ (n—k)
To do this, we first note that
[ 1 x
Lac® —
ag (1 — )8+ 1—:p}

- ﬁx} ' {u—iw’lfz




Now the general term of the Riordan array [W, x] is given by

n! (a—pf ner (B — )
H(n—k><_1) K (n—k)!k.

It follows that

I = 3 Lag® (b))t
" k=0
B L (o R
n! == I\n—j

— % >on (‘; - f) (~1)" 23" Lag® (i, k) ()"

T =0
_ Z i:f)<_1)n—mga>(x>
- (8= )nj +(a
B =0 (n—j)! L§ )(x)

8.11 Appendix B - Lah and Laguerre transforms in the

OEIS
Table 1. Table of Lah transforms
G, Lah transform b,

A000012 A000262
A000027 A052852
A000027(n + 1) A002720
A000079 A052897
A000085 A049376
A000110 A084357
A000262 A025168
A000290 A103194
A000670 A084358
A104600 A121020
w (e.g.f. cosh(z)) A088312
O (e.g.f. sinh(z)) A088313

Table 2. Table of Laguerre transforms
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, Laguerre transform b,
A000007 A000142
A000012 A002720

A000027(n + 1) A000262(n + 1)
A000045 A105277
A000079 A087912
A000142 A000165
A000165 A032031
A001045 A129695
A032031 A047053
A005442 A052574

(=1)™ - A052554 A005442

(—1)™ - A052598 A052585
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Chapter 9

Riordan arrays and Krawtchouk
polynomials’

9.1 Introduction

The Krawtchouk polynomials play an important role in various areas of mathematics. No-
table applications occur in coding theory [147, 144], association schemes [47], and in the
theory of group representations [224, 225].

In this chapter, we explore links between the Krawtchouk polynomials and Riordan
arrays, of both ordinary and exponential type, and we study integer sequences defined by
evaluating the Krawtchouk polynomials at different values of their parameters.

The link between Krawtchouk polynomials and exponential Riordan arrays is implicitly
contained in the umbral calculus approach to certain families of orthogonal polynomials. We
shall look at these links explicitly in the following.

We define the Krawtchouk polynomials, using exponential Riordan arrays, and look at
some general properties of these polynomials from this perspective. We then show that for
different values of the parameters used in the definition of the Krawtchouk polynomials,
there exist interesting families of (ordinary) Riordan arrays.

9.2 Krawtchouk polynomials

We follow [195] in defining the Krawtchouk polynomials. They form an important family of
orthogonal polynomials [53, 218, 240]. Thus the Krawtchouk polynomials will be considered
to be the special case § = —N, ¢ = p%l, p+ q = 1 of the Meixner polynomials of the first
kind, which form the Sheffer sequence for

B
1—c
t =
o0 = (25)
1—¢t

ft) = —4/—

— et

IThis chapter reproduces the content of the published article “P. Barry, A Note on Krawtchouk Polyno-
mials and Riordan Arrays, J. Integer Seq., 11 (2008), Art. 08.2.2.” [22].
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Essentially, this says that the Meixner polynomials of the first kind are obtained by operating

on the vector (1,z, 22 23,...) by the exponential Riordan array [g(t), f(¢)] ™!, since
1
9, f = |:—7 f:|
9, /] ™

and

|: 1 7f_:| e:vt — 1 7emf(t)
gof gof

which is the defining expression for the Sheffer sequence associated to g and f. In order to
work with this expression, we calculate [g, f]~! as follows. Firstly,

since

Then we have

and

Thus we arrive at

017 = [ e (=)

and
et/ (0) 1 < t—c )x
g(f(1) (=17 \c(t—1)
B 1 c—t\"
(1=t e
t x
= 1=ty (1--) .
- (1-4)
Specializing to the values § = —N and ¢ = 1% = —§, we get

T e Yy
Gy T
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Extracting the coefficient of ¢* in this expression, we obtain

s = S () () (&) e

=0

- 20

We use the notation

£P) (2, N) = Y (N_x> (‘?)(_1)njqunj

S \n—=J/J\J

for the Krawtchouk polynomial with parameters N and p. This can be expressed in hyper-
geometric form as

N
n

0 N) = (1" ()i, - ),

The form of [g, f]~! allows us to make some interesting deductions. For instance, if we write

90 FOI = | 50108 (L)]

then setting 6 = —N and ¢ = p%l, we get

. 1 1 — =Ly
9(0). 1)) = [m,mg (1—_t>] |

Now we let t = ps, giving

[9(t). (] = Diag(1/p") » [(1 —ps)",log (%)}

= Diag(1/p") * [(1 — ps)", ] {1;} * [Llog <1 i SH

1—(p—1s
= Diag(1/p") * P[p] " x Lah[p — 1] *s.

where we have used the notation of [18] and where for instance s = [1,log (1%5)] is the
Stirling array of the first kind.

188



The matrix P[p]~ x Lah[p — 1] s = [(1 — pt)V log (p—tl)ﬂ is of course a monic
exponential Riordan array. If its general term is 7'(n, k), then that of the corresponding

array [g, f]7! is given by T'(n, k)/p™.

The above matrix factorization indicates that the Krawtchouk polynomials can be ex-
pressed as combinations of the Stirling polynomials of the first kind 1,2, z(z + 1), z(2? +
3z +2),z(x® 4+ 62% + 11z + 6), .

Example 174. Taking N = —1 and p = 2 we exhibit an interesting property of the ma-
trix |(1 —pt)V,log (Mﬂ, which in this case is the matrix [1 57 10g (1 Qt)} An easy
calculation shows that

1 | 1—¢t\1! 1 et — 1
O = .
12t B\ T2 2t — 1’2t — 1

n
k

Lo (1t e 1 et—1 ey
—— log | —— || [e =|——t].
12t 8\ 12 " 9et Z 1796t —1 1— 2t

1—t
1-2t

We recall that the Binomial matrix with general term (7) is the Riordan array [e’, ¢]. Now

Hence the matrices [e!,t] and [{=L, ¢

of change of basis for the similarity.

} are similar, with [1 2t,log( )} serving as matrix

9.3 Krawtchouk polynomials and Riordan arrays

In this section, we shall use the following notation, where we define a variant on the poly-
nomial family n(p )(2, N). Thus we let

K(nk,z,q) = i(—w‘ () (=)@

We then have
K(n,k,z,q) = [t*](1 = t)*(1+ (g — D))"

which implies that
K(N,k,N —2,q) = [t"|(1 = t)""(1 + (¢ - 1)t)".

Letting P = 1/q and thus (1 — P)/P = g — 1 we obtain
1
K(Naka - x,q) = _H7(’LP)($7N)'
qTL

We shall see in the sequel that by varying the parameters n, k, x and ¢, we can obtain families
of (ordinary) Riordan arrays defined by the corresponding Krawtchouk expressions.
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Example 175. We first look at the term K (k,n — k,r,q). We have
X r k—r
K(k,n— = —1)’ - — 1)k
kn=tra) = SC0(0)(, 50 e
4 r k—r ,
= —1)/ — 1)k
2 >(j)<n—k—j)(q )

But this last term is the general term of the Riordan array

The term (—1)""*K(k,n — k,7,q) then represents the general term of the inverse of this
Riordan array, which is given by

The A-sequence of the array (9.1) is given by

14++/1+4(q— )z

Alz) = 5

Thus
ag =1, ay, = (—1)”_1(q —1)"Chpy.

With these values, we therefore have
K(k+1,n—k,r,q) = K(k,n—k,r,q)+a1 K(k+1,n—k—1,7,q)+a. K (k+2,n—k—2,7,q)+. ..

Example 176. We next look at the family defined by (=1)*K(n, k, k,q). We have

(DK (n,k,k,q) = kf: ()( k:) (g — 1)

o
<

3

0 e
B0

Jj=
Using the results of [16] (see also Chapter 10) we see that these represent the family of

Riordan arrays
1 z(1—qx)
1—2" 1—-=x '
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The A-sequence for this array is given by

C l4a+ /14221 —2q) + 22
— : :

A(z)

For example, the matrix with general term T'(n,k) = (—=1)*K(n,k, k, —3) is the Riordan
array (L I(1+Sx)>, A081578 or

-7 1—x

© ot = O
O = O O
_— o O O

13 33 13
17 73 73

T e e e
- = O O OO
_ o O O oo

The A-sequence for this array has g.f. 1tetvitldetes ”;14’””2 which expands to
1,4,—12,84, —732, 7140, —74604, . . .
Thus

()" K(n+1,k+1,k+1,-3) = (~1)*K(n,k,k,—3)
+4(=1)" K (n, k + 1,k +1,-3)
—12(=1)FK(n, b+ 2,k +2,-3) + ...

The matrix with general term (—1)*K (n, k, k, 2) is the Riordan array <ﬁ, x(l’%)) or

10 0 0 0 0
11 0 0 0 0
1 0 1 0 0 0
1 -1 -1 1 0 0
1 -2 -2 -2 1 0
1 -3 -2 -2 -3 1

The rows of this matrix A098593 are the anti-diagonals (and a signed version of the diagonals)
of the so-called Krawtchouk matrices [90, 91] which are defined as the family of (N + 1) x
(N + 1) matrices with general term

s ()()

k
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The matrix with general term T'(n, k) = (=1)*K(n,k, k,—1) is the well-known Delannoy

number triangle (ﬁ, Hx)) A008288 given by

10 0 0 00
110 0 00
13 1 0 00
15 5 1 00
1 713 7 10
19 25 25 91

Thus in particular (—1)"K(2n,n,n,—1) is the general term of the sequence of Delannoy
numbers 1,3,13,63,... A001850. We have

Proposition 177. The array with general term T(n, k) = [k < n](=1)FK(n,k, k, q) is the
1 ukm)

-z’ 1-=z

Riordan array (

Using results in [153], we have the following simple relationships between the terms of these

matrices, where T7E 9 _ () (n, k) denotes the n, k-th element of <1 -, (}:Z@) :
Tf(fl*)l k1l = r(zlz + Tffiﬂ - qTrEq—)l,k

Thus for instance the elements of the Delannoy matrix above satisfy

-1 — 1
T7(L+1?k+1 = Tr(z,k '+ T k+)1 + TTE 1)k

Example 178. We now turn our attention to the expression (—1)"*K(n — k,n — k,n, q).
We have

(-1 *K(n—kn—kngq = (-1)"* g(_l)j (?) (Z B 1; B ?) (q— 1)

) " Z ( ) (n —_kk— j) (q—1)""
> (-1 (?) (Z e D (g 1)+
S (0

- [“’n]1ix (1—qu)k'
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Thus the matrix with the general term T'(n, k; q¢) = (—=1)""*K (n—k,n—k, n, ) is the Riordan

array 1 , . Taking the g-th inverse binomial transform of this array, we obtain
—x 1 —qz

1 T 1 T 1
) * bl - ,I’ .
14+qgx’ 14 qx 1—2"1—qx 1+ (¢g—1)x

Reversing this equality gives us
1 x 1 x 1
Y - ) * 9 xr .
1—2'1—gqx 1—qr’'1—qx 1+ (¢— 1

(=) *K(n—k,n—kn,q) = i (Z) (1 =gyt

J=k

Thus

1
l—x? 1— qm

The row sums of the Riordan array ( ) have generating function

= 1—qx
1——=2  (1—-2)(1—-(¢g+ 1)

1—qz

This is thus the generating function of the sum

Zn:(—l)”_kK(n—k,n—k,nq ZZ() I(1—q) S G it G}

k=0 k=0 j=k q

We remark that (—1)*K(k,k,n,q) is a triangle given by the reverse of the Riordan array

<ﬁ, 1—qu>v and will thus have the same row sums and central coefficients.

The A-sequence of this array is simply 1 + gz, which implies that
Kn—kn—kn+1l,q9=—Kn—-k—1n—k—1n,q9) +qK(n—k—-2,n—k—2,n,q).

Example 179. We now consider the expression (—1)""*K(n — k,n — k, k,q). We have

(=)"*K(n —k,n—k,k,q) (—1)"* nz_k(_l)j (k') (n — k- k) (g — 1)+

J)\n—k—j

SO

This is the (n, k)-th element T'(n, k; q) of the Riordan array
( ! 1+ ))
—_— z) | .
14+ (g—1)x 1
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Other expressions for T'(n, k; ¢) include

T(n,k;q) = nz_k(n_z_j)u_q)iqn—k—j

hence these provide alternative expressions for (—1)" " *K(n — k,n — k, k, q).
We note that for ¢ = 1, we obtain the Riordan array (1,z(1 + z)) whose inverse is the
array (1,zc(z)). The row sums of (1,z(1 + z)) are F(n + 1), thus giving us
S (=1 FK(n—kn—kk1)=F(n+1).

k=0

Similarly, we find

S (1" FK(n—kn—kk0)=n+1

k=0
S o(=1)"*K(n —k,n—k,k,—1) is the sequence 1,3,6,11,21,42,... A024495 with gen-
erating function m

These matrices have the interesting property that 7'(2n,n;q) = 1. This is so since

2n—n
n . i
T(2n,n;5q) = Y <2n o ) (1—g)Yg

= J
= ZZ; (?) (1—q)¢"

Thus we have
K(n,n,n,q) = (—1)".

The A-sequence for these arrays has generating function

1+ +/1+4qx
Alw) = =5

and thus we have
apg =1, an = (—=1)""1q"C, 1, n > 0.

With these values we therefore have

(-D)"*K(n—kn—kk+1,q¢ = (=)"F *Kn—kn—kkq)
a ()" " K(n—k—1,n—k—1k+1,q) +...
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Example 180. We next look at the expression (—1)""*K (n,n — k, k,q). We have

()" *K(n,n—k,k,q) = (=1)"* n:<_1)j (lj) (n T_l; ﬁ j) (g — 1)

.

IR

J

This is the general term T'(n, k; q) of the Riordan array

( 1 z(1+ qx) )
1+ (¢g—Daz’ 14+ (¢g—1z /)’

Expressing T'(n, k; q) differently allows us to write

S (0,3 Jamar -5 (), Jeomar

The central coefficients of these arrays, T'(2n, n; ¢), have generating function e?=9%;(2,/T — ¢x)
and represent the n-th terms in the expansion of (1 + (2 — ¢)z + (1 — q)z?)".
The A-sequence for this family of arrays has generating function

1+(1—q)x+\/1+2:L’(1+q)+(q—1)2:c2.

A(z) = 5

Example 181. The expression K(n,n — k, N, q) is the general term of the Riordan array

(1(i (_qqf)ljgx’ 1- (qx— 1)»’6) '

This implies that
n—k

r%: (]JV> (nn__k]i[]) (1) (q—1)" "7 = Z (JX) (n ﬁ;j_j) (1)’ (¢ —1)" .

j=0

<

The A-sequence for this family of arrays is given by 1 + (¢ — 1)z. Thus we obtain
K(n+17n_k7N7q> = K(n7n_k7N7Q) + (q_ 1>K(n7n_ k — 17N7q)

Example 182. In this example, we indicate that summing over one of the parameters can
still lead to a Riordan array. Thus the expression

B

n—

(—1)'K(n —k,i,n,q)

ﬂ.
o
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is equivalent to the general term of the Riordan array
1 x
1—-22"1—qx

n—k
ZK(TL— k7ian7Q)
i=0

while the expression

is equivalent to the general term of the Riordan array

()
14 qx

Thus

(—1)'K(n —k,i,n,q)

< 3
Il |
=) >
I
7
ol
Il =
()
VRS
. 3
~~_
VR
ol
+
~. ~.
[
L
|
—_
~~_
—~
<)
|
—_
~
d

and
K(n—Ek,1 = —q)" ",
; (n—k,i,n,q) (n_k>( q)

The A-sequence for this example is given by 1 4 gz, and so for example we have

=

n— n—k—1

(-1)'K(n—k,i,n+1,q) = Z(—l)iK(n —kjing) +q Y (“1)')K(n—k—1,in,q).

=0 i=0

n—

Il
o

i

Example 183. The Riordan arrays encountered so far have all been of an elementary nature.
The next example indicates that this is not always so. We make the simple change of 2n
for n in the third parameter in the previous example. We then find that Z?:_Ok(—l)iK (n —
k,i,2n,q) is the general term of the Riordan array

1 — 22 —q(2 — q)z? x -
1+qx " (14 qx)? '

For instance, Z?:_Ok(—l)iK (n — k,1,2n, 1) represents the general term of the Riordan array

1 1 N 1 1—2x—+/1—4zx
2\1—4x /1—4z)’ 2x

while Z?;Ok(—l)iK (n — k,i,2n,2) represents the general term of

( 1 1—4x—\/1—8x)
V1 -8z 2x '
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The A-sequence for the first array above is (1 + )%, so that we obtain

N
e

n— n—

(1)K —ki2n+1),1) = S (=1)K(n—k,i2n,1)

~
I
o
<
Il
o

n 1

—k—
2 Y (-1)'K(n—k—1,,2n,1)
=0

n—=k

+

+

—2
(-1)'K(n—k—2,4,2n,1)
0

i

while that of the second array is (1 + 2x)? and so

=
i
E

n—

=0 =0
n—k—1
+4 (-1)'K(n—k—1,i,2n,2)
i=0
n—k—2
+4 (-1)'K(n—k—2,i,2n,2).
=0

We summarize these examples in the following table.

Table 1. Summary of Riordan arrays

Krawtchouk expression Riordan array g.f. for A-sequence
. T 1++4/1+4(g—1)z
K(k,n—Fk,r q) (<m> a$(1+(q—1)x)) %
n— z \ 14++/1-4(g— 1)z
()" Kk = ko) | () o0 - - Do) Ll
(=1)*K (n, k. k, ) = R
n—k 1 T
(=) *K(n—k,n—kk,q) <ﬂ7 1qu> 14 qx
()" K-k -k ka) | (el + ) e
e 1 2(14qz) 14+(1—q)z+1/14+22(1+q)+(g—1) 22>
(_1) kK(nv n— ka k> CI) <1+(q_1)$> 1+(q_ql)$> 2
(1—gz)™ z
K(na n— k7 NJ q) <1,(qq,1)x7 1,(q,1)x> 1+ (q - 1)‘1:
Z?:_Ok(_l)zK(n - ka ia n, Q) <1j2x’ 1:6(195) 1 + qr
iy Kn = ki n.q) (1. 7%) g
n—k i . —22—q(2—q)z? T -1
> io (—1)'K(n — ki, 2n, q) (1 ’ 115121 o (1+q:13)2> (14 qx)
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Chapter 10

On Integer-Sequence-Based
Constructions of Generalized Pascal
Triangles !

10.1 Introduction

In this chapter, we look at two methods of using given integer sequences to construct gener-
alized Pascal matrices. In the first method, we look at the number triangle associated with
the square matrix BDB’, where B is the binomial matrix (Z) and D is the diagonal matrix
defined by the given integer sequence. We study this construction in some depth, and char-
acterize the sequences related to the central coefficients of the resulting triangles in a special
case. We study the cases of the Fibonacci and Jacobsthal numbers in particular. The second
construction is defined in terms of a generalization of exp(M), where M is a sub-diagonal
matrix defined by the integer sequence in question. Our look at this construction is less
detailed. It is a measure of the ubiquity of the Narayana numbers that they arise in both
contexts.

The plan of the chapter is as follows. We begin with an introductory section, where
we define what we will understand as a generalized Pascal matriz, as well as looking briefly
at the binomial transform. The next section looks at the Narayana numbers, which will
be used in subsequent sections. The next preparatory section looks at the reversion of the
expressions 7 and x(lljb‘;x), which are closely related to subsequent work. We then
introduce the first family of generalized Pascal triangles, and follow this by looking at those
elements of this family that correspond to the “power” sequences n — r”, while the section
after that takes the specific cases of the Fibonacci and Jacobsthal numbers. We close the
study of this family by looking at the generating functions of the columns of these triangles
in the general case.

The final sections briefly study an alternative construction based on a generalized matrix
exponential construction, as well as a generalized exponential Riordan array, and associated
generalized Stirling and Charlier arrays.

I This chapter reproduces and extends the content of the published article “P. Barry, On integer-sequence-
based constructions of generalized Pascal triangles, J. Integer Seq., 9 (2006), Art. 06.2.4.” [16].
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10.2 Preliminaries

Pascal’s triangle, with general term (Z), n,k > 0, has fascinated mathematicians by its

wealth of properties since its discovery [77]. Viewed as an infinite lower-triangular matrix, it
is invertible, with an inverse whose general term is given by (—1)"~* (Z) Invertibility follows
from the fact that (Z) = 1. It is centrally symmetric, since by definition, (Z) = (nﬁk) All
the terms of this matrix are integers.

By a generalized Pascal triangle we shall understand a lower-triangular infinite integer
matrix 7' = T'(n, k) with T'(n,0) = T'(n,n) = 1 and T'(n, k) = T'(n,n — k). We shall index
all matrices in this paper beginning at the (0, 0)-th element.

We shall use transformations that operate on integer sequences during the course of this
chapter. An example of such a transformation that is widely used in the study of integer
sequences is the so-called binomial transform [230], which associates to the sequence with
general term a,, the sequence with general term b, where

by, = i <Z> ax. (10.1)

k=0

If we consider the sequence with general term a, to be the vector a = (ag, ay,...) then we
obtain the binomial transform of the sequence by multiplying this (infinite) vector by the

lower-triangle matrix B whose (n, k)-th element is equal to (}):

100 000
110 000
121 000

B=| 133 100
146 410
15 10 10 5 1

This transformation is invertible, with

ay = Zn: (Z) (—1)" b, (10.2)

k=0

We note that B corresponds to Pascal’s triangle.

10.3 The Narayana Triangle

Example 184. An example of a well-known centrally symmetric invertible triangle that is
not an element of the Riordan group is the Narayana triangle [212, 214] N, defined by

et () ) e ()
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for n, k > 0. Other expressions for N (n, k) are given by

Nk = (Z)Q_ (kL) (kil) - <Zi> (Z) - (nzl) (kil)

This triangle (see A001263) begins

D W= O
= OO
o O O
_— o O O O

10 20 10
15 50 50 15

Z

Il
PR S VG G g —"
R e i = e e e

We shall characterize this matrix in terms of a generalized matrix exponential construction
later in this chapter. Note that in the literature, it is often the triangle N(n — 1,k —
1) = %(")( " ) that is referred to as the Narayana triangle. Alternatively, the triangle

k) \k—1
N(n—1,k) = k—il(";l) (1) is referred to as the Narayana triangle. We shall denote this
latter triangle by N. We then have

1 0 0 0 00
1 0 0 0 00
11 0 0 00
N=|13 1 0 00
1 6 6 1 00
1 10 20 10 1 O

with general term

(7))

Note that for n,k > 1, N(n, k) = %(Z) (kil) We have, for instance,

~ 1(n n
sy - (O
_(n 2 n—1\/n+1
- () -0
_ (n\(n—1 n n—1
- WG -G5)0)
The last expression represents a 2 x 2 determinant of adjacent elements in Pascal’s triangle.

The row sums of the Narayana triangle N give the Catalan numbers C, = (2:;) /(n+ 1),
A000108.
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As we see from above, the Narayana triangle has several forms. Two principal ones can
be distinguished by both their Deleham representation as well as their continued fraction
generating functions. Thus N as defined above is the Deleham array

[1,0,1,0,1,0,1,...] A [0,1,0,1,0,1,...]

with generating function

z(1—zy)
1—(y—1)z

1—(1—y)z—+/1-22(1+y)+ (1 —y)2a?
21y '

1 n n
N —Othy —— )
(n, k) = 0"+ n+ 0" (k:) <k+1>

(corresponding to the series reversion of
expressed as

). This generating function can also be

We have

This triangle is A131198.
The Narayana triangle N

100 0 0 O
01 0 0 0 O
01 1 0 0 O
01 3 1 0 0
01 6 6 1 0
0 1 10 20 10 1

with generating function

1+ (1 —y)z—+/1-22(1+y)+ (1 —y)2a?
2x

is the Deleham array

0,1,0,1,0,1,...] A [1,0,1,0,1,0,1,..]
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with generating function

or

(10.3)

It has general term

= 1 n n
N n+k
0 n + Qnk (k‘) (k—l)

which corresponds to

The Narayana triangle N

S W= O
D= OO
o O O

1
10 20 10
15 50 50 15

Z
Il
= e

with general term

~ 1 n-+1 n+1 T
N k — — n+1_k
(n, k) n—|—1< k >(k:+1> [z y]ReV1+(1+y)x+yx2

and generating function

1—z(1+y)—/1-22(1+y)+ (1 —y)%a?
222y

is then given by
0,1,0,1,0,1,...] A® [1,0,1,0,1,0,1,..].
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This is A090181. We can express its generating function as a continued fraction as

1
z
1 —2y—
T
1_ Yy
T
1—
1 —
and as
1
5 (10.4)
-y
1—z(1+vy)— 2y
1—z(1+y)— 2y
1—z(l+y) — =

An interesting identity is the following, [50, 56]:

25+

"221 % <Z) (k Z 1)xk - kz:% (nQ_k; 1> Crpa®(1 4 )"~ 21 (10.5)

k=0

where C), is the n-th Catalan number. This identity can be interpreted in terms of Motzkin
paths, where by a Motzkin path of length n we mean a lattice path in Z? between (0,0) and
(n,0) consisting of up-steps (1, 1), down-steps (1, —1) and horizontal steps (1,0) which never
go below the z-axis. Similarly, a Dyck path of length 2n is a lattice path in Z? between
(0,0) and (2n,0) consisting of up-paths (1,1) and down-steps (1, —1) which never go below
the z-axis. Finally, a (large) Schrdder path of length n is a lattice path from (0,0) to (n,n)
containing no points above the line y = x, and composed only of steps (0, 1), (1,0) and (1, 1).

For instance, the number of Schréder paths from (0,0) to (n,n) is given by the large

Schroder numbers 1,2, 6,22, 90, ... which correspond to z = 2 for the Narayana polynomials
212, 214]
"1 n n
No(z)=) = k.
(=27 (k - 1) (k:)z
k=1
z(1—azx)

10.4 On the series reversion of ——— and

l+ax+fx 1—bx

A number of the properties of the triangles that we will study are related to the special cases
of the series reversions of *— and m(ll__b‘f) whereb=a—1,a=a+1and B =0+ 1.
We shall develop results relating to these reversions in full generality in this section and
specialize later at the appropriate places.

Solving the equation

Y
—:x
1+ ay + py?
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yields

_l—ax—+/1—2ax+ (a® —40)2?

Y1 = 25z
while solving the equation
y(1—ay)
1—by

leads to

_ L4br— /(1 +bx)? — dax
- 5 :
We shall occasionally use the notation y; («, #) and ys(a, b) where relevant for these functions.

Y2

Note for instance that yQ(wl’O) = 1”2;41 is the generating function of the Catalan numbers.

Proposition 185. Let « = a+ 1, f§ = b+ 1, and assume that b = a — 1 (and hence,
B=a—1). Then
Y2

——y1:1
T

Proof. Straight-forward calculation. m
Note that 1 is the generating function of 0" = 1,0,0,0, .. ..

Example 186. Consider the case a =2, b= 1. Let a = 3 and 3 = 2, so we are considering

x z(1—2x) .
Traarzez and ———. We obtain

1—-3z—+1—6x+x2

3,2) =
yl(a ) Ay
¥2(2,1) 14+ x—+1—06z+ 22
x B 4z
2,1
%—yl(zm) = 1L

Thus :(3,2) is the generating function for 0,1,3,11,45,197,903,4279, ... while 22D ig
the generating function for 1,1,3,11,45,197,903,4279,.... These are the little Schroder
numbers A001003.

Example 187. We consider the case a = 1, b = 1 — r, that is, the case of 2=2) e

1-(1—r)x
obtain
p(l,l-r)  1—-(—1z—/Q+1-r)z)?—4z
x B 2z
1= (r=1z—/1=2(r+ 1)z + (r —1)%?
B 2z
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Example 188. We calculate the expression % — 11%’" We get

p(l,l-r) 1—-r  1—(r—Lz—/1-20r+z+(r—1)2%2 20r—1)z
re oy N 2rx + 2rx
1+ (r—1z—/1-2(r+ 1)z + (r — 1)%a?
N 2rx
_ ya(r,r—1)
= =

In other words,
yo(r,r—1)  yo(l,1=7) 1—r

T rx r

A well-known example of this is the case of the large Schroder numbers with generating func-
tion 1==VI=0rEe and the little Schroder numbers with generating function Hz=vI=6wte®
In this case, r = 2. Generalizations of this “pairing” for » > 2 will be studied in a later

section. For » = 1 both sequences coincide with the Catalan numbers C,,.

Proposition 189. The binomial transform of

yi  l—az—/1—2ax+ (0 — 473)x?

x 20x2

18

1—(a+ 1Dz —+/1-2(a+ )z + ((a+ 1)2 — 45)a?
2022 '

Proof. The binomial transform of £ is

1 ox 20w ) x2 x?
1—x{1_1—x_\/1_1—x+<a _4@(1—3:)2}/(26(1—@2)

= (1—2—ar—+/(1—2)2=2ax(1 —z)+ (a2 — 40)22)/(262?)
= (1—(a+1)z—+1-2(a+1)z+ (a2 +20+1—452)22)/(262%)
1—(a+1)z—+/1-2(a+1)z+ ((a+1)2 —43)a2

2322 '

O

In other words, the binomial transform of [z" ™! |Rev{_*= is given by [¢" " Rev 7

Example 190. The binomial transform of 1,3, 11,45,197,903, ... with generating function
1’3""”’4— W is 1,4, 18,88, 456, 2464, 13736, ..., A068764, with generating function

1_4”””4;8”85‘32. Thus the binomial transform links the series reversion of z/(1 + 3z + 2x?)
to that of x/(1 + 4x + 22?). We note that this can be interpreted in the context of Motzkin

paths as an incrementing of the colours available for the H(1,0) steps.
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We now look at the general terms of the sequences generated by y; and y,. We use the
technique of Lagrangian inversion for this. We begin with y;. In order to avoid notational
overload, we use a and b rather than a and 3, hoping that confusion won'’t arise.

Since for y; we have y = x(1 + ay + by?) we can apply Lagrangian inversion to get the
following expression for the general term of the sequence generated by y;:

1
[ty = E[t”—l](l + at + bt*)".

At this point we remark that there are many ways to develop the trinomial expression, and
the subsequent binomial expressions. Setting these different expressions equal for different
combinations of @ and b and different relations between a and b can lead to many interesting
combinatorial identities, many of which can be interpreted in terms of Motzkin paths. We
shall confine ourselves to the derivation of two particular expressions. First of all,

1
[t"yy = ﬁ[t”’l](1+at—|—bt2)”
I —~ (n 2\k
= [t ]Z(k)(at—l-bt)
k=0
_ l[tnq] Zn: <”) ik Zk: <k5) I pk—igk—i
" k=0 k i=0
1 " &L [k
_ n—1 1 k—j 4 2k—j
- BER (e
k=0 7=0
1 - (Z >a2k—n+1bn—k—1
n

k
n—k—1
k a2kfn+1bnfk71'
2k —n+1

Of the many other possible expressions for [t"]y;, we cite the following examples:
k41

O
S
SO e

- _Z<k:+1> (n;izl)bk .

We shall be interested at a later stage in generalized Catalan sequences. The following
interpretation of [t"]y; is therefore of interest.

) 2k—n+1bn—k—1
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Proposition 191.

Proof.

[ty = —[t" (1 + at + bt*)"

[t (at + (1 + bt%))"

S| 33|+

~
7
=
L[]
VRS
(.

7) at! (1 + bt*)"

n n—j .
_ l[tnq] (7T gipks2kti
n : J k
=0 k=0
1 n 2k +1\ ok 1.k
o on (n—2k—1)< k )a ’
k=0
_ li( n )(2k+1>a”2k1bk
n 2k +1 k
_ 1 n n—1 2k +1 (2K T
nk:02k+1 n—2k—-1) k+1 \ k

_ n—1 n—2k—11k

Corollary 192.

L25+
. n n—1 n—2k—1
C, = 0+Z<2k)0k2
k=0
5,
Chi1 = C2"n 2k,
+1 (2/{3) k

Proof. The sequence C,, — 0", or 0,1,2,5,14, ..., has generating function

1—+v1—4x 1_1—2x—\/1—4x

2 2x

which corresponds to y;(2,1).

This is the formula of Touchard [220], with adjustment for the first term.
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Corollary 193.

[t (r 4+ 1,7) = 5 %(Z) (k Z 1> ¥,

Proof. By the proposition, we have

The result then follows from identity (10.5). O
This therefore establishes a link to the Narayana numbers.

Corollary 194.

n+1 x — - n n—2kbk
[z ]Rev—l ap——— % <2k> Cra :

We note that the generating function of [#"+!|Rev == has the following simple continued
fraction expansion :
1
bx?
1—ax — 5
bx
1 —az— 5
bx
1—ax— 5
bx
l—ax — ———
1 _— ax —_— . s .

x
1+bx? -

We note that this indicates that [2"'|Rev === is the a-th binomial transform of ["*]Rev
More generally, we note that the generating function of the reversion of

(1 4+ cx)
14 azx + bx?

is given by

T
(b—ac+ ?)x?
(b — ac+ c?)x?
(b — ac+ *)z?
1—---

(10.6)

1—(a—c)x—

1—(a—2c)—
1—(a—2c)—

Corollary 195. Let s,(a,b) be the sequence with general term

13

Sp(a,b) = (272) Cra™ kb,
k=0

NIE]
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Then the binomial transform of this sequence is the sequence s,(a + 1,b) with general term

,i
NIE
[,

spla+1,0) = (Qk) Cr(a + 1)" 2Rk,

=0
Proof. This is a re-interpretation of the results of Proposition 189. O]
We now examine the case of [t"]y,. In this case, we have

1—by
1—ay

y=x

so we can apply Lagrangian inversion. Again, various expressions arise depending on the
order of expansion of the binomial expressions involved. For instance,

[ty = %[tn—l] G:Z)n
1

= n[t” N1 —bt)"(1 —at)™

n

=R (T e

k=0 5=0

R0

A more interesting development is given by the following.
n1 Y2 n+1
t = |t
2 = ey,
1
= ——[t"](1 = bt)"" (1 — at)" ("D
= b L a)

- niﬂt"]nzﬂ(”ll) 3 (7

k=0

n+1
n+1\/n-+j _k ; k4
— tn § E A +1 jtn+1 k+j
n+1 ( )( J >( o

k=0 7=0

e
B z”: < j i 1 (J> (nyﬂ) (=0

An alternative expression obtained by developing for k£ above is given by

n+1
n%_ 1 n n+k_1 k=1/_ 1\n—k+1
[t]m_zn—k+1(k‘>( E—1 )a (=0) ’

k=0
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Note that the underlying matrix with general element k+r1 (Z) (”zk) is AO88617, whose general
element gives the number of Schréder paths from (0,0) to (2n,0), having & U(1,1) steps.

Recognizing that 3 7 ) (”) (";”)a]( b)"~J is a convolution, we can also write

=

F = () (e
- S () (e
= Y () (e
I et G | N

k=0

L (2n—k 1 2n —2k\ 5 .k
B Z( k )n—k+1(n—k>a (=0)

k=0

n 2 o
= Z< n/{; k)C’n_ka”_k(—b)k
k=0

-y <”2+k"“) Cra®(—b)"*.

k=0

Again we note that the matrix with general term (k) (2" k) L ( ) 'nr 1s A060693,
0

n— k+l:
whose general term counts the number of Schroder paths from (0, ) (2n,0), having k

peaks. This matrix can be expressed as
1,1,1,1,...] A [1,0,1,0,...].

This matrix is closely linked to the Narayana numbers. The reverse of this triangle, with
general term (”+k) C} is AO88617. Gathering these results leads to the next proposition.

Proposition 196. [t"] yQ(; ) [t"“]Rev%{m is given by the equivalent expressions

n

> i) ("5 )
_ njlq ; <n7€- 1> (an— k’)an_k(_b)k
- S () (e

n+k k ek
( o )Cka( b)
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A further equivalent expression is closely linked to the Narayana numbers. We have

[I"H]Re

Further expressions include

z(1 — ax)

n+1 R
[z ev—1 -

1—ax
1—bm

ZNnk

5
HECE

k
k

CL o b)n—k

) (a — b)" bk,

The generating function of this sequence can in fact be realized as the following continued

fraction:

1
—-b
. (a—ba
1_ axr
—b
. la=bz
axr
1_
1—.-.

We summarize some of these results in Table 1, where C,

1—=2(r+ 1z + (r— 1)%22, and N(n, k) =
in analogy with the Schroder numbers.
“Big Schroder” and “Bigger Schroder” are used. For instance, the
appear there as the “Bigger Schroder” numbers.

and “large sequence”
terms “Little Schroder”,
numbers 1,3,11,45,. ..

Table 1.

_ 1
n+1

(2"), and P(x) =

(n) (k Jrl) We use the terms “Little sequence”

In [203] we note that the

Summary of section results

Little sequence, s,
eg. 1,1,3,11,45,...

Large sequence, S,
e.g. 1,2,6,22,90,...

Larger sequence s,, — 0"
eg. 0,1,3,11,45,...

z(1—rx) z(1—x) T
1—(r—1)=x 1-(1-7r)x 1+(r+1)x+ra?
1+(r—1)z—/P(x) —1)z—y/P(x) 1—(r+1)z—/P(x)
2rxn - T 2x = — — - nfl 2rx
ap = 1,an = Zko (n, k)r" | ag=1,a, = Zko()( )T o N (n, k)r*
Zk o (n-‘rk’)cv r (1 —T)n k Zz o n-‘rk’ Ck T—l Zk 0( )Ck(’f"i‘ 1)n 2k—1 k

2n—Fk
k

Sono () Copr™ R (L = r)*

2k
—
k

> b 0(2 k) n— k<r_1)

Table 2. Little and Large sequences in OEIS
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Sn Sh Triangle
A000012 | A000007
A000108 | A000180 | A007318
A001003 | A006318 | A008288
A007564 | A047891 | A081577
A059231 | A082298 | A081578
A078009 | A082301 | A081579
A078018 | A082302 | A081580
A081178 | A082305 | A143679
A082147 | A082366 | A143681
A082181 | A082367 | A143683
A082148 | A143749 | A143684

OO0 || T =W~ O

—_
S

Note that by Example 188 we can write

1 —1)o"
T r

Also we have |
Sn = ’l“ngF1 (—TL, —n + 1; 2; —)
r

with generating function (see Example 25)

or

glx,r) = (10.7)

1l—rz—

Tl‘z

l—z(r+1)—

T’[L’Q

1—...

l—xz(r+1)—
and .
Spi1 =1" 9 F} <—n, —n—1;2; —) )
r
n+1)

We also note that the Hankel transform of both s, = s,(r) and S,, = S,,(r) is given by r("3
We observe that the coefficient array associated with the sequence s,(r) is in fact the
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T

1
S (1+a:)(—1+m)> . The production array of this matrix is given by

Riordan array <

OO OO 3

which defines the sequence of orthogonal polynomials associated to this sequence.
In terms of moment representation, we find that

1 /”M’" W22 =2z(1+7)— (1—7r)2
i

do + 0",
1-2y/r—r x r

Sn(r) = %

Looking at the sequences S (r), where

St (r) = nz_l (” +2’2_ 1) Chlr — 1)1 — [27|Rev (%) ,

k=0
we obtain the following proposition :

Proposition 197. The Hankel transform H(r) of Sk(r) is given by

H:(r)= 1= Tl T(Z)
r —

In particular, H} | is equal to the number of normalized polynomials of degree exactly r in

F.[2,y] [34].
We note finally that

1 1 (n+1\/n+1) ,
— 1)y Fi(— 2 =)
(r= 1" Fil=nn+ 82 =) 2 n—|—1( k )(k+1)r

= N(n, k)r*
0

k=
X

1+ (r+ 1)z +ra?

= [¢2"""Rev

while

1 “/n\ [n+1
— )"y Fy(— 2;1;———) = k,
(T ) 2 1( nan“— ) r_l) r (k) <k+1>r

These latter sequences have e.g.f.
eV (1n(2v/ra) + L(2v/rz) [v/T).
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The sequence with e.g.f. Iy(2\/rz)+ I,(2y/rz)/+/r has general term (@)H%J and hence we
2

n B 1 1 B " /n\ (n+1 i
(r—1) QFl( n,n+2;1; —r—l) = Z(l{:)(l{:+1)r

k=0

have

n

— Z(n —k+ 1)N(n, k‘)rk

k=0

e

The triangle with general term (Z) (Zﬁ) is A103371.

10.5 Introducing the family of centrally symmetric in-
vertible triangles

The motivation for the construction that follows comes from the following easily established
proposition.

Proposition 198.

-5 O09-50O0Y

Proof. We consider identity 5.23 of [106]:
() =2 60)60)
r—p+q —~\pt+i/\¢tJ
itself a consequence of Vandermonde’s convolution identity. Setting r = k, s = n — k,

p=q =0, we obtain
()-2005")

J

]

Now let a,, represent a sequence of integers with ay = 1. We define an infinite array of
numbers for n, k > 0 by

min(k,n—k)
T(n, k) = Z (k) (n . k) a;.
—~ U\

and call it the triangle associated with the sequence a, by this construction. That it is a
number triangle follows from the next proposition.
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Proposition 199. The matriz with general term T (n, k) is an integer-valued centrally sym-
metric invertible lower-triangular matriz.

Proof. All elements in the sum are integers, hence T'(n, k) is an integer for all n,k > 0.
T(n,k) =0 for k > n since then n — k < 0 and hence the sum is 0. We have

min(n—k,n—(n—k))

=" E (),

- % ()0

It is clear that Pascal’s triangle corresponds to the case where a,, is the sequence 1,1,1,.. ..
Occasionally we shall use the above construction on sequences a,, for which ag = 0. In

this case we still have a centrally symmetric triangle, but it is no longer invertible, since for

example 7'(0,0) = 0 in this case.

By an abuse of notation, we shall often use T'(n, k; a,) to denote the triangle associated to

the sequence a,, by the above construction, when explicit mention of a,, is required.

The associated square symmetric matrix with general term

rino-$50) (e

is easy to describe. We let D = D(a,,) = diag(ag, a1, as,...). Then

O

T,, = BDB'

is the square symmetric (infinite) matrix associated to our construction. Note that when
a, = 1 for all n, we get the square Binomial or Pascal matrix (”:k)

Among the attributes of the triangles that we shall construct that interest us, the family of
central sequences (sequences associated to 1'(2n,n) and its close relatives) will be paramount.
The central binomial coefficients (2:), A000984, play an important role in combinatorics. We

begin our examination of the generalized triangles by characterizing their ‘central coefficients’

T(2n,n). We obtain
T /20 —n) [n
T(2n,n) = , Ca;
) = 2 ( J )(J) !

j=0

- 2": (?) 2(lj.

J=0
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For the case of Pascal’s triangle with a,, given by 1,1,1,... we recognize the identity (2:) =

> (")2 In like fashion, we can characterize T'(2n + 1,n), for instance.

J=0\j
2n+1—n
2 1-—
T2n+1,n) = Z ( n+. n) (@)aj

= j j

-5 (()e

which generalizes the identity (Q"H) = Z;Li(} (”Jfl) (”) This is A001700. We also have

n J/Ng
2n—1—-n+1
m—1—n+1\(n—1
T@n—1n—1) = Y (n S >(n )aj
fo j j

- 5050

This generalizes the equation (27?_1) +0" =37 ("_.1) (7). See A088218.

-1 J/Ng
In order to generalize the Catalan numbers C,,, A0O00108, in our context, we note that

C, = (*")/(n+1) has the alternative representation

= ()= () - (- ()

This motivates us to look at T'(2n,n) — T'(2n,n — 1) = T'(2n,n) — T'(2n,n + 1). We obtain

T@2n,n) — Tnn—1) — En: (”,)2% _ %iﬂ (" - 1) (2" e 1) 0

=0 \J =0 J J
n 2 n+1
n n—1 n+1
-3 () -2 ()0 e
is0 J iz0 J J

— §yoan + jzz;( (?)2 - (n j_ 1) (n j 1))aj

Snoto+ > N(n—1,j— 1)a

=0
where we use the formalism (Z:) = —1, forn =0, and (eri) = 0 for n > 0. We assume that
N(n,—1) = 0 and N(—1,k) = (;) - (2) in the above. For instance, in the case of Pascal’s

triangle, where a,, = 1 for all n, we retrieve the Catalan numbers. We have also established
a link between these generalized Catalan numbers and the Narayana numbers. We shall use
the notation

c(nya(n)) =T2n,n) —T(2n,n—1) =T(2n,n) —T(2n,n + 1)

for this sequence, which we regard as a sequence of generalized Catalan numbers.
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Example 200. We first look at the case a,, = 2". Thus

=2 ()"

with matrix representation

10 0 0 00
110 0 00
13 1 0 00
15 5 1 00
1 713 7 10
19 25 25 91

which is the well-known Delannoy number triangle AO08288. We have
kN (n— J
T(n, k)= .
) ;0 (y) ( g )

We shall generalize this identity later in this chapter.
As a Riordan array, this is given by

(=)

Anticipating the general case, we examine the row sums of this triangle, given by

SO0

k=0 j=0

Using the formalism of the Riordan group, we see that this sum has generating function
given by
o _ 1
1 — x(l4x) 1 —2p — 2
1—x

In other words, the row sums in this case are the numbers Pell(n + 1), A000129, [245]. We
look at the inverse binomial transform of these numbers, which has generating function

1 1 1+z

L+ol-2{L — 2o 1-22%

This is the generating function of the sequence 1,1,2,2,4,4,..., A016116, which is the
doubled sequence of a,, = 2".
Another way to see this result is to observe that we have the factorization

(=) - () (05
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ﬁ, %) represents the binomial transform. The row sums of the Riordan array

(1, 20429 are 1,1,2,2,4,4, . . .
For this triangle, the central numbers T'(2n,n) are the well-known central Delannoy num-

bers 1,3,13,63,... or AO01850, with ordinary generating function m and exponential

generating function e%*Iy(2y/2z) where I, is the n-th modified Bessel function of the first
kind [243]. They represent the coefficients of 2™ in the expansion of (1 + 3z + 22%)". We

have o )
T(2n,n:2") =Y (Z) 2 =% (Z) (n Z k)

where (

k=0 k=0
The numbers T'(2n + 1,n) in this case are A002002, with generating function (ﬁ —

1)/(2) and exponential generating function €3 (Iy(2v/2z) + v/21,(2v/2z)). We note that
T(2n —1,n — 1) represents the coefficient of z™ in ((1 —z)/(1 — 2x))". It counts the number
of peaks in all Schréder paths from (0,0) to (2n,0).

The numbers T'(2n,n) —T(2n,n— 1) are 1, 2,6, 22,90, 394, 1806, . . . or the large Schroder
numbers. These are the series reversion of =% Thus the generating function of the

1+z
sequence 3(T'(2n,n;2") — T(2n,n —1;2")) is

1—2—+v1—6x+ 22

2

y2(17 _1) =

We remark that in [235], the author states that “The Schroder numbers bear the same
relation to the Delannoy numbers as the Catalan numbers do to the binomial coefficients.”
This note amplifies on this statement, defining generalized Catalan numbers for a family of
number triangles.

Example 201. We take the case a,, = (—1)". Thus

min(k,n—k)

k\ (n—k ,
T(n, k)= , , —1)
mn= 3 ()
J_
with matrix representation
1 0 0 0 0 0
11 0 0 0 0
10 1 0 0 0
1 -1 -1 1 0 0
1 -2 -2 =2 1 0
1 -3 -2 -2 -3 1

As a Riordan array, this is given by

(L t2).
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Again, we look at the row sums of this triangle, given by
o k —k :
Sy () (" e
k=0 j=0 \J J
Looking at generating functions, we see that this sum has generating function given by

1
11—z 1

1— I(t%) T 127+ 222

In other words, the row sums in this case are the numbers 1,2,2,0, —4, —8, —8, ... with ex-
ponential generating function exp(z)(sin(z)+cos(x)), A009545. Taking the inverse binomial
transform of these numbers, we get the generating function

1 1 14+

1+x1—2ﬁ+2ﬁ_1+x2'

This is the generating function of the sequence 1,1,—1,—1,1,1,... which is the doubled
sequence of a,, = (—1)".
Another way to see this result is to observe that we have the factorization

(1ix’x(i:ix)) a <1ix1fx) (1%)

) represents the binomial transform. The row sums of the Riordan array

A
P 1l—x

<1, I(IIJ:;)> are 1,1,—1,—1,1,1,... with general term (—1)@)
2n

The central terms 7'(2n,n) turn out to be an ‘aerated’ signed version of (n) given by
1,0,—2,0,6,0,—20, ... with ordinary generating function ﬁ and exponential generating

function Iy(2y/—1z). They represent the coefficients of 2 in (1 — x?)". We have

=S -£ () (1 ore

k=0 k=0

where (%
—X

n

[n/2]
1,—1,-2,3,6,—10, —20, 35, 70, . . .

The terms 7'(2n + 1,n) turn out to be a signed version of (| ", ), namely

with ordinary generating function ( \/11:% — 1)/(2z) and exponential generating function

Io(2v/—1z) + /—11,(2/—1x).

The generalized Catalan numbers T'(2n,n) — T(2n,n — 1) are the numbers

1,-1,0,1,0,—2,0,5,0,—14,0, ...

with generating function ys(1,2) = H2e=Viide ;H‘W. This is the series reversion of xﬁ;i)

We note that the sequence T'(2(n+1),n) —T'(2(n+1),n+1) is (—1)”/20%(1 +(—=1)")/2
with exponential generating function I;(2v/—1x)/(v/—1x).
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10.6 A one-parameter sub-family of triangles

The above examples motivate us to look at the one-parameter subfamily given by the set of
triangles defined by the power sequences n — 1", for r € Z. The case r = 1 corresponds to
Pascal’s triangle, while the case r = 0 corresponds to the ‘partial summing’ triangle with 1s
on and below the diagonal.

Proposition 202. The matriz associated to the sequences n — 1", r € Z, is given by the

Riordan array
( 1 x(1+(r—1)x)>

1—2a’ 1—2

Proof. The general term T'(n, k) of the above matrix is given by
T(n,k) = [2"](1+ (r — Da)kzkF(1 — z)~ ¢+
= [2"F(1+ (r — Da)*(1 — )¢+

= [z""] i <§) (r — 1) Z (k :r z> i

=0

where the last equality is a consequence of identity (3.17) in [209]. O

Corollary 203. The row sums of the triangle defined by n — r™ are the binomial transforms
of the doubled sequence n — 1,1,r,r, 72,12, ..., ie., n— rtzd

1 z(1+(r—1ax)
1—2? 1—x

product with the inverse of the binomial matrix. This product is

() () - ()

The row sums of this product have generating function given by

Proof. The row sums of ( ) are the binomial transform of the row sums of its

1 1+x

D )

2

This is the generating function of 1,1, 7, 7,72, r?... as required. O
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We note that the generating function for the row sums of the triangle corresponding to r™

: 1
1S 1-2z—(r—1)z2"

We now look at the term 7'(2n,n) for this subfamily.
Proposition 204. T'(2n,n;r") is the coefficient of z™ in (1 + (r + 1)z + ra?).
Proof. We have (1+ (r + 1)z +rz?) = (1 + z)(1 + rz). Hence

[2")(1+ (r + Dz +r2®)* = [2"](1 4+ 2)"(1 +rz)"

- k) \J
k=0 j7=0

=0
[
Corollary 205. The generating function of T'(2n,n;r™) is
1
V1I=2(r+ x4 (r—1)%2
Proof. Using Lagrangian inversion, we can show that
1
2")(1 + ax + ba>)" = [t"
=) =1 ]\/1—2at+(a2—4b)t2
(see exercises 5.3 and 5.4 in [250]). Then
1
2" (1 + (r+ D +ra®)"” = [t"
SEER ) ) [ ]\/1—2(r+1)t—|—((r+1)2—47“)t2
n 1
= [t"] —
VI=2(r+1)t+(r—1)%
0
Corollary 206.
n 2 n n
Yk _ n\ (2k n—2k k _ n\ (n—=k n—2k, .k
Z@ , _Z(2k)(k)(r+1) = (")
k=0 k=0 k=0
Proof. This follows since the coefficient of 2" in (1 + ax + bx?)™ is given by [171]
~ [ n\ (2k n—2kpk _ — (0 (n= kY g
2 () (5) =5 () ()
k=0 k=0
Hence each term is equal to T'(2n, n;r™). ]
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We now look at the sequence 7'(2n — 1,n — 1).

1—rx

Proposition 207. T'(2n — 1,n — 1;7™) is the coefficient of x™ in <_1—(7”—1)x>

Proof. We have I=(r=Vz __ l-rata _

l—rz l—rx

e

k=0 k=0 7=0

<n )(";1

|
g

O
Corollary 208.
"L /n\ (n—1\ , “~n\ (n+k—1 Ck
_ 1 — )"
() = 2 ()T o
k=0 k=0
“/n\ (2n—k—1
— 1— k n—k.
()5 oo
k=0
Proof. The coefficient of z™ in (%)” is seen to be
/n\ (n+k—1 ek k " /n\ (2n—k—1 k ek
2 () () =R () (e
k=0 k=0
Hence all three terms in the statement are equal to T'(2n — 1,n — 1;7"). ]

We can generalize the results seen above for T'(2n,n), T(2n+1,n), T'(2n —1,n — 1) and
T(2n,n) — T'(2n,n — 1) as follows.

Proposition 209. Let T'(n, k) = Z;g (’;) (";k)rj be the general term of the triangle asso-
ctated to the power sequence n — r".

1
\/1—2(r+1)x+(r—1)2x2 ’
tial generating function e"TVTI(2\/rx), and corresponds to the coefficients of x™ in
(1+ (r + Dx +ra?)".

1. The sequence T'(2n,n) has ordinary generating function exponen-

2. The numbers T'(2n+ 1,n) have generating function (\/1_2(1;(1;_i)(x_1)2 - —1)/(2z) and

exponential generating function eV (Io(2v/rz) + /1 (2V/TT)).
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3. T(2n — 1,n — 1) represents the coefficient of " in (1 — (r — 1)x)/(1 — rx))™.

4. The generalized Catalan numbers c(n;r™) = T(2n,n) — T'(2n,n — 1) associated to the

17(7“71)x7\/172(r+1)x+(r71)2x2
2z :

triangle have ordinary generating function

5. The sequence c¢(n + 1;r™) has exponential generating function ﬁe(’"“)xh@ﬁx).

6. The sequence nc(n;r™) = 1_, (Z) (fo) ’::f has exponential generating function

1
—— L (2/7).
\/7_“.736 1( \/7_“)

n—1
7. The sequence c¢(n;r™) — 0" is expressible as Zkz% ) (") Cr(r + 1)"=2 =1k and counts

the number of Motzkin paths of length n in which the level steps have r + 1 colours and

the up steps have r colours. It is the series reversion of H(wa

Pascal’s triangle can be generated by the well-know recurrence

n\ (n—1 L n—1

k) \k-1 k)
The following proposition gives the corresponding recurrence for the case of the triangle
associated to the sequence n — r™.

Proposition 210. Let T(n, k) = S 1_¢ (];) (”;k)rf Then

Tnk)=Tn—1Lk=1)+(r—-1)Tn—-2k—1)+T(n—1,k).
Proof. The triangle in question has Riordan array representation

( 1 x(1+(7‘—1)x)>'

1—2’ 1—2

Thus the bivariate generating function of this triangle is given by

1 1
F(l’, y) = 1—r 1— yx(lﬁ’(T*l)x)
1

l—z—ay—(r— 122y

1—x

In this simple case, it is possible to characterize the inverse of the triangle. We have

Proposition 211. The inverse of the triangle associated to the sequence n — 1™ is given by
the Riordan array (1 — u,u) where

V1+2@2r — Dz +a2—z—1
u = .
2(r —1)
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Proof. Let (¢*, f) = (%, 2rlr=bo)y =1 Thep

1—x
f(1+(ril)f) e o VI+202r — Dz +a2—x—1
1—f 2(r—1) '
Since ¢* = g%f =1 — f we obtain the result. O

Corollary 212. The row sums of the inverse of the triangle associated with n — r™ are
1,0,0,0,....

Proof. The row sums of the inverse (1 —u, u) have generating function given by ﬁ =1.In
other words, the row sums of the inverse are 0" = 1,0,0,0, .. .. O

Other examples of these triangles are given by A081577, A081578, A081579, and A081580.

10.7 The Jacobsthal and the Fibonacci cases

We now look at the triangles generated by sequences whose elements can be expressed in
Binet form as a simple sum of powers. In the first example of this section, the powers are of
integers, while in the second case (Fibonacci numbers) we indicate that the formalism can

be extended to non-integers under the appropriate conditions.

Example 213. The Jacobsthal numbers J(n+1), A001045, have generating function m
and general term J(n + 1) = 2.2"/3 4+ (—1)"/3. Using our previous examples, we see that
the triangle defined by J(n + 1)

10 0 0 0 0O
110 0 0 00
12 1 0 0 00
13 3 1 0 00
14 8 4 1 00
1516 16 5 1 0
1 6 27 42 27 6 1

or A114202, is the scaled sum of the Riordan arrays discussed above, given by

2( 1 a(4a)) 1( 1 a(1-20)
3\1—2" 1—=x 3\1—2" 1—2x ’

In particular, the k-th column of the triangle has generating function

¥ 2 e 1 k
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We recognize in the sequence (2 + (—2)") the inverse binomial transform of J(n +1).
Obviously, the inverse blnomlal transform of the row sums of the matrix are given by

2 in
Zols) 4 Z(—1)lz]
522 +3(=1)
or1,1,1,1,3,3,5,5, ..., the doubled sequence of J(n + 1).

. . . . 2 1

The terms T'(2n,n) for this triangle can be seen to have generating function SUTene T
1 and exponential generating function 2% 1(2v/2z) + 11(2v/~1z).

3 14422
The generalized Catalan numbers for this triangle are

1,1,4,15,60,262, 1204, 5707, 27724, . ..

3—V1+422— 2\/1 6:c+x2

whose generating function is
To find the relationship between T'(n, k) and its ‘previous’ elements, we proceed as follows,
where we write T'(n, k) = T'(n, k; J(n + 1)) to indicate its dependence on J(n + 1).

()

T(n,k; J(n+1)) =

(]

.
o

2 K\ (n—Fk\, 1 K\ (n—=Fk\, .\;
T34 (y)( j )2 +3;(J’)( j >< V
= gT(n, k;2™) + %T(n, k; (—1)™)
= ;(T(n —Lk=12+T(n—-2,k—1;2")+T(n—1,k;2"))
+%(T(n —Lk=-1(-D)")=2T(n—2,k—1;(-1)")+ T(n—1,k; (=1)"))
2 n 1 ' "
= ST =1k =1:2") + Tn -1k - L;(~1)")
+§(T(n —2k—1;2") = T(n—2,k—1;(—1)"))
+§T(n k) + %T(n Sk (—1))
= Tn—1,k=1;J(n+1)+2T(n—2,k—1;J(n)) +T(n—1,k; J(n+1)).

We see here the appearance of the non-invertible matrix based on J(n). This begins as

00 0 O 0 0O
00 0 0 0 00
01 0 0 0 00
02 2 0 0 00
03 5 3 0 00
04 9 9 4 00
0 5 14 21 14 5 0
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Example 214. We briefly look at the case of the Fibonacci sequence

() (55 (59 ()

Again, we can display the associated triangle

100 0 0 0O
110 0 0 00
12 1 0 0 00
13 3 1 0 00
14 7 4 1 00
151313 5 10
1 6 21 31 21 6 1

or A114197 as a sum of scaled ‘Riordan arrays’ as follows:

1+\/5< 1 x(1+(1+—25—1)x)>_1—\/3< 1 x(1+(1—2\f5_1)x)>

2 1—2a’ 1—=x 2 1—2a’ 1—=2

Hence the k-th column of the associated triangle has generating function given by

k k
k 1 1 1— 1—
- VO (LB ) ) s YR 5 _q),
(1 — )kt 2 2 2 2
Expanding, we find that the generating function of the k-th column of the triangle associated
to F(n + 1) is given by

k k

= )

=0

where the sequence b,, is the inverse binomial transform of F'(n 4 1). That is, we have

=3 (1) v+ 0 = (oo -1+ 3 (~5 - 1)) /B

k=0

where ¢ = ”2*/5.

Again, the inverse binomial transform of the row sums is given by F(|5] + 1).
The term T'(2n,n) in this case is Y ,_, (Z)QF(k + 1), or 1,2,7,31,142,659,... (A114198).
This has ordinary generating function given by

1+vV5 1-V5
25 25

\/1 —2(38 4 1)z 4 (A5 1)2? \/1 —2(358 1 D+ (155 —1)%?

2
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and exponential generating function

1++/5 3+5 1++5 1-+/5 3—V5 1-+5
————exp z|ly| 2 —2x | — exp x| ly| 2 T
2v/5 2 2 2V/5 2 2

T'(n, k) satisfies the following recurrence

T(n,k;Fin+1)=Tn—-1k—1Fn+1)+Tn—-2k—1,F(n))+T(n—1,k F(n+1))

where the triangle associated to F'(n) begins

00 0 0 0 00
00 0 0 0 00
01 0 0 0 00
02 2 0 0 00
03 5 3 0 00
04 9 9 4 00
0 5 14 20 14 5 0

We note that all Lucas sequences [242] can be treated in similar fashion.

10.8 The general case

Proposition 215. Given an integer sequence a,, with ag = 1, the centrally symmetric invert-
wble triangle associated to it by the above construction has the following generating function
for its k-th column:

= > @ (1 - ) e —x;kﬂ > (?)bﬁj

Jj=0 Jj=0

where b, is the inverse binomial transform of a,,.
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Proof. We have

Similarly,

kkkkkkkkkkkk
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Now

- 22050
-2z )
-2 (OG0

]

Corollary 216. The following relationship exists between a sequence a, and its inverse

binomaual transform by, :
E\ (n—k - K\ (n—j '
Z(j)( j )‘”_Z@( k >b”'

J J

It is possible of course to reverse the above proposition to give us the following:

Proposition 217. Given a sequence b,, the product of the triangle whose k-th column has

ordinary generating function
k k
T k .
v bt
(1 _ x)kJrl Z (j) 5t

=0
by the binomial matriz is the centrally symmetric invertible triangle associated to the binomial
transform of b,,.

10.9 Exponential-factorial triangles

In this section, we briefly describe an alternative method that produces generalized Pascal
matrices, based on suitably chosen sequences. For this, we recall that the binomial matrix
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B may be represented as

B =exp

el el oll ™)
O OO NO O
OO W o oo
OO O OO

OO OO oo
O O O O OO

while if we write a(n) = n then the general term (7

k) of this matrix can be written as

(n) _ H§:1 a(n—j+1) _ H;'l:1 a(j) ‘
k [T} a() [T= a() IT= ali)

Furthermore,
Mk
B=) ——
k=0 Hj:l a(])

where M is the sub-diagonal matrix formed from the elements of a(n).

We shall see that by generalizing this construction to suitably chosen sequences a(n)
where a(0) = 0 and a(1) = 1, we can obtain generalized Pascal triangles, some of which are
well documented in the literature. Thus we let T'(n, k) denote the matrix with general term

k . n .
_,an—7+1 . a
T,y = oz I M) (1)
Hj:l a(j) Hj:l a(j) Hj:l a(j) k)
Proposition 218. T'(n,n—k) =T(n,k), T(n,1) = a(n), T(n+1,1) = T(n+1,n) = a(n+1)
Proof. To prove the first assertion, we assume first that £ <n — k. Then
a(n)...a(n—k+1)
a(l)...a(k)
an)...a(ln—k+1)an—=Ek)...a(k+1)

a(l)...a(k) alk+1)...a(n —k)
= T(n,n—k).

T(n,k) =

Secondly, if £ > n — k, we have

~a(n)...a(k+1)
Tn=k) = 0 =)
_ a(n)...alk+1)a(k)...a(n —k+1)
a(l)...a(n —k)a(n —k+1)...a(k)
= T(n,k)
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Next, we have

T(n,1) =

since a(1) = 1. Similarly,

T(n+1,1) = -

Introducing the notation

we can write

We have

Along with the notation a!(n), we find it convenient to define the a— exponential as the power
series

k=

o

Thus for those choices of the sequence a(n) for which the values of T'(n, k) are integers,
T'(n, k) represents a generalized Pascal triangle with T'(n,1) = a(n 4+ 1). We shall use the
notation P, to denote the triangle constructed as above.
We define the generalized Catalan sequence associated to a(n) by this construction to be
the sequence with general term
T(2n,n)
a(n+1)
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Example 219. The Fibonacci numbers. The matrix Pp,) with general term

[ F(n—j+1)
[1- F()

which can be expressed as

K
Z _ My Ep(Mp)

k .
where M is the sub-diagonal matrix generated by F(n):

000000
100000
010000

Mp—=|002000
000300
000050

is the much studied Fibonomial matrix, A010048, [127, 135, 190, 236]. For instance, the
generalized Catalan numbers associated to this triangle are the Fibonomial Catalan numbers,
A003150.

Example 220. Let a(n) = - — 2. The matrix Py, with general term

[T, a(n—j+1)
H?:1 a(j)

which can be expressed as

MF
Y —EM

k=0 L1j=1 a(j)

where M is the sub-diagonal matrix generated by a(n)

0000 0 0
1000 0 0
0200 0 0

M=]0040 0 0
0008 0 0
0000 16 0
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is given by

10 0 0 0 O
11 0 0 0 O
1 2 1 0 0 O
1 4 4 1 0 0
1 8 16 8 1 0
1 16 64 64 16 1

This is A117401. For this matrix, we have T'(2n,n) = 2" and ¢(n;a(n)) = 27D, This is

easily generalized to the sequence n — E- — %. For this sequence, we obtain T'(2n,n) = k*

k
and c(n) = k"1,

Example 221. We take the case a(n) = |%4*|. In this case, we obtain the matrix
100000
110000
111000
122100
124210
1366 31
which has general term
(L%J) ((%1)
EIVANEL
This is the triangle
0,1,0,—1,0,1,0,—1,...] AW [1,0,-1,0,1,0,—1,..].

This triangle counts the number of symmetric Dyck paths of semi-length n with & peaks

(A088855). The row sums of this array are given by ( ’g} ) (which has Hankel transform
2

(—1)(71+ )) We note that for this triangle, T'(2n,n) is (| ) while T (2n,n) — T(2n,n — 1)
2
is the sequence

l3]
1,0,2,0,12,0,100,0,980,0,10584 . ..
(A00088S8 aerated). We note that the triangle
0,1,0,-1,0,1,0,—1,..] A [1,0,-1,0,1,0,—1,.. ]
begins

O OO OO
= R == O
NN R = OO
RN RO OO
D = OO OO
O OO OO
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and has row sums equal to (LZ j)'
2

Example 222. The Jacobsthal numbers. Let a(n) = J(n) = % — % We form the matrix
with general term

[T, J(n—j+1)
15, ()

which can be expressed as

Mk
— — = [F;(M,
; ITj= /() (M)

where M is the sub-diagonal matrix generated by J(n):

0000 0 O
1000 0 O
01 00 0 O
M;=]0030 0 0
0005 0 0
0000 11 0
We obtain the matrix
1 0 0 0 0 O
11 0 0 0 O
1 11 0 0 0
Pim = 13 3 1 0 0
1 5 15 5 1 0
1 11 55 55 11 1
We recognize in this triangle the unsigned version of the g-binomial triangle for ¢ = —2,
A015109, whose k-th column has generating function
k, 1

T — —.
[T;—o(1 = (=2)/)
Using the above notation, this latter signed triangle is therefore P(_iyn s,,). Note that

x o Xz
(1—2)(1+22) 1+z—222

is the generating function for (—1)".J(n).
The generating function of the k-th column of P ;) is given by

k
1
k
& H (1-— <_1)(j+k: mod 2)2jx>'

Jj=0
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Py (2n.n)
J(n+1)

1,1,5,77,5117, 1291677, . . .

The generalized Catalan numbers for P ;(,) are given by . These are A015056

We can generalize these results to the following:
Proposition 223. Let a(n) be the solution to the recurrence
a(n) = (r — Da(n — 1) + r?a(n — 2), a(0) =0, a(l) = 1.

Then P,y is a generalized Pascal triangle whose k-th column has generating function given
by

k
1
k
v H (1 — (_1>(j+k mod 2),,,]'1;)'
7=0

Example 224. The Narayana and related triangles. The Narayana triangle N is a
generalized Pascal triangle in the sense of this section. It is known that the generating
function of its k-th column is given by

k N

l’k Zj:O N(kaj)xj

(1 — z)2k+L
Now a(n) = N(n,1) = ("F1) satisfies a(0) = 0, a(1) = 1. It is not difficult to see that,
in fact, N = P(nH). See [115]. T'(2n,n) for this triangle is A000891, with exponential
2
generating function Io(2z)[1(2x)/x. We note that in this case, the numbers generated by
N(2n,n)/a(n + 1) do not produce integers. However the sequence N(2n,n) — N(2n,n + 1)
turns out to be the product of successive Catalan numbers C,,C),;1. This is A005568. Note
also that by the definition of (Z)a, the sequence (";1) = w can be replaced by any
multiple of n(n + 1).
The triangle P(n+2) is A056939 with matrix
3

10 0 0 0 0
11 0 0 0 0
14 1 0 0 0
Py =[ 11010 1 00
120 50 20 1 0
1 35 175 175 35 1

The k-th column of this matrix has generating function

kZ§:Q N3(k’,j)l’j
T Z )

where N3(n, k) is the triangle of 3-Narayana numbers, [214], A087647. P(n+3) is the number

triangle A056940. _
The product P(n+1)P(n) = NB is A126216 which counts certain Schroder paths.
2

1
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10.10 A generalized Riordan array

In Chapter 11, we will study generalized Pascal triangles defined by exponential Riordan
arrays. The basic example it that of Pascal’s triangle itself, which is defined by

B = [¢", x].

In this section, we generalize this notation to the case of E,(x) defined above as

Lk
E(x) = ; )
For this, we define the notation
l9(2), f()]a

to represent the array whose (n, k)—th element is given by

al(n)

9 1)

Proposition 225. (}) s the (n,k)—th element of [Eq(x), 2],
Proof. We have

Using this notation, we can for example write
[Er(z), 2]lp = Ep(Mp).

Example 226. The Narayana triangle N can be defined as

R n
N — E n n - .

gyl (k) .

2
The foregoing suggests the following extension to our methods for constructing Pascal-like
matrices.
Proposition 227. The array with general (n, k)—th element

al(n)
al(k)

("] Ea(x)(1 + aa(k)x),
for general integer v, is Pascal-like.
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Proof. We have

al(n) aa!(n)[ nke) x’
al(k)a!(n — k) al(k) = al(y)
al(n) al(n) 1
al(k)al(n —k +aa'(k) al(n—k—1)
T k)‘s!(&)_ —(1+aa(k)a(n - k))

Thus each Pascal-like triangle P,, for suitable a(n), defines a family of Pascal-like triangles
P, . with general term

— = = = = =

1
8
14
14
14

— = = =

Example 229.

al(n)

al(k)al(n — k)

Example 228. We take the simple sequence a(n) where a(0) = 0, a(1) = 1 and a(n) = 2
for n > 1. Letting « = 0...5, we get the following family of Pascal-like triangles:

NN DN
NN~
NN =

N —

—_

1

14 1

26 14 1
26 26 14 1

— = = = =

—_ o = = =

S OO

10
18
18
18

6
10

(14 aa(k)a(n —k)).

1
6 1

10 10 6 1

1
18 1

34 18
34 34 18

1

1
1 1
1 6 1
1 10 10 1
1 10 18 10 1
1 10 18 18 10 1
1
1 1
1 12 1
1 22 22 1
1 22 42 22 1
111 22 42 42 22 1

For the Fibonomial matrix Pre,) = Pry (A010048) given by

P rn)

[ VS Gy A G G S G WY

Ot W N = =O

0 0
0 O
1 0
2 1
6 3

—
ot
. =
ot
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we have as the next member of the family the matrix

1 0 0 0 0 0
1 1 0 0 0 0
1 2 1 0 0 0
P.,=|1 4 4 1 00
1 9 12 9 1 0
1 20 45 45 20 1
This is A154218.
Proposition 230. We have
Pa,oc = PaLa,a
where Ly o is the matrix
1 0 0 0 0 0
0 1 0 0 0 0
0 aa(l)a(2) 1 0 0 0
L,,=| 0 0 aa(2)a(3) 1 0 0
0 0 0 aa(3)a(4) 1 0
0 0 0 0 aa(4)a(b) 1

Example 231. We can define Pascal’s triangle B as P, where a(n) = n. In this case La1
is given by

=

S

i

I
N = e e N
NN =N Ve
oo o~ oo

—
S~ocoo
—o ooo
R, o oo oo

o
)
[a]

which gives us

O =~ = O
_ o O

—_ o O O
— o O O O

—
(@)

30 16
25 70 70 25

PO VUG VG VA G W G A G S
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We now note that a(n) = n/2 will also produce B. However, in this case

Ln/2,1 =

O OO O O
O OO ==
- OO WO
OOt = OO

_— o O O
RO OO OO

N
=)

which yields

DW= O
o= OO
_ o O O

Pn/2,1 =

— o O O O

10 18 10
15 40 40 15

oo
RO OO OO

10.11 A note on generalized Stirling matrices

We have seen that the (signed) Stirling numbers of the first kind are elements of the expo-
nential Riordan array [1,1n(1 + x)] which begins

10 0 0 0 0
0O1 0 0 0 0
0 -1 1 0 0 0
s—|0 2 =3 1 0 o0
0 -6 11 -6 1 0
0 24 —50 35 —10 1

with inverse given by [1,e” — 1] which begins

10 0 0 0 O
01 0 0 0 O
01 1 0 0 O
01 3 1 0 0
01 7 6 1 0
01 15 25 10 1

S is the coefficient array of the polynomials P,(x) defined by the falling factorials



We now wish to extend these results to the polynomial family P, (z;a) that depends on a
sequence a(n) (always with a(0) = 0, a(1) = 1), defined by

Example 232. We let a(n) = 2! — 0"/2. We find that the coefficient array of P,(x;a),
which begins

10 0 0 0 0
01 0 0 0 0
0 -1 1 0 0 0
s, =0 2 -3 1 0 0
0 -8 14 -7 1 0
0 64 —120 70 —15 1

has inverse which begins

10 0 0 0 O
01 0 0 0 O
01 1 0 0 O
01 3 1 0 O
o1 7 7 1 0
01 15 35 15 1

which is an augmented version of the matrix of Gaussian binomial coefficients [Z] . for ¢ = 2,
A022166. If T, ,, denotes the general term of this array then we have

2k _ ok

Tn,k = Tn—l,k:—l + Tn—l,k

and i
T

ITj-o(1 — (2771 = 0//2)z)

Tn,k = [l’n]

This matrix has production matrix

O O O O oo
OO OO ==
OO O N O
OO RO O
O 00— O OO

_ o O O O

e
(=}
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The production matrix for the internal triangle A022166 is

1100 0 O
0210 0 O
0041 0 O
0008 1 0
0000 16 1
0000 0 32

This triangle is the inverse of the coefficient array of

We have in general the result

Proposition 233. Let a(n;q) = q”;O"

. Then the inverse coefficient array of the polynomial
family P,(x;a) = Z;é(m —a(k;q)) is the array with general term [Z]q augmented as above.

Furthermore, this matriz has production matrix

0100 0 0
0110 0 0
00g¢g 1 0 0
000¢ 1 0
000 0 ¢ 1
0000 0 ¢

Thus if T, 5 denotes the general element of the inverse coefficient array of the family of
polynomials P,(z;a) we have
n
Tovikt1 = LJ :
q

Tn,k - Tn—l,k—l + (l(k’, Q)Tn—l,k

We also have

and

l‘k

[T (1 — a(j; 9)z)

We note that in general this matrix is not equal to the matrix [1, E,(z) — 1],, using the

ka = [l’n]
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notation of the previous section. For example, when ¢ = 2, the matrix [1, E,(x) — 1], begins

10 0 O 00
01 0 0 0 0
01 1 0 0 O
01 4 1 0 O
0116 12 1 O
0 1 80 144 32 1

Example 234. We take the example of the Fibonacci numbers, i.e., a(n) = F(n). We find
that the polynomial coefficient array for P, (z, F'), which begins

1 0 0 0O 0 0
0 1 0 0 0 0
0 -1 1 0 0 0
sp=| 0 1 =2 1 0 0
0O -2 5 -4 1 0
0O 6 -—-17 17 -7 1
has inverse
100 0 0O
010 0 0O
011 0 0O
Sp,.=| 012 1 00
013 4 10
014 11 7 1

which is an augmented version of A111669. This matrix therefore satisfies
Tn,k - Tn—l,k—l + F(k>Tn—1,k-

We have

The production matrix is

O OO O oo
O OO O ==
O OO == O
O o N = OO
O WERE OO o

Ol — O O O O
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while that of the internal triangle, A111669, is

10.12 Generalized Charlier polynomials

In section 8.9 we defined the (unsigned) Charlier array to be

We now assume that a, is an integer sequence, with ag = 0 and a; = 1. We define the
generalized Charlier array associated to a, to be the array

where B, is the Pascal-like array with general term (Z)a
Charlier polynomials associated to a, to be the polynomials with coefficient array Ch,. By
the properties of s and B,, we easily obtain the following:

Proposition 235. Let P\ (x) be the generalized Charlier polynomials associated to the

P =3 (1)

sequence a,,. Then

O OO OO
[N elelBeolSS
O OO NN O
OO W OO
O Otk OO O
0= O O O O

Ch =B :s.

Ch, =B, s

k=0

The n-th term of the row sums of Chy, is given by

Ch,, begins

1
1
1
1
1
1

=3 (;

k=0

0 0 0 0
1 0 0 O
31 0 0
6 5 1 0
14 19 8 1

44 80 49 12

243
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Example 236. We take the case of a,, equal to the sequence 0,1,2,2,2,2,.... We find that

0
0
0
0
0
1

We then define the generalized
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This has row sums > (7) k! where B, = ((}),) begins

e e e e
S NN NN~ O
NN = OO
NN R O OO
N = OO OO
RO OO OO

This is the sequence 1,2,5,13,43,187,1027,.... The first differences of this sequence yield
the sequence 1,1,3,8,30,144, ... or A059171, the size of the largest conjugacy class in .S,
the symmetric group on n symbols. Now we note that

1 0 0 0 0 0 100 00O 100 00O
-1 1 0 0 0 0 1100 00 010000
0O -1 1 0 0 0 121000 011000
o 0 -1 1 0 0 122100 — 1001100
o 0 0 -1 1 0 122210 000110
o 0 0 0 -11 122 2 21 0 00O0T1T1
Thus if we denote the sequence 1,1, 3,8,30, 144, ... by d,, we have
1
do = 1, dn—(n—l)!—i-n!—(), n> 1.
n
This implies that the row sums of Ch, are given by
P(1) = 0"+ (Kl + (k—1))).
k=1
We can generalize this result to cover the sequence a,, given by 0,1,r,7,r,.... We find that

the row sums of Ch,, in this case are given by

PY(1) = (r —1)0" + i(k! +(r=1) (k=1 = (r—2).

k=1

The first differences d,, of this sequence are then given by

do— 1, dn:(r—l)(n—l)!—l—n!—(r—l)(l), N>l

n
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Chapter 11

Generalized Pascal Triangles Defined
by Exponential Riordan Arrays !

11.1 Introduction

In the Chapter 10 (and see [17]), we studied a family of generalized Pascal triangles whose
elements were defined by Riordan arrays, in the sense of [202, 208]. In this chapter, we
use so-called “exponential Riordan arrays” to define another family of generalized Pascal
triangles. These number triangles are easy to describe, and important number sequences
derived from them are linked to both the Hermite and Laguerre polynomials, as well as
being related to the Narayana and Lah numbers.

We begin by looking at Pascal’s triangle, the binomial transform, the Narayana numbers,
and briefly summarize those features of the Hermite and Laguerre polynomials that we will
require. We then introduce the family of generalized Pascal triangles based on exponential
Riordan arrays, and look at a simple case in depth. We finish by enunciating a set of general
results concerning row sums, central coefficients and generalized Catalan numbers for these
triangles.

11.2 Preliminaries

Pascal’s triangle, with general term C(n, k) = (Z), n,k > 0, has fascinated mathematicians

by its wealth of properties since its discovery [77]. Viewed as an infinite lower-triangular ma-
trix, it is invertible, with an inverse whose general term is given by (—1)"7* (Z) Invertibility
follows from the fact that (Z) = 1. It is centrally symmetric, since by definition, (Z) = (nfk)
All the terms of this matrix are integers.

By a generalized Pascal triangle (or Pascal-like triangle) we shall understand a lower-
triangular infinite integer matrix 7' = T'(n, k) with T'(n,0) = T'(n,n) = 1 and T'(n, k) =
T(n,n — k). We index all matrices in this paper beginning at the (0, 0)-th element.

!This chapter reproduces and extends the content of the published article “P. Barry, On a family of
generalized Pascal triangles defined by exponential Riordan arrays, J. Integer Seq., 10 (2007), Art. 7.3.5.”
[17].
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We shall encounter transformations that operate on integer sequences during the course
of this chapter. An example of such a transformation that is widely used in the study of
integer sequences is the so-called Binomial transform [230], which associates to the sequence
with general term a,, the sequence with general term b,, where

by, = i <Z> a. (11.1)

k=0

If we consider the sequence with general term a, to be the vector a = (ag, ay,...) then we
obtain the binomial transform of the sequence by multiplying this (infinite) vector by the

lower-triangle matrix B whose (n, k)-th element is equal to (}):

100 000
110 000
121 000

B=| 133 100
146 410
1510 10 5 1

This transformation is invertible, with

ay = zn: (Z) (—1)"*b,. (11.2)

k=0

We note that B corresponds to Pascal’s triangle. Its row sums are 2", while its diagonal
sums are the Fibonacci numbers F(n + 1). If B™ denotes the m—th power of B, then the
n—th term of B™a where a = (a,),>0 is given by > m"* (Z) Q).

As an exponential Riordan array, B represents the element [e”, z].

We note at this juncture that the exponential Riordan group, as well as the group of
‘standard’ Riordan arrays [202] can be cast in the more general context of matrices of type
Ri(cu,, Br; ¢, f,1) as found in [81, 83, 82]. Specifically, a matrix C' = (¢ux)nr=012,. is of
type RY(cu,, Bk; &, f, 1) if its general term is defined by the formula

o = P res, (6(2) fH(2)y" () )

n

where res, A(z) = a_; for a given formal power series A(x) = > . a;27 is the formal residue
of the series.

For the exponential Riordan arrays in this chapter, we have «,, = %, B = +

> and ¢ = 1.

Example 237. The Binomial matrix B is the element [e”, z] of the exponential Riordan
group. More generally, B™ is the element [¢"*, z] of the Riordan group. It is easy to show
that the inverse B~™ of B™ is given by [e™™* x].
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Example 238. The exponential generating function of the row sums of the matrix [g, f] is
obtained by applying [g, f] to €, the e.g.f. of the sequence 1,1,1,.... Hence the row sums
of g, f] have e.g.f. g(z)ef@.

Example 239. An example of a well-known centrally symmetric invertible triangle is the
Narayana triangle N, [212, 213], defined by

won = () () = () ()

for n, k > 0. Other expressions for N (n, k) are given by

soon= () = () G = G ) - (5 ()

This triangle begins

D W= O
= OO
o O O
_— o O O O

10 20 10
15 50 50 15

RO O O OO

Note that in the literature, it is often the triangle N(n—1,k—1) = () (") that is referred

to as the Narayana triangle. Alternatively, the triangle N (n—1,k) = % (" ) (Z) is referred

P
to as the Narayana triangle. We shall denote this latter triangle by N(n, k). We then have

10 0 0 00
10 0 0 00
1 1 0 0 00
N—|13 1 0 00
1 6 6 1 00
110 20 10 1 0

with row sums equal to the Catalan numbers C,,.
Note that for n,k > 1, N(n, k) = %(Z) (k+1) We have, for instance,

Nin—1,k—1) = %(Z}(kﬁJ
- () (00
- (02500
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The last expression represents a 2 x 2 determinant of adjacent elements in Pascal’s triangle.
Further details on the Narayana triangle are in Chapter 10.
The Hermite polynomials H,(x) [238] are defined by
ar .-
Hy(z) = (=1)"e” —e™*.
() = (-1e e

They obey H,(—x) = (—1)"H,(x) and can be defined by the recurrence

H,i1(z) =22H,(x) — 2nH,_(z). (11.3)

They have a generating function given by

2tx—az? — i HVL(t) "

€ n!

n=0
We have
K %]

o) =3 (g ) 2 S ey = 3 (1) v B e

k=0 k=0

A property that is related to the binomial transform is the following:

n

> <Z> Hy,(x)(22)" ™ = Hy (2 + 2).

k=0
From this, we can deduce the following proposition.

Proposition 240. For fized x and y # 0, the binomial transform of the sequence n —
H,(z)y"™ is the sequence n — y"H,(x + i).

Proof. Let z = 5~. Then 2z =

1
y
" /n 1
”:Hn — .
> (1) me (++3)

and hence

That is,

as required. O

The Laguerre polynomials L, (z) [241] are defined by

They have generating function

tx

Sp5) S Lall)

1—=x

They are governed by the following recurrence relationship:

(n+1)Lpy1(t) = 2n+1—1)L,(t) — nly_1(1). (11.4)
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11.3 Introducing the family of centrally symmetric in-
vertible triangles

We recall that the Binomial matrix B, or Pascal’s triangle, is the element [e”,x] of the
Riordan group. For a given integer r, we shall denote by B, the element [e*, z(1 + rz)] of
the Riordan group. We note that B = By. We can characterize the general element of B,
as follows.

Proposition 241. The general term B,.(n,k) of the matriz B, is given by

k .
n! k rd

B(nk) =" ()—
k! = \J (n—Fk—7)!

Proof. We have

O
From the above expression we can easily establish that B,.(n, k) = B.(n,n—k) and B,(n,0) =
B,(n,n) = 1. We also have
Proposition 242.

sk =4 (7)(, 5 )
kNG \J -

Proof. By definition, B, is the Riordan array [e*, z(1 + rx)] = [e*, z][1,z(1 + rz)]. But the
general term of [1, (1 + rz)] is easily seen to be 2 ( * Yr"=*. The result follows since the
general term of [e”, z] is (}). O

An alternative derivation of these results can be obtained be observing that the matrix B,
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may be defined as the array R'(-;, -5 ¢”, (14 rz),1). Then we have

1/k!
B.(n,k) = L Z=res,(e*(1 +rz)fz—mtr)
n!

00 k
n! z RN g —ntk
— Hresgg(éO ] ]E:O (j)rﬂgpﬂzv )

Thus B, is a centrally symmetric lower-triangular matrix with B,(n,0) = B.(n,n) = 1. In
this sense B, can be regarded as a generalized Pascal matrix. Note that by the last property,
this matrix is invertible.

Proposition 243. The inverse of B, is the element [e”* u] of the Riordan group, where

V1+4re —1
2r '

Proof. Let [g*, f] be the inverse of [¢*, z(1 + rz)]. Then
g% flle”,z(1 +r2)] = [Lz] = f(1+7f) ==

Solving for f we get

f_ V1+4re —1
_T.

Butg*:g%f—:e_f. O]

This result allows us to easily characterize the row sums of the inverse B, 1.

Corollary 244. The row sums of the inverse triangle B are given by 0" = 1,0,0,0, .. ..

Proof. We have B! = [e7“, u] as above. Hence the e.g.f. of the row sums of B! is
e "e" = 1. The result follows from this. O

Example 245. B, = [¢”, x(1 + x)] is given by

10 0 0 00
11 0 0 00
1 4 1 0 00
B,=|19 9 1 00
116 42 16 1 0
1 25 130 130 25 1
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The row sums of B; are
1,2,6,20, 76,312, 1384, 6512, 32400, . . .

or A00089S.
From the above, the terms of this sequence are given by

nl
-5 (amiy
with e.g.f. g(z)ef®) = erer(+2) = 20+2°  What is less evident is that
s1(n) = Hp(—1)i"
where i = v/—1. This follows since

€2x+12 _ 62(71)(1;1)7(2'9:)2

=0

3

and hence e2**** is the e.g.f. of H,(—i)i". We therefore obtain the identity

n

== —Zo—ﬁ

We can characterize the row sums of By in terms of the diagonal sums of another related
special matrix. For this, we recall [231] that

(n+E)!  [(n4+E\(2k)! (n+k
Bessel(n, k) = m—( ok )2"7]{;! _( ok )(Zk—l)!!

defines the triangle A001498 of coefficients of Bessel polynomials that begins

O 0 0 0 0
1 0 0 0 0
33 0 0 0
Bessel — 6 15 15 0 0

10 45 105 105 O
15 105 420 945 945

[ Gy N G N G G ST G WY
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This triangle has bi-variate o.g.f. given by the continued fraction

1

Yy
2xy

l—2—

1l—x—

3x
1—2— Y

dx
L Ay
l—g—---
We then have
Proposition 246. The row sums of the matrix By are equal to the diagonal sums of the
matriz with general term Bessel(n, k)2". That is

N on n! k 1 ek
Hn(—Z>Z = E E E (]) m = E Bessel(n — k’, ]{3)2 .
k=0 j=0

’ k=0
Proof. We shall prove this in two steps. First, we shall show that
5] 5] 5]

3" Bessel(n — k, k)2"* = % (27;) 2% = 32k — 1) (27;) on—k,

k=0 k=0 k=0
We shall then show that this is equal to H,(—i)i". Now
5]

Z Bessel(n — k, k)2" % = Bessel
k=0 k=0

3
VR
3
|
DN |
o |
N~
\o)

T
N1k
YammS
—_
+
—~
|
—_
S~—
Eal
N—
~
&)

—

N M:
—~
m»‘
S~— bt
VRS
> 3
NG

)
i
~

S
—_
+
—~
—_
S~—
~
S~—
\
[\)

— o

I
ﬁ?rM
o
=
N\
N3
>
N——
[\
3
b
ol

e

— o

I
NI
>~|Z
VO
N3
=N
N——
[\
i
ol

establishes the first part of the proof. The second part of the proof is a consequence of the
following more general result, when we set a = 2 and b = 1. O]
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Proposition 247. The sequence with e.g.f. gawtba’

L5] L5)

U= (272) %a”%bk =3 (%) Cro(k + 1)la™ 2k,

k=0 k=0

has general term w, given by

Proof. We have

n'[a: ] ar+bx _ n'[w ]eaxebm
. o aixi o bkflj2k
= il Z Kl
i=0 k=0

— ZZ z+2k

Z'k'
=0 k=0
> a’~ Zkbk

- Z (n — 2k)1k!

_ i n! (2k)! n—2kpk
2 (n = 28)\(2k)! K]
5]

_ - n (2k)!an—2kbk

2k ) k! ’
k=0

Corollary 248.
15)

a . N n @an—ﬂc k
Hn(—z—\/z_)z)(\/l_n) = 2 <2k> y b

Corollary 249. Let u,, be the sequence with e.g.f. @07 Then u, satisfies the recurrence
Uy = aUp_1 + 2(n — 1)buy,_o
with ug = 1, uy = a.
Proof. Equation 11.3 implies that
H,(x) =2xH, 1(z) —2(n — 1)H,_2(x).

Now multiply both sides by (v/bi)" to obtain

Thus

Uy, = QUp_1 + 2(n — 1)buy_o.

Since
2 (2)!
— A=V n—2kpk
“"‘Z(%) PR
k=0
we obtain the initial values ug = 1, u; = a. O
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Corollary 250. The binomaual transform of Z,ﬁjo (27;) %an_%bk 15 given by

S (5) 2o

2k) k!

k=0

Proof. The e.g.f. of the binomial transform of the sequence with e.g.f. e®** jg e¥esrtbe” —

€(a+1)x+bx2' N

Equivalently, the binomial transform of Z,ﬁJO (;ﬁ) Cr(k + 1)la"2*b* is given by

3]
(;)cuk+1ma+1w2%@

k=0

We note that in the last chapter, we showed that the binomial transform of > ,ﬁJO (272) Ca™ 2k pF
is given by
L

|3

]
n n—2kyk
(2]{:>Ck(a+1) b".

k=0

Corollary 251. The row sums of By satisfy the recurrence equation
Up = 2Up—1 +2(n — Duy_o

with ug = 1, uy = 2.

Since the triangle with general term Bessel(n, k)2" has g.f.

1
2zy

1—2x —

dxy

1—2x— 5
T
1—2x— J

Sy

l—2p—— 2
T o

we see that the row sums of B; have g.f. given by the continued fraction

1

212
1—2x —

422

1— 22—
* 622

1—2x —

8x?

1-27 — ———
1—22— -
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We note that this is the second binomial transform of the aerated quadruple factorial numbers

@n)t _ (n+1)IC, = n!(zg), whose g.f. is given by

n!

1
2z

The row sums of By can thus be expressed as

- S0t

= :22 (Z) 2" (k/2)! (k’;2) L+ (=D <2—1>k
— ; (Z) 2"k (k)2 + 1)!01;#.

We can use Proposition 240 to study the inverse binomial transform of s;(n). By that
proposition, the inverse binomial transform of H,(—i)i" is given by i" H, (—i+5) = H,(—%)i".
This is the sequence

1,1,3,7,25,81,331,1303, 5937, . ..
with e.g.f. e*™°. This is A047974 which satisfies the recurrence a,, = a,_1 + 2(n—1)ap—o. It

is in fact equal to Z,ﬁjo Bessel(n — k, k)2%. The second inverse binomial transform of s;(n)

is the sequence

1,0,2,0,12,0,120,0, 1680, 0, 30240, . . .
with e.g.f. €*”. This is an “aerated” version of the quadruple factorial numbers C,,(n+1)! =
) o A001813.

n!

We now look at the central coefficients By(2n,n) of B;. We have

penn = GE (1)t

Hence
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) 7 17 209

We note that this is the rational sequence 1,2, 5, 5, 57, . ... Two other ratios are of interest.

1. %1((22:;3) = n!L,(—1) is A002720. It has e.g.f. = exp (). It is equal to the number
of partial permutations of an n-set, as well as the number of matchings in the bipartite
graph K(n,n). Using Equation (11.4) we can show that these numbers obey the

following recurrence:

Up = 2nUp_1 — (0 — 1)*Uy_o
with ug =1, u; = 2.

2. %:’") =(n+ 1!L,(—1) is A052852(n + 1). It has e.g.f. given by

d = x 1 o x
- = X .
drl—z P\1_¢ (1—x)3 PlT—2

Again using Equation (11.4) we can show that these numbers obey the following re-
currence:

Up = 2(n + 1)vp_y — (n* — 1)v,_s
with Vo = 1, V1 = 4.

This sequence counts the number of (121, 212)-avoiding n-ary words of length n. Specif-

ically,
Bi(2n,n
% = fi2i212(n+1,n+1)
where
b n—1
k) il
f121212n Z( )(j—1>]

J=0

is defined in [45].

From this last point, we find the following expression

(2n,n) = C, % < ) <j - 1)j‘ (11.5)

o= () - ()

Ci(n) = B1(2n,n) — B1(2n,n — 1) = B1(2n,n) — By(2n,n + 1).

Based on the fact that

we define
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We call C(n) the the generalized Catalan numbers associated with the triangle By. We

calculate B;(2n,n — 1) as follows:

By(2n,n — 1)

Hence

Bi(2n,n) — By(2n,n — 1)

2n)! <~ (1
Ci(n) = —~ . .
1) nl 4= (J)(”—JJFU'
_ (n) (n+1)!
T\ (nt 1))
" /n\ (n+1
VA
n 2
n n+1
JZ_; Jj) n—g3+1
_ = (n) (n+1 (j+1)!
AV VAVES VIS RS
where we have used the fact that % = Cy(n + 1)!. This is the sequence A001813 of
quadruple factorial numbers with e.g.f. 11 —.
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Recognizing that the terms after C), represent convolutions, we can also write
o - G ()
§=0
()0
e () ate

We note that the first expression immediately above links C(n) to the Lah numbers A008297
(see Chapter 8)
The ratio &

» OF Z] 0 ( )EZ%B:, is the sequence

1,3,13,73,501,4051, 37633, 394353, 4596553, . . .

or A000262(n + 1). This is related to the number of partitions of [n] = {1,2,3,...,n}
into any number of lists, where a list means an ordered subset. It also has applications in
quantum physics [31]. The sequence has e.g.f.

d = eT s

—e1l- —

dx C (1—-2)?

which represents the row sums of the Riordan array [ﬁ, - x} = Lag¥. We can in fact

describe this ratio in terms of the Narayana numbers N (n, k) as follows:

W= S000)e
- S )G e

Jj=0
n

1 n+1\/n+1 .
= Z , , (n—j+1)!
jon-I—l J J+1

Hence we have

Cin) _ ¥ : - - N1 ”(@>(n+1)!.
. 2\

I
=3
£
=
£)
|
<
_|_
=
I
=,
£
=
<
+
=
I
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We can generalize Proposition 247 as follows :

ax+bx? /2

Proposition 252. The sequence with e.g.f. e has general term w,, given by

3]
Up = Z Bessel(n — k, k)a"~*Fv".
k=0

Proof. We have

00 ;00 gL
17,10 am+bx2/2 o 11 a'x bx
nl[z"]e = nllx ]Z | Z—2k i

= Z Bessel(n — k, k)a"~2Fb*
k=0

= Z Bessel(k,n — k)a* """,
k=0

[]

ax+bx? /2

Corollary 253. Let u,, be the sequence with e.g.f. e . Then u,, satisfies the recurrence

Up = alpy_1 + (0 — 1)buy_o
with ug =1, u1 = a.

Corollary 254. Let u, be the sequence with e.g.f. e tb2?/2  Thep
Up, = Z Bessel(k,n — k)a*"p" k.
k=0

ax+bx?/2

Corollary 255. Let u,, be the sequence with e.g.f. e . Then u, has generating function

expressible as the continued fraction

ba?
2ba?
3ba?

l—ax—---

1—ax —

1—ax—

1 —ax —

We close this section by remarking that the triangle A001497 with general term

[k < n|Bessel(n,n — k)
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has bi-variate g.f. given by

1
| x
w 1 2z
J— ‘T J——
Y 1 3w
TY = 7
This triangle begins
1 0O 0 0 0 O
1 1 0 0 0 0
3 3 1 0 0 0
(Bessel(n,n—k))=| 1 1 6 1 0 0
105 105 45 10 1 0
945 945 420 105 15 1

11.4 The General Case

We shall now look at the row sums, central coefficients and generalized Catalan numbers
associated with the general matrix B,.. In what follows, proofs follow the methods developed
in the last section.

Proposition 256. The row sums s.(n) of B, are given by Hn(—\/i;)(\/f"z)”

Proof. The row sums of B, are given by the sequence

232 (o

with e.g.f. g(z)ef® = erer(tra) — 2etre® Now

62:v+7"x2 — 62(\_7%)(1\/77@_(1\/;@2
> Hn(_L)
= > )
— n!

> Hal =)0V
= 2 fn! .

n=0

Corollary 257. We have the identity

Z i ()= = (-5 v = 2 (o) G2



As before, we can rewrite this using the fact that % = C(k)(k+1)! =282k — 1)!1.

We note that the second inverse binomial transform of s,(n) has e.g.f. ™’

Proposition 258. The row sums of B, are equal to the diagonal sums of the matrix with
general term Bessel(n, k)2"r*. That is,

n L3]

ZZ_: Ak (’“) m _m, (—%) (Vri)" = % Bessel(n — k, k)2"—Frk.

J
Proposition 259. The row sums of B, obey the recurrence
Uy, = 2Up—1 + 2r(n — 1)uy,_o
with ug = 1, uy = 2.
We now turn our attention to the central coefficients of B,.
Proposition 260. B,(2n,n) = C,(n+1)!377 (’;)Qj!rj

Proof. The proof is the same as the calculation for B;(2n,n) in Example 245, with the extra
factor of 7 to be taken into account. n

B.(2n,n) 1\ " /n rl
Con+ 1)l Ln (_?> = (J) (n—j)!
forr #0.

We note that the above expressions are not integers in general.

For instance, 2ot — pl2" L, (—4) is A025167, and F5m) = n13" L, (—3) is A102757,

In general, we have

Corollary 261.

Proposition 262. % = nlr"L,(—1/r) has e.qg.f. 1_1m exp(1=5=), and satisfies the re-
currence relation
Uy = ((2n — Dr + Dy — 72 (n — 1),

with ug =1, uy =r + 1.
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Proof. We have

Ty = Y
_ n|[x"]§;; 2(1 = ra)i(1 — rz)!
— il 2 (1= )0
— ) i:; %x ; (_(Z; 1)) (—1Yra?

To prove the second assertion, we use Equation (11.4) with ¢ = —2. Multiplying by n!r™™!,
we obtain
n+1 1 Ly nt 1 n+l, 2 1
M+ Ly | — ) =Cn+1+ )" nll, (—— ) =" (n—1)!L,1 | —— ).
r r T T
Simplifying, and letting n — n — 1, gives the result. O]

Corollary 263. M = (n+ 1)r"L,(=1/r) has e.q.f. L2 exp(L-), and satisfies the

recurrence
n+1

=((2n—1)+r) W1 — 1r2(n? — Dwp_s

forn > 1, with wy =1 and wy, = 2r + 2.

We can generalize Equation (11.5) to get

-(2n,n) = C, HZH ( ) (j B 1>j!rj1.

We define the generalized Catalan numbers associated with the triangles B, to be the numbers
C.(n) = B.(2n,n) — B.(2n,n — 1).

Using the methods of Example 245, we have
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Proposition 264.

Cr(n)

We have the following equivalent expressions for C,.(n):

(n+1)!

€ Z( ) -+ 1!
5 0) (oo

P}

CHZN(n,j)(j + ).

For instance, Cg(n)/Cn is A025168.

Proposition 265.

Proof. We have
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11.5 The case r = %

The assumption so far has been that r is an integer. In this section, we indicate that r = %
also produces a generalized Pascal triangle. We have B = (e*,2(1 4 2/2)). This begins

10 0 0 0 0
11 0 0 0 0
13 1 0 0 0

B.—| 16 6 1 00

: 110 21 10 1 0
1 15 55 55 15 1

This is triangle A100862. Quoting from A100862, B% (n, k) “is the number of k-matchings of

the corona K’(n) of the complete graph K (n) and the complete graph K (1); in other words,
K'(n) is the graph constructed from K (n) by adding for each vertex v a new vertex v' and
the edge vv'”. The row sums of this triangle, A005425, are given by

1,2,5, 14,43, 142,499, 1850, 7193, . . .

2x+a2/2

These have e.g.f. e and general term

5]
H(-VE N =3 (5 ) S

0[3

They obey the recurrence
Up = 2Up—1 + (N — D)ty

with ug = 1, uy = 2. This sequence is thus the second binomial transform of the aerated
double factorial numbers (see A001147) and the binomial transform of the involution numbers
A000085. They have g.f. given by the continued fraction

1

1—2x—

212

1—2x—
312

1—2x—

4q?

l—2p— ——
T o —

[32] provides an example of their use in quantum physics. Using Proposition 240 or otherwise,
we see that the inverse binomial transform of this sequence, with e.g.f. e****/2 is given by

H, (—ﬁz‘ + %) (i/V2)" = H, <—%> (i/V2)".
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This is the sequence
1,1,2,4,10,26, 76,232,765, . ..

or A000085. It has many combinatorial interpretations, including for instance the number of
matchings in the complete graph K (n). These numbers are the diagonal sums of the Bessel

triangle Bessel:
15)

H, (-%) (i/V2)" = kZ:O Bessel(n — k, k).

Alternatively they are the row sums of the aerated Bessel triangle beginning

1 00 0 00
01 0 0 00
101 0 00
0 3 01 00
30 6 0 10
0 15 0 10 0 1

with general term

_1\n+k
Bessel™ (n ; k,k) L+ (1)

2
where 0 B!
. B n—k)!
Bessel*(n, k) = R — 2
This sequence has g.f. given by the continued fraction
1
72
1—2z—
1 222
— z —
] 322
— x p—
) 42
S DU

The aerated triangle above has g.f. given by the bi-variate continued fraction

1

1—oy—
) 21.2

3x2

1 —ay—

1—axy— 2

1—93y—1_$y_“.

As we have seen, the row sums of B1 are the second binomial transform of the sequence
2

1,0,1,0,3,0,15,0,105,0,. ..
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with e.g.f. ¢*/2 and o.g.f. equal to
1
72
b 2
b - 3z
422
-

This is an “aerated” version of the double factorial numbers (2n — 1)!!, or A001147. These
count the number of perfect matchings in the complete graph K(2n). The row sums count
the number of 12 — 3 and 214 — 3-avoiding permutations, as well as the number of matchings
of the corona K’(n) of the complete graph K(n) and the complete graph K (1). We note
that the exponential Riordan array [1,2(1 + 7)] has general term

Bessel(k,n — k).

This array starts

100 0 0 O
010 0 0O
011 0 0 O
003 1 00
003 6 1 0
000 15 10 1

This is 122848. The product of B and this matrix is then equal to B%, that is,
B, =B- (Bessel(k,n —k)).

The example of B% prompts us to define a new family B, where B, is the element
[e”, 2(1 4 5F)] of the exponential Riordan group. Then we have B, =B, B, = B, B, = B,

etc. We can then show that B, is the product of the binomial matrix B and the matrix with
general term Bessel(k,n — k)r"%:

B, =B- (Bessel(k,n — k)r"*) .

We have
3 [ J - lri
B.(n, k) = % j=0 2_1J<Z)m B j=0 (?;) (2k _jt;!.;k(j — k)l
Thus n L k! Jj—k
- n n— : i
B0 = (1) (02 m o
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and in particular

e = ()2 (0w

7=0
Finally,

B,(n,k)=B,(n—1,k—1)+B,(n—1,k) +r(n—1)B,(n — 2,k — 1).

The foregoing has shown that the triangles B,, and more generally B,, defined in terms
of exponential Riordan arrays, are worthy of further study. Many of the sequences linked
to them have significant combinatorial interpretations. B 1as documented in A100862 by
Deutsch has a clear combinatorial meaning. This leaves us with the challenge of finding
combinatorial interpretations for the general arrays B,, r € Z.

11.6 A family of generalized Narayana triangles

We can use the mechanism of generalized factorials to develop a family of generalized

Narayana triangles in a manner similar to the foregoing. We recall that N = P(n+1). In
2

other words,
- al(n)

Now = [k < n]—\W)
S AT
where a(n) = (";1) We now form the matrix N* with general term
(K
N3 = [b < o] —20)

al(n — k)a!(2k —n)’

This matrix therefore begins

1000 0 O
0100 0 0
0110 0 0

Ne—|[ 0031 0 0
0016 1 0
0006 10 1

Then the product NN¥ is again a Pascal-like matrix, which begins

1 0 0 0 0 0
1 1 0 0 0 O
1 6 1 0 0 0
1 24 24 1 0 0
1 70 260 70 1 0
1 165 1850 1850 165 1
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In general, we have the result

Proposition 266. Let N*(r) be the matriz with general element

s al(k) n—k
Nawlr) =k = n}a!(n — k)a!(2k — n)r '

Then the product
NN*(r)

18 a Pascal-like triangle.

Thus we have another one-parameter family of Pascal-like triangles, for which the case r =0
is the Narayana triangle N. The general term of the product matrix is given by

al(k)ri=*
NG = kal 2k — )

(]
<!
IA
=,
=
S
ES
IA

Jj=0

n+1

N ) We can in fact show that this is equal to

where a(n) = (

rd

k
o) 2 = il = =
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Chapter 12

The Hankel transform of integer
sequences

In recent years, the Hankel transform of integer sequences has been the centre of much
attention [61, 78, 80, 85, 121, 139, 163, 188, 184, 187, 182, 186, 183, 181, 207]. Although the
transform is easy to define, by means of special determinants, it is possible to describe its
effect on specific sequences by means of a closed formula only in a small number of cases.
Even where such formulas are known, it is not normally easy to relate these formulas to a
clear combinatorial interpretation. Techniques used to elucidate the nature of many Hankel
transforms rely heavily on the theory of determinants, the theory orthogonal polynomials,
measure theory, the theory of continued fractions, the theory of plane partitions and lattice
paths ([100, 223]). Hankel transforms have appeared in some seminal works e.g. [160].

12.1 The Hankel transform

The Hankel transform of a given sequence A = {ag,a,as, ...} is the sequence of Hankel
determinants {ho, b1, ha, ... } where h, = |a; ;|7 -, i.e

ag ai Ce an
ay a2 An41

A= {an}neNo — h= {hn}nENo Dohy = . . (121)
G, Ap+1 Aon

The Hankel transform of a sequence a,, and its binomial transform are equal.
It is known (for example, see [132, 227]) that the Hankel determinant h,, of order n of
the sequence (a,),>o equals

h = ag BB Ba1 B (12.2)
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where (f3,),>1 is the sequence given by:

G(x) = Zanx” = 3 : (12.3)
n=0 1+ gz — ﬁlx

2
1+a1x—$

The sequences (ay,),>0 and (5,)n,>1 are the coefficients in the recurrence relation

Poi(z) = (# — an) Pa(z) — B Paa(2) (12.4)

where (P, (2))n>0 is the monic polynomial sequence orthogonal with respect to the functional
L determined by
a, =L[z"] (n=0,1,2,...). (12.5)

In some cases, there exists a weight function w(z) such that the functional £ can be expressed

by

£lfl = [ f@) we) de (fa) € CR) () 20) (126)
Thus we can associate to every weight w(z) two sequences of coefficients, i.e.
’LU(JZ) = {O‘naﬁn}neNo P (12.7)
Y (v P2(a) P2(o)
Llx PX(z _ L[P(x i
R 1 B (e B .

For a family of monic orthogonal polynomials (P,),>o we can write

n
P,(z) = Z ap pz”,
k=0

where a,,, = 1. Then the coefficient array (a,)n >0 forms a lower-triangular matrix.

12.2 Examples of the Hankel transform of an integer
sequence

Example 267. We consider generalized Fibonacci sequences of the form
Ap = T0p_1 + SAp_2

for given integers r and s, where ay = 1, a; = 1. The case r = s = 1 is the case of the
Fibonacci numbers F'(n + 1). The order of this recurrence is clearly 2. If we denote by H}
the j-th column of the determinant h,,, then we see that

HY =rH! | +sH,
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corresponding to the recurrence that determines the sequence a,,. Thus after n > 1, there
is a linear dependence between columns of the determinants and hence their value is 0. We
find that the Hankel transform of a,, is equal to the sequence

1,r+s5—1,0,0,0,...

1 1

1 rts =r+s—1L

ho=|1|=1, h1:’

Since many pairs (r, s) have sum r+ s we see that many sequences can have the same Hankel
transform. Thus the Hankel transform is not unique and therefore is not invertible.
More generally, if

Qp = TOp—1 + SAp_2, ag = to, ay = ty,
then the Hankel transform of a, is given by
to, Ttoty + sta —13,0,0,0, . ..
Similarly, if
Ap = T0p_1 + SAyp_o + ta,_3, ag =1, a, =1, ar, =1,
then the Hankel transform of a,, is given by
1,0,2(1 —rs —rt —st) — (r —1)*> = (s = 1)> — (t — 1)%,0,0,0, ...

Example 268. The Catalan numbers have many remarkable properties. Their Hankel
transform is no exception to this. We can in fact characterize the Catalan numbers as the
unique integer sequence C,, such that both C),, and C,,; have the all 1’s sequence 1,1, 1, ...
as Hankel transforms.

11 2
1] =1, “ ;‘_1, 12 5 |=1,
2 5 14
and
1 2 5
=1, '; 2‘21, 2 5 14|=1,
5 14 42

Many proofs of this result exist. For instance, to show the necessity, we can cite the following
result [100] :

n

. a (2a;)! 22+1
[ Cona =TT toy=an ]I H%H,g

0<i<j<n

Allowing a; = j and «; = j + 1 yields the sequence 1,1,1,... in both cases.
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In order to illustrate techniques that will be employed in later chapters, we provide two
different proofs of the fact that the Hankel transform of C,, is 1,1,1,....

Proof 1. We have

A4 — 1)
——=dx.
" 27T
Thus the measure for which the Catalan numbers are moments is given by

1 v/x(4— 1 4 —
w(z)dr = ?) Y dr = L .

27r T

p(z) =

Making the change of variable z = 2 + 2t we obtain
\/4—x_\/2—2t_ 1—t
r o V2+2t V14t

1—1t

p= 24/ ——dt,

14+t

or 2 times the measure for W,,, the Chebyshev polynomials of the fourth kind. For these
polynomials, we have [99]

and dx = 2dt. Thus

50:77-’ ﬁn:

, n > 1.

e

—

Applying (7) and (i7) of the following lemma [99] now allows us to conclude that h,, = 1.

Lemma 269. Let
w(@) — {m Bulneng,  @(x) — {dn, Bolnen, - (12.9)
Then
(i)  d(r)=Cw(x) = {dn=an Bo=CPh, bu=7pF (ncN)};  (12.10)

n - b ~ A n
(1) w(x) =wlar+b) = {a,= c . Bo = %, Bn = 5—2 (neN)}; (12.11)
(idi) If
w(x -
welw) = 2O e ¢ supp() | (12.12)
then
Qoo = Qo+ 7o , Qe = Qg+ T — Th_1,
~ 7 12.13
Beo = —r_1, Bep = Br1——rt (keN), ( )
Tk—2
where ~
ro=— / we(r) de, Tp=0C— Gy — a (n=0,1,...) . (12.14)
R Tn—1



Proof 2. We use the following result from [121]

Theorem 270. Consider an o.g.f. ®(x) =
suppose that

1
1-V(z)

satisfies
§(@) = 2(A+ pg(x) +vE(x)).
Then the Hankel transform (hy) of (ay) is given by

hn — )\n(n+1)/2 Vn(nfl)/Q )

Thus we let ¢(z) = =X=*% be the o.g.f. of the Catalan numbers, and let

1—+v1—-4x
(b = e ——
()= elr) = L
and
1 1—+v1—-4x
(@) () 2
We note that U'(0) = 1 and so we can define
v(z 1 -2z —+1—-4x
) = T o) = LT VIR

We now seek A\, p and v such that if

g9(x) = A+ pé(x) + v (@)

then we have

In this case, we find that
A=1, w=2, v=1.

Thus the Hankel transform of C), is given by
)\n(n+1)/2yn(n—1)/2 -1

Now let

O (z) 2
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with ¥/(0) = 2. Thus we can define

As in the previous case, we find that for

g(x) = X+ pé(x) + ve (x)

with

we have
A=1, =2, v=1.

Hence again we find that the Hankel transform of (), is the all 1’s sequence.

12.3 A family of Hankel transforms defined by the
Catalan numbers

We now study a family of Hankel transforms that give rise to sequences that have been much
studied in the literature. This family will be defined by the Hankel transforms of the columns
of the sequence array of the Catalan numbers. Thus we consider the array (c(x),x)) with
general term T, ;, := C,,_;[k < n]. We define the array with general term H,, j = |1
Thus the matrix

n
i,j=0

1 0 000 O
11 0000
2 1 1000
5> 2 1 100
4 5 2110
42 14 5 2 1 1

is mapped onto the matrix of Hankel transforms

1 0 0O 0 0 0
1 -1 0 0 0 O
1 -2 -1 0 0 O
1 -3 -5 1 0 0
1 -4 -14 14 1 O
1 =5 =30 84 42 -1
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Multiplying by (—1)(kJ2rl), we obtain the positive matrix

100 0 00
110 0 00
121 0 00
(-0Dg, =135 1 00
1414 14 1 0
1530 84 42 1

k+1

The corresponding square array ( —1)( 2 >Hn+k,k) is given by
1 1 1 1
5) 14 42 132

14 84 594 4719
30 330 4719 81796
25 101 26026 884884

(
1
1
1
1
1
1 91 2548 111384 6852768

O O W N

This last array plays an important role in several theories:

1. It enumerates the number of Kekulé structures for certain prolate pentagons (special
pentagon-shaped benzenoid hydrocarbons) [62].

2. Tt corresponds to the transpose of the matrix with general element

which enumerates certain plane partitions [95].

3. This array can be embedded into the more general array

1 11 1 1 1
5 14 42
14 84 594
30 330 4719

25 101 26026

11
11
11
11
11 91 2548 111384

O O s W N

where we conjecture that the o.g.f. of the n-th row is given by
w1 Fn(1,1/2,3/2, ... 2n —1)/2;n 4+ 1,n+2,...,2n; 2*"1).
The transpose of this array has general term
n—1 (21’—}‘-2](:)

1155

)




12.4 Krattenthaler’s results

It is useful to summarize the results of Krattenthaler on Hankel transforms of integer se-
quences. These can be derived from the interpretation of the Hankel transform that is based
on a study of appropriate non-intersecting Motzkin paths, first found in [223].

Proposition 271. [131, 132, 134] Let (ur)k>0 be a sequence of numbers with generating
function > 2 pra® written in the form

- E _ Ho
ZMI&U - b2
k=0 1 —apz — !

1—aiz— 5

Then

det(prys)o<ijen— = pobL 052 ) _obn1.
2. If (qn)n>0 1s the sequence recursively defined by qo = 1, g1 = —ag, and
dn+1 = QpQn — bnqn—b (1215)

then
det(pivji1)o<ijen—1 = poOY 052 02 _obu 1y

and

det(pivjra)ocijen—1 = poOY 052+ b2 _oby_y Z Gibrt1 - bu—1by.

k=0
3. Letting p_1 =0, for n > 2 we have
det(ﬂi+j—1)0§i,j§n—l = —Mgbg_zdet(ﬂiﬂﬂ)OSi,an—i%7
where the [i;’s are given by the generating function
_ 0
Z fira® = ; 2
bgl’
k=0 1 —a1x — 5
bgﬂ?
1—asx — 5
b43§’
l—asr — ———
1—ayx— ...

Example 272. We illustrate (2) in the above with the sequence u,, given by 1,1,2,6, 21,79, 311, ..

A033321, the binomial transform of the Fine numbers A000957. The g.f. of the sequence is
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given by

g(l’) = 2
1—z— 5
x
1 -3z — 5
x
1-3z— ———
* 1—-3x—...
or - \/12_6“5962 = ey (12__?)%9”2. It is given by the first column of the Riordan array
1+ 2z x ' (14+2—-VI—6z+522 1—3z— 16z + 52’
1+3z+22"14+3z+22) 27(2 — 1) ’ 27 ’
which has production array
110000
131000
013100
001310
000131
000O0T13

We see immediately that h, = 1. We now wish to calculate the Hankel transform of wu, 1.
Thus we must find ¢, such that ¢g = 1, g1 = —ag, and

Gn+1 = AnQn — brnGn—1,
where a,, =1 and b, =3 —2-0"

We find that g(n) is the sequence F'(2n — 1) or 1,1,2,5,13,34,89,.... Thus the Hankel

transform of w,41 is F(2n + 1). Now the Riordan array (; Jrl;; Qfﬂ, = +x2) begins
1 0 0 0 0O O
-1 1 0 0 0 O
2 —4 1 0 0 O
-5 13 -7 1 0O O
13 —-40 33 —-10 1 O
—-34 120 -—-132 62 —-13 1

Inspecting equations 2.1 and 12.15, we see that we in fact have ¢, = (—1)"t,,, where ¢, is the
sequence in the first column of the coefficient array for the orthogonal polynomials associated
to u,. In this case, this is the Riordan array (1 Jrli,; ijxQ, : +3§ +x2). We thus have the following
result: the Hankel transform of the sequence wu, 1, where u, is the binomial transform of

the Fine numbers, is the sequence F'(2n + 1) with g.f. Pgﬁ
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It is instructive to carry out the same analysis for the Fine numbers. We can easily derive
the following: The Fine numbers are defined as the first column of the Riordan array

G <1+1x>2)1 - (@ 1)

which has production array

01 00O00O0

121000

01 2100

001 210

000121

000012

The array (%, m> begins

1 0 0 0O 0 0
0 1 0 0O 0 0
-1 -2 1 0O 0 0
2 2 -4 1 0 0
-3 0 9 -6 1 0
1

We deduce that the Hankel transform of the Fine numbers is h,, = 1, while that of the once
shifted Fine sequence is —n.
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Chapter 13

Row sum and central coeflicient
sequences of Pascal triangles defined
by exponential Riordan arrays

In this chapter, we study sequences associated to two closely linked families of Pascal-like
matrices. We derive expressions for the Hankel transform of the row sums of one of the fam-
ilies, and we characterize sequences of central coefficients in terms of the associated Laguerre
polynomials. Links to the Narayana numbers are made explicit.

In Chapter 11 (and see [17]) we studied a family of Pascal-like matrices B,, and gave a
characterization of their central coefficients and associated analogues of the Catalan num-
bers. It was indicated that a family B of matrices was the more fundamental family further.
We now investigate aspects of these two families. In doing so, we introduce a new family of
Pascal-like triangles, and study properties of this new family. This allows us to re-interpret
and extend some results in Chapter 11.

We use the vehicle of exponential Riordan arrays to give a unifying theme to methods
employed in this chapter.

The Laguerre and Hermite polynomials will be seen to play an important role in this
chapter. We follow the notation of Chapter 11.

The associated Laguerre polynomials [241] are defined by

1l —n/n+a
(o) — E: PRY”
Ln (x)_n! k!(n—k>( z)"
k=0

Their generating function is

—xz

el—=z
(1 _ Z)a—l—l ’

The Laguerre polynomials are given by L, (x) = Lg,,o)(x). The associated Laguerre polynomi-
als are closed linked to the exponential Riordan array

1 x
(1 —tz)ett’ 1 —tx

Lag'“[t] =
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where we have followed the notation of Chapter 11. The general term of this matrix is

Lag® ) = 15 (1)t

The Hermite polynomials H,(z) [238] are defined by

They obey H,(—x) = (—1)"H,(x) and can be defined by the recurrence
Hy1(z) =22H,(x) — 2nH,_(z). (13.1)

They have a generating function given by

2tm x2

n=0

These polynomials are closely related to the generalized exponential Riordan array
[e_zQ, 2],

which is A060821.
We shall be interested in the Hankel transform of certain sequences in this chapter.

Example 273. A well-known Hankel transform [183] is that of the Bell numbers B,, (see
Example 33), defined by
B, =Y S(n k)
k=0

where S(n, k) represents the Stirling numbers of the second kind, elements of the matrix
S=1[1,e"—1].

This is the sequence 1,2,5,15,52..., A000110. Its Hankel transform is given by
I
k=1

One way of making this explicit is to calculate the LD L' decomposition of the Hankel matrix
with general term B, ;. We let D = diag(n!) be the diagonal matrix with diagonal elements
1,1,2,6,24,.... Then we find that

Since S and B are lower-triangular with 1’s on the diagonal, we see that
det( z+j 0<s,5<n — H k'
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as required.
The internal matrix B - D - B? has general term ; (’;) (];) j!. We have

11 1 1 1
2 3 4 ) 6
3 7 13 21 31
4 13 34 73 136
5 21 73 209 501
6 31 136 501 1546

B-D-Bf=

PO VUG VG W G A G G S

This is A088699, with e.g.f. l—gjz—:cy' The lower triangular matrix associated to this infinite
square matrix thus has general term

T(n,k) = [k < n] i) (" ; k’> (f;)j,

where we have used the Iverson bracket notation [106], defined by [P] = 1 if the proposition
P is true, and [P] = 0 if P is false. This matrix is directly related to matrices in which we
will be interested in the next section.

13.1 The family B, of Pascal-like matrices

Following Chapter 11 (see also [17]), we define the family B, of Pascal-like matrices by

B [ (1450)].

The general term B, (n, k) of this matrix is seen to be

k
~ n!
Br(n7 k) = _| Z

where
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Note that T;(n, k) is not an integer matrix.
We are interested in the row sums of B,.. By the theory of exponential Riordan arrays,
these row sums have e.g.f.

2
ezex(l-l—%:c) _ e?z-‘,—%:c )

By the invariance of the Hankel transform under the binomial transform, this means that
the Hankel transform of the row sums of B, is the same as the Hankel transform of the
sequence with e.g.f. €27, Now we have

k!
k=0

_ o 1L

nl[z"e?™ = nlz"] z%k

Rather than working with this sequence directly, we use a result of Radoux, [186, 181, 183],
namely that the Hankel transform of the sequence of involutions A000085 with e.g.f. et /2
is equal to [[,_, k!. An easy modification of the proof method in [183], or an appeal to the
multilinearity of the determinant function, shows that the Hankel transform of the sequence

with e.g.f. e*T5%" is given by
n
H ot = U5 TT &t
k=1

—=

i
I

Thus we obtain

Proposition 274. The Hankel transform of the row sums of the matriz B, is the sequence

H Pkl = r(ngl)
k=1

We can also use this to extend a result of [17] (see Proposition 252 of Chapter 11).

k!

-

b
Il
—

zzz—&—gx

Proposition 275. The sequence with e.g.f. e * has general term u, given by

13 13

n\ (2K)! ok n\ C n—2kpk
U”ZZ(Qk)—Qkk!a b :Z ok 2—k(/€+1)!a b

k=0 k=0

and Hankel transform given by

ﬁ br k!
k=1
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We finish this section by relating this row sum to the Hermite polynomials. We have

it /Dy F—G/F
—H, (—i —> <z f:c>
n! r 2
n=0
o 2 n n
- Y A, (—i —) (@ f) r
r 2/) n!
n=0
We conclude that the row sums of B, are given by

5% (i () (v5)

We can of course reverse this identity to solve for H,(r) in terms of B,(n, k). Writing
T, k(r) = B.(n, k) where now r can take on complex values, we obtain

n2]

RO S (D)

This now allows us to define, for an integer m, the generalized Hermite polynomials
H™ (2 Zm Ty (——) (13.3)

13.2 Central sequences related to the family T,

In this section, we will use the notation B, to represent the matrix [e®, x(1 + rx)]. Thus
we have, for instance, B% = B;. It is evident from the last section that the general term

B, (n, k) of the matrix B, is given by

B, (n. k) = (Z)Tr(n,@

v =2 (51 ()

J=0

where

We therefor define the matrix T, to be the matrix with general term [k < n] Z?:o (" (%) 5.

J
We note that
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We have, for instance,

100 000
110 000
121 000

T,=| 133 1 00
147 410
15 13 13 5 1

The row sums of this matrix are given by A081124, the binomial transform of | ]!. Similarly,

100 000
110 000
131 000

T,—=| 15 5 1 00
1717 7 10
1937 37 91

We note that T is the partial sum matrix, with 1’s in all the non-zero locations.
We now turn our attention to the central coefficients of T,. Thus we have

o = £

J=0

Alternatively,

T.(2n,n) = Z (n 7_l j) %7’3

I
I 3 |
()
VR
.3
~
==
ﬁk).

Clearly, we have

n—1
-1 1 .
Tr(2n,n—|—1):Z(nj )(n;— )j!rj.

=0
We define the generalized Catalan numbers associated to T, to be the numbers

CT(n) =T,(2n,n) — T,(2n,n + 1)

in analogy to the usual Catalan numbers which are equal to (27?) . (nzfl) Then we have

CT(n) = Zn: <;L) ij N "‘: (n j— 1) <n j+ 1)‘7!#

7=0 =

<
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It is easy to characterize the central coefficients T,.(2n,n).

Proposition 276. T,.(2n,n) are the row sums of the matriz Lag|r].

Proof. We have

This matrix has row sums with e.g.f.

general term to be

Lag[r] = {

1 T
1l—rax’1—rx|’

1
1—

(n—j)!

. " /n 7
elore = pl Z )
=0 \J

From the above, this is precisely T,.(2n,n).

Corollary 277. T,(2n,n) = nlr"L,(—1/r).

Proof. We have

n ,)Z:Tn_j
o \n—7j/J!
205G
r S el Gl G
N\ J r

1
nlr" L, ——)

r

meﬁ. Expanding this expression, we find the

O

We now wish to study 7,.(2n,n+1) = T,(2n,n—1). To this end, we let a, = T,(2n,n+1)
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and examine the shifted sequence a,; first. We have

n 9 '
- 50T

j=0

_ i(n+2) n! i
J

(n—)!

" /n+2\n! .
- ()
n—j)j!

=0
= nlr"L® —1 )
" T

Proposition 278. The generalized Catalan numbers CI'(n) are given by CI(0) =1, and

1 1
CT(n) = nlr"L, <——) —(n— 1)!1“”_1[/”221 <——) : n > 0.

r r

Thus we obtain

We can also characterize these numbers in term of the Narayana numbers [212], [213]

Yo = (1) ()

This follows from the fact - shown after the next proposition - that their e.g.f. is given by
rei-re — (r—1).

Proposition 279.

n

CT(n) =Y N(n,k)yr*™ (k+1)! — (r — 1)0".

Proof. We have




Thus the general term in the expansion of retm — (r — 1) is given by

; ,{%1 (Z) (n L 1) (k + 1)l — (r = 1)0",

]

We note that the e.g.f. of T,.(2n,n + 1) is given by el (oriris) (r —1). This is

1—rx

essentially the statement that the e.g.f. of a,.1 = T,.(2n + 2, n + 2) is given by

T
el-rz

(1 —rx)?’
which follows immediately from the fact that
“nln+2\ , .
anJrl:kZ—oH(n_k)T :

In other words, a,1 represents the row sums of the matrix

Lag(Q)[r]:[ ! v }

(1—rz)3" 1—rzx

Thus the e.g.f. of CT'(n) is given by

which is rem™m= — (r —1).

13.3 Central coefficient sequences of the family B,

The results of the last section now allow us to re-examine and extend some results of Chapter
11 (see also [17]) concerning the central coefficients of B,. We have

B.(2n.n) — (2:) T,(2n,n)

2 1
n r
!

Similarly, we have

B.2n,n+1) = B.(2n,n—1)




Hence we have

CB(n) = B,(2n,n) — B,(2n,n+ 1) = (2n)! [T”Ln (—1) _ L o) (—1)} .

-
n! r n+1 T

In Chapter 11 (see also [17]), we studied the ratio of the generalized Catalan numbers CZ(n)
and C,, the Catalan numbers. Using the above expression, we obtain

CB(n . 1 1
# =(n+1)r"L, (—;) — n!LEE_)1 (—;) )

In the notation of Chapter 10, this is equal to

zn:N(n, k)(k + 1)lr*

k=0

where N (n, k) = =) ("1). We immediately obtain

Proposition 280.

T
CB(n) = CnCy (n+ 1) (n + 1), r#0.

r

13.4 A note on the construction of T,

As noted in A108350, the method of construction of the matrices T, is quite general. This
becomes clear when we realize that it is the lower triangular version of the symmetric matrix

B-D: B’

where for T,, D = diag(n!r™). A108350 is similarly constructed with D = diag(n+1 mod 2).
For D = diag(k™) we get a series of “(1,k, 1)-Pascal” matrices, with k& = 1 giving Pascal’s
triangle A007318, and k = 2 giving the Delannoy triangle AO08288. A086617 corresponds,
for instance, to D = diag(C,,).
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Chapter 14

Generalized trinomial numbers,
orthogonal polynomials and Hankel
transforms '

14.1 Introduction

This chapter takes the generalized central trinomial numbers [171] as a vehicle to explore
the links that exist between certain sequences of integers, orthogonal polynomials, Riordan
arrays and Hankel transforms.

We recall that the central binomial coefficients 1,2,6,20,70,252... with general term (2:)
are the sequence A000984. They have g.f. + The aerated sequence 1,0,2,0,6,0,20,...

V1—-4x
with g.f. Jl—lw has general term equal to [z"](1 + z?)". Similarly, the central trinomial

coefficients t,, = [2"](1+x+2?)"™ which begin 1,1, 3,7,19, 51, ... have g.f. equal to \/ﬁ

The study of integer sequences often involves looking at transformations that send one
integer sequence into another one. For instance, we know that the binomial transform [230]
of the sequence with general term a,, returns the sequence with general term b,, defined by

S0

k=0

This transformation is invertible, with inversion formula

ay = %(—mk (Z) .

If we regard the sequence (a,),>0 as the column vector (ag, a1, as,...)" then this transfor-
mation can be represented by the matrix B with general term (Z) (where we take the top

'This chapter reproduces the content of the conference paper “P. Barry, P. M. Rajkovic and
M. D. Markovic, Generalized trinomial numbers, orthogonal polynomials and Hankel transforms, ALA2008,
Novi Sad, Serbia.” [23].
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left term of the matrix to have index (0, 0)) multiplying the vector on the left. For instance,
we have

10 0 0 00 1 1
110 0 00 0 1
12 1 0 00 2 3
13 3 1 00 0| = 7
14 6 4 10 6 19
1 5 10 10 5 1 0 o1

That is, the central trinomial numbers are the binomial transform of the aerated central
binomial coefficients. We note that the matrix B is in fact Pascal’s triangle.
In particular, we have

1 1 1

-z gz VI-20-32%

14.2 The central trinomial coefficients, orthogonal poly-
nomials and Hankel transform

In this section, we shall look at the specific example of the central trinomial coefficients to
exhibit links between an integer sequence, Riordan arrays, orthogonal polynomials and the
Hankel transform.

Thus we let ¢, denote the general term of the sequence with g.f. \/ﬁ Many
formulas are known for ¢,,, including

v = () ()

= () () s 002

k=0

-5 )

These equations show that ¢,, is both the binomial transform of the aerated central binomial

coefficients (n7/‘2)(1 +(=1)™)/2 or 1,0,2,0,6,0,20, ... and the inverse binomial transform of

the central binomial coefficients (277) It is easy to verify these algebraically by means of the

g ) and the generating functions of (2:) and its

Y l—x

Riordan array representation of B = (-
aeration. Thus we have
1

1 1 B
1—x\/1_4(ﬁ)2 V1 — 22 — 322
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while
1 1 1

l+2 /T4 I-2z-322

We now wish to represent the central trinomial numbers in moment form:

tn :/:L'"w(x)d:c
R

for the appropriate weight function w(x). Using the Sieltjes transform on the g.f. \/ﬁ,

we find that

1/3 . 1
t, = — z dx
TJa vV—2?+2x+3

1 1
and hence w(m) = ;ml[_lﬁ}.

We can now use this to calculate the sequences (ay,) and (3,,), and from these we can con-
struct both the associated family of orthogonal polynomials P,(x), and the Hankel transform
of t,.

We start with the weight function wg(z) = \/1;_7 of the Chebyshev polynomials of the
first kind T,,(x). For these polynomials, we have

1
Of,glo) = O, ﬁéo) = 7T7 5£0) = , 6(0) — 1—17 (n > 1)

Now
1 r—1

() 1 1 1 (
' V—r?+2r+3 2 /1 — (212 2% 2
2
Hence by Lemma 269 we have

G 012
g 1/2 ’

).

1 1 1

gV =cor=n, gl =4s=2, pY=42=1 (n>1).
2 2 4

Finally w(z) = Lw;(z) and so

an:]-a 50:%7(:17 51:27 671,:17 (n>1)

We immediately see that the Hankel transform of ¢, is given by h,, = 2".
Also, the family of orthogonal polynomials P,(x) associated to the sequence t,, which
satisfy the recurrence

Pn-l—l(x) - (ZL’ - an)Pn(x) - ﬁnpn—l(-r)7 P—l - 07 PO = ]-a
can be calculated as follows:

P(z) = (z—1)P( ( r—1;
Py(z) = (z—1P(z) —2P(z) = (v —1)* =2 =2 - 22— 1;
Py(z) = (z—1DP(z) = P(z)=(z - 12?20 —-1)— (z 1) =2* - 32° + 2;

=
|

K
L
g
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This implies that the coefficient array for the polynomials P,(x) takes the form

1 0 0 0 0 0
-1 1 0 0 0 0
-1 -2 1 0 0 0
(@)= 2 0 =3 1 0 0
-1 4 2 —4 1 0
-1 -5 5 5 -5 1

In terms of Riordan arrays, we have

(anx) 1—a? T
ap k) = , )
. I+ z+22 1+x+ a2

1— 22 x B 1—22 =z 1 x
l+ax+221+ax+22) \1+22°1+22 1+2’ 142/’

where the first array on the RHS is closely associated to the Chebyshev polynomials of the
first kind (it is the coefficient array for 27,,(z/2)). We can deduce from the last equation

that ,
C 2n 40" (P yp+ (D) k(i
k= B (=2 TN 2 T ik _
ik Zn+j+0””(—"§]( ) z U

J=0

We note that

Equivalently, we have

P,(x) =2T,((x — 1)/2).
We have the following equality of Riordan arrays
1— a2 x o 1 1— 2 —+/1- 2z — 32
l+z+22" 1+x+ 22 \WV1 =2z — 322 2z

which shows an explicit link to the numbers ¢,,, which appear as the first column of the

inverse. Writing
L_ 1— 22 x -
S \l4 o a2’ 14z +22?

we obtain the following factorization of the (infinite) Hankel matrix H = (¢;4,); ;>

H=L-D-L”

where D is the diagonal matrix with entries 1,2,2,2,.... In detail, we have

1 1 3 7 19 51
1 3 7 19 51 141
3 7 19 51 141 393 ...
7 19 51 141 393 1107 ... | =
19 51 141 393 1107 3139
51 141 393 1107 3139 8953
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1 0 0 0 00 100000 113 7 19 51
1 1 0 0 00 020000 01 2 6 16 45
3 2 1 0 00 002000 0 01 3 10 30
7 6 3 1 00 000200 0001 4 15
19 16 10 4 1 O 000020 0000 1 5
51 45 30 15 5 1 000O0O0 2 0000 0 1

We note that as expected the production matrix of L is given by

O OO O N
SO O - ==
OO = = =O
O === OO
_= = O OO
= O O OO

14.3 Generalized central trinomial coefficients, orthog-
onal polynomials and Hankel transforms

In this section, we turn our attention to the general case of the central coefficients of the
expression (1 + az + Bz%)". Following [171], we call these numbers generalized central trino-
mial coefficients, with integer parameters a and 5. We will use the notation t,(a, 3) when
it is necessary to specify the dependence on v and (3. Thus

to(a, B) = [#"](1 4+ ax + B2*)".

We have N

() = (27;) (2:) a2k gk
k=0

The generating function for ¢,(a, 3) is given by

|3

1
V1 —2az + (a? — 4p)2?

This can be obtained through an application of the Lagrange inversion formula (see Example
12). Applying the Stieltjes transform, we find the moment representation

1 CH-Q\/B 1
t,(a, = — x" dx
S T /QQ\/B V(48 — a?) + 2ax — a2
1 a+2v/B 1
= — / x" dz.
T Ja-2yB A — (z — a)?

293



n+1
2

Proposition 281. The Hankel transform of t,(«, ) is given by h, = Z”B( ).

Proof. We have
1 1

= P Iy p—r Lia—2yBat2vA)-

We start with the weight function wq(z) = \/1;_7 of the Chebyshev polynomials of the

w(z)

first kind 7},(x). For these polynomials, we have
1 1
ol =0, g =m  BV=5  BV= (0>

Now
1 1 1 1 T —

ViB—(@—a)  2VB [i— (52 - 2\/3%( 2V

Hence by Lemma 269 we have

wi(r) = )-

ol — %—/}f —a, A= —2yBr—m,
B0 =453 =28, BV =18;=8, (n>1)

Finally w(z) = 1w (x) and so

Qp = &, ﬁO:;ﬂ-:l) ﬁ1:2ﬁy 571:57 (7’L>].)

n+1
2

Hence h,, = 203 ("3") as required. n

The family of orthogonal polynomials P, () associated to the sequence t,,, which satisfy
the recurrence

PnJrl(x) = ('T - O‘n)Pn(x) - 6nPnfl(x)v Pfl = 07 PO = 1;
can be calculated as follows:

P(z) = (x—a)Py(x)—P_1(z) =2 —
Py(z) = (z—a)Pi(z) —28P)(z) = (z — a)* =28 = 2° — 20z + o* — 23;
Py(z) = (v —a)Py(x) — BP(x) = 2° — 3ax® + (3a* — 38)r + (33 — a?);

This implies that the coefficient array for the polynomials P,(x; «, 3) takes the form

1 0 0 0 0 0

—a 1 0 0 0 0

a? — 28 —2a 1 0 0 0

(ang) = a(38 — a?) 3(a? — ) —3a 1 0 0
’ ot — 4026 + 232 4a(206 — a?) 2(3a? — 23) —4a 1 0
—a(at =58+ 56%) 5(a* — 326+ %) b5a(38 —2a?) 5(2a*—fF) —ba 1
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That is,

1 — Ba? x
(an,k): 9 3 |-
14+ ax+ B22" 1+ ax + Bx

We now note that

1 — Ba? x B 1 — B2 T 1 T
l+ar+p22 1+ax+B22)  \1+p22 1+ Ba? l+ar’'1+ax)’

We deduce that the family of orthogonal polynomials (P,(x;«, 3)),>0 associated to the
generalized trinomial numbers is related to the Chebyshev polynomials of the first kind T,
as follows:

Po(z; ., B) = 28"T, (x;ﬁo‘) .

The production array of L = (a, )" is given by

L oococoNo
oo @R ~
oo @R — O
O R oo
eI e Mo N
- rOoO OO

14.4 A conjecture

The simple expression obtained for the Hankel transform of the expression ¢,(«, 3) might
lead one to conclude that the sequence

ra(e, B) = ["71)(1 + az + B2*)"

should also have a relatively simple expression. This sequence has ry = 0. We can conjecture
the following format for the Hankel transform of the sequence r,,;:

Conjecture 282. [f
= [2" (1 + ax + B2?)",

then the Hankel transform of r,+1(c, B) is given by

n

6(2) 2] 1—(a?— 30)x + 32z? — 3323

[+ Bla? — 28)a% + fia

Example 283. The sequence r,(—1, —1) with general term [z"71](1 — 2 — 2%)" begins

0,1,-2,0,8,—-15,-6,77, ...
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This sequence has Hankel transform 0, —1,0,1,0, —1,... with generating function ;5. The
Hankel transform of r,,1(—1, —1) is the sequence starting

1,—4,—4,11,11,-29,-29, ...

with general term
1 —4x + 2% + 28
1 — 322 4 ¢
Thus based on the conjecture, the generating function of the Hankel transform of
Tn-l—l(_]-a _1) is

(-1) ) [")

1 —dx — 22— 28

14322+ 24

14.5 On the row sums of L(«a, 3) = (a, ;)"

In this section, we shall be interested in the row sums of the matrix L where

Lia.d) < 1— Ba? x )—1

1+ ax + B22’ 1+ ax + Ba?

( 1 1—ax—\/1—2ax+(042—46)a:2>

V1 —2az + (a? — 46)2?’ 20z

We recall that the row sums of the Riordan array (g(x), f(z)) have generating function
g(x)/(1—f(x)). Applying this in our case, and simplifying, we obtain the following generating
function for the row sums:

1 1 11— (a+28)z 1
s(rya, B) = - 5 :
21—(a+f8+1)z 21— (a+B+1)z\/1-2ax+ (a?—4B)z?
Now % is the generating function of the sequence with general term
_ a+243
1-B)(a+B8+1)" 4+ ——— 0™ 14.1
(1= B)la+ 5+ 1+ {2 (14.1

n

Thus the row sums are the mean of the function (o + 5+ 1) and the convolution of the

function above (14.1) and t,(a, 3).
We can characterize these sums in another way, be first recalling that

1 — Ba? x (11— p2? x 1 x
l4+ax+ 622 1+ax+p22)  \1+ B2 1+ pa? l+ar’'1+ax/)
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Hence

1 — Ba? x -
1+ ax + B2’ 1+0z93+ﬂx2

B 1—pBx x !
B (1—1—041' 1+ax) <1+ﬁx2’1+ﬁx2)
1 1 — /T — 4322
(1—ax 1—OL$) m’ 28x

B 1 T 1 2e(Ba?)
- \l—az’1—oax V1— 4622’
where c(z) = 1=%=% is the g.f. of the Catalan numbers C,, = (*")/(n+1), A000108. Hence

the row sums of L are given by the a-th binomial transform of the row sums of the Riordan
array

1 2
(W,xc(ﬁx )) .

These latter row sums have generating function

1 1 1 1-28z 1

B+ 2 1-B+ 1)z J1—4322

We now wish to calculate the Hankel transform of the row sums of L(c, 3). By the binomial
invariance property of the Hankel transform, it suffices to calculate that of L(0,3). Thus
the Hankel transform is independent of «.

It is clear that the general element of the sum, s,(0, ), is given by

dz.

1/W 28— 1
— x
2m —2JB 1+ﬂ—$\/4ﬁ—l‘2

The following may now be conjectured.

Sn<07 6) =

Conjecture 284. The Hankel transform h,(c, 3) = h,(8) of the row sums of L(c, 3) is
given by
TL2 7
hn = ﬁ[T]_O Unp,
where ., is the n-th term of the sequence with generating function

(1+2)7
1— (40 — 2)a2 + 2
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14.6 Pascal-like triangles
In Chapter 10, we studied a family of Pascal-like triangles, parameterized by r, whose general

term was given by
’ k —k\
Ti=2 (y) (ny‘ )7’]'

J=0

We note that the central terms of this matrix are given by
T i (n)zm
2n,m = j :
We now note that we have the identity
" _\ an_n n\ (n—"r\ x n—2k
T_Z(J) , —Z@( ) ) (r 1,

We now associate these observations to our above results by means of the following propo-
sition.

Proposition 285.

[2")(1 + ax + ba?)" = Y (Z) (” . k) ak bk,

Proof. We have

[2"])(1 + az + ba?)" = [2"] Y (’?)ﬁ(ﬁbx)j
(

Corollary 286.
T = [2")(1+ (r + Da + ra?)™

2n,n
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Corollary 287. The Hankel transform of " s equal to ony ("3,

2n,n

It is instructive to relate this result to the LDL” decomposition of the Hankel matrix

H(r) of Tz(:;)n We take the example of » = 2. In this case,
1 3 13 63
3 13 63 321
H@2) = | 13 63 321 1683
63 321 1683 8989
Then

1 0 00 1 00 0 1 3 13 63

31 00 040 0 01 6 33

= 13 6 10 0 08 O 00 1 9
9 1 000 0 0

L=
(=)

0 1

Hence the Hankel transform of T'(2n,n,2) is equal to the sequence with general term

ﬁ(zz’@ — k) = 2mo("2),

k=0
L(2) is in fact the Riordan array

( 1 1—3x—\/1—6x—|—x2)
Vi, i

or

1— 222 x -
143z +222" 1+ 3z 4 22%2)
In general, we can show that H(r) = L(r)D(r)L(r)" where L(r) is the Riordan array

1 1—(r+1z—/1-2(r+1)z+ (r—1)2?2
V1=2(r+ Dz + (r— 1)2a?’ 2ra

and D(r) is the diagonal matrix with n-th term 2.7 — 0". Hence the Hankel transform of
T(2n,n,r) is given by

n

[Tt — 0% =273,

k=0
We note that the Riordan array L(r)
1 1—(r+1z—/1-2(r+1)z+ (r—1)2a?2
V1I=2(r+ 1)z + (r —1)%? 2rx
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is the inverse of the Riordan array

1 —ra? x
I+ (r+x+ra?2’ 14+ (r+1x+rz?/)”

Its general term is given by

S =S () o e

Its k-th column has exponential generating function given by

VT (2y/rm) [V
Corollary 288. The sequences with e.g.f. Io(2+/rx) have Hankel transforms given by 2”7"(@1).

Proof. By [17] or otherwise, we know that the sequences T'(2n,n,r) have e.g.f.
etV [ (2v/r ).

By the above proposition and the binomial invariance property of the Hankel transform [139],
B~""!'T(2n,n,r) has the desired Hankel transform. But B~""1T'(2n,n, r) has e.g.f. given by

e~ Dzt DT 10 (9 frar) = Io(2v/rx).

We have in fact the following general result :

Proposition 289.

n ke o
[2" (1 4 az + bx?)" = (n _T; B Z> (n , Z) a2k

- 1
=0

1s the general term of the Riordan array

1 — ba? x 71_ 1 1 —azx — /1 — 2ax + 22(a? — 4b)
Lt+ar+ba*’ 1+ar+ba? ) \ \/T - 2az + a?(a® — 4b)’ 2bx '

14.7 Hankel transform of generalized Catalan numbers

Following [17], we denote by c¢(n;r) the sequence of numbers
cnsr) =T2n,n,r) —T(2n,n+ 1,7).
For instance, ¢(n; 1) = C,, the sequence of Catalan numbers. We have

n+1)

Proposition 290. The Hankel transform of c(n;r) is r("2
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Proof. Again, we use the LDLT decomposition of the associated Hankel matrices.
instance, when r = 3, we obtain

1 3 12 57

3 12 57 300
H(3)=| 12 57 300 1686

57 300 1686 9912

LN
3

Then
H(3) = L(3)D(3)L(3)"
1 0 0 0 1 00 0 1 3 12 57
3 1 0 0 03 0 0 01 7 43
- 12 7 1 0 009 0 0 0 1 11
57 43 11 1 000 00

Hence the Hankel transform of ¢(n;3) is

H gk — 3("3").
k=0

In this case, L(3) is the Riordan array

1 x -
1432’ 1+ 4z + 322 '
In general, we can show that H(r) = L(r)D(r)L(r)T where

1 T -
L =
(r) (1—|—m:’1+(r+1)x+7“x2)

and D(r) has n-th term r". Hence the Hankel transform of ¢(n;r) is given by

For

]

We finish this section with some notes concerning production matrices as found, for
instance, in [75]. It is well known that the production matrix P(1) for the Catalan numbers

C,, = ¢(n,1) is given by

1
1
P(1) = 1

O OO
e )
RO O
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Following [75], we can associate a Riordan array Ap(1) to P(1) as follows. The second
column of P has generating function ﬁ Solving the equation

B 1
11— zu

we obtain u(z) = =—%5—% = ¢(x). Since the first column is all 0’s, this means that Ap(1) is
the Riordan array (1, zc(x)). This is the inverse of (1,z(1 — z)). We have

Ap(1) =

O OO =
N == O
o = OO
= O OO

Multiplying on the right by B, the binomial matrix, we obtain

100 0
1100

Ap(1)B = 2310 = L(1)
5 9 5 1

which is the Riordan array

1 1 1 !
cxe(x)? ) = : .
1—=x 142" 1422+ 22

Similarly the production matrix for the ¢(n;2), or the large Schréoder numbers, is given
by

0200
0120
P@)=10911 2
Here, the generating function for the second column is f:i Now solving
_2-—zu
C1l—au

which gives u = 1=V 1-6etz” W. Hence in this case, Ap(2) is the Riordan array <1, —Hm_m) ,

2
That is,
o(1—xz)\ "
Ar(2) = b= )

OO O
NN O
00 = O O
- 00 O O O
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The row sums of this matrix are 1,2,6,22,90,... as expected. Multiplying Ap(2) on the
right by the binomial matrix B, we obtain

1 0
2 2

Ap@2)B=| 6 10 4 0
22 46 32 8

0 0
0 0

which is the array

(1—x—\/1—6x+x2 1—3x—\/1—6x+x2)

2z 2z
Finally
1 0 00 1 0 00
0 % 0 0 2 1 00
ApB| 0 0 3 0 =ApB(1,5)=] 6 5 10 = L(2)
000 3 22 23 8 1
which is
l—2z—+vV1—-6x+22 1—-3xz—+V1—6x+ 22
2z ’ 4x
or

1 T -1
L(2) = , 5 )
14+2x 1+ 3x+ 22

We can generalize these results to give the following proposition.
Proposition 291. The production matriz for the generalized Catalan sequence c(n;r) is
given by
0
r
P(T) = 1

O O O
o= =3
3 O O

The associated matriz Ap(r) is given by

z(l —x) >1: (1 1+(7"—1)3:—\/1—2(r+1)az+(r—1)2$2)
)z ’ '

Ap(r) = (1

r—(r—1 2

The matriz L(r) in the decomposition L(r)D(r)L(r)T of the Hankel matriz H(r) for c(n;r),
which is equal to Ap(r)B(1,x/r), is given by

I—(r—Dz—y1-20r+z+(r—-1)%2 1—(r+1z—/1-20r+1z+ (r—1)%?

Lir) = ( 2x ’ 2ra
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We have

L(T):( 1 v

-1
1—|—m’1+(7"+1)x+m2> '

We note that the elements of L(r)~! are in fact the coefficients of the orthogonal poly-
nomials associated to H(r).

1)z+rx?
the coefficients of the orthogonal polynomials associated to the Hankel matrixz determined by
the generalized Catalan numbers c(n;r).

Proposition 292. The elements of the rows of the Riordan array <1+1m, 1+(T+x ) are

14.8 Hankel transform of the sum of consecutive gen-
eralized Catalan numbers

We now look at the Hankel transform of the sum of two consecutive generalized Catalan
numbers. That is, we study the Hankel transform of c¢(n;r) + ¢(n + 1;r). For the case
r =1 (the ordinary Catalan numbers) this was dealt with in [61], while the general case was
studied in [188]. We use the methods developed above to gain greater insight. We start with
the case r = 1. For this, the Hankel matrix for C, + C, ;1 is given by

2 3 7 19
3 7 19 56
g—| 7 19 56 174

19 56 174 561

Proceeding to the LDL" decomposition, we get

H = LDLT
1 0 00 20 0 0 1 3 7 b
31 0 0 02 0 0 o1ﬁ11
2 2 5
— L 1L 1 90 00 L 0 00 1 2
129151701 00834 000113
2 13 3

This indicates that the Hankel transform of C,, + C,,,; is given by

n

F(2k+3
E%ZF@WF:&).

This is in agreement with [61]. We note that in this case, L™! takes the form

1 0 0 0 .. 100 0 1 0 0 0
-2 1 0 0 ... 03 0 0 -3 2 0 0
= ¢ X 1 0 ...]=[001%0 8 —17 5 0
- £ -1 000 -21 95 =70 13

13 13 13
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where we see the sequences F'(2n + 1) and (—1)"F(2n + 2) in evidence.
Now looking at the case r = 2, we get

3 8 28 112

8§ 28 112 484

H = 28 112 484 2200
112 484 2200 10364

Proceeding to the LDL" decomposition, we obtain

H = LDLT
1 0 0 0 30 0 0 1323—81%2
S 1 0 0 02 o o0 01 F L2
_ |2 oz o1 00 22 o 00 1 %2
12 139 146 4 0 0 ( T4 00 0 1

Thus the Hankel transform of ¢(n;2) + ¢(n+ 1;2) is 3,20,272,7424 . ... This is in agreement
with [188]. We note that different factorizations of L™! can lead to different formulas for
hn(2), the Hankel transform of ¢(n;2) + ¢(n + 1;2). For instance, we can show that

1 0 0 0 100 0 1 0 0 0
-2 1 0 0 05 00 -8 3 0 0
LIt=| & -2 1 0 — (ool o0 28 —-28 5 0
—2 3 U6 000 &+ —192 345 —146 17

We note that the diagonal elements of the last matrix correspond to the sequence a(n) of
terms 1,3,5,17,29,99, ... with generating function
1+3z— 2?23
1 — 622+ a4

This is A079496. It is the interleaving of bisections of the Pell numbers A000129 and their
associated numbers A001333. We have

e
2k

L)
=0

a(n) = Z

8 4

= —(V2-1)" ((ﬁ—l) (—1)”—£—1> —(V2+1)" <(£—1> (—1)”—£—1/4\
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(n+1)2
4

Multiplying a(n) by 4l I, we obtain 1, 3,20,272,7424, . ... Hence

24

17372072727.” _ 4L(H+I)J Z <n+1>2n+1—k—L”JQF2J

Bl

(n+1) nt2 n-+1
— 4\_ J2n+1 |_ ] Z ( )Q—k
prd 2k
n+1

n+1\_._;
()
k=0

That is, the Hankel transform h,,(2) of ¢(n;2) + ¢(n + 1;2) is given by

— o("3)

ﬁ
MM‘
-

n+2

("?) (n + 2)
k=0

For our purposes, the following factorization of L™! is more convenient.

Mw

1 0 0 0 100 0 1 0 0 0
-8 1 0 0 05 0 0 -8 3 0 0

_ 56 56 1

Cabt B i U Bl I 1 o0 o 5
Y £ 34

34 34 34

—384 690 —292 34

We now note that the sequence f(LZ@) is the sequence by(n + 1), where by(n) is the
2 2

sequence 1,3,10,34, 116, ... with generating function 5= and general term

14+

1%] ol

bo(n) = (n . k) (~2)Fan2 3 (n N Z N 1) (—2)kgn—2k-1,

k=0 k=0

Hence
ha(2) = 202 )by (n + 1),

Noting that by(n) is the binomial transform of the Pell A000129(n + 1) numbers whose
generating function is ﬁ, we have the following alternative expressions for by(n):

o= B

k=0 j=0 —J
L5

- R%0)
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For r = 3, we have
4 15 69 357
15 69 357 1986
H = 69 357 1986 11598
357 1986 11598 70125

We find that
100 0 1 0 0 0
0+ 0 0 —-15 4 0 0
Lt=[ 00 &+ 0 198 —131 17 0
00 0 &% —2565 2875 —854 T3

where the sequence bs(n) or 1,4,17,73,314, ... has generating function and

1—x
1—5z+3x2

]

,_
w3

25+

(n R k) (=3)f5n 2 — 3 (” - Z - 1) (—3)F5n 2t

k=0

bg(n) =

(]

k

k .
_ n J 2j—k
()% ()
k=0 7=0
15)

LR

=0

0

S |l

Then 3(g>bg(n) is the sequence 1,4, 51,1971, 228906, . ... In other words, we have
ha(3) = 30" Dby (n + 1).

We now note that F'(2n + 1) has generating function with

1—x
1-3z+ax2
L3] L25)

F(2n+1) = <" ; k) CHELE (” B Z B 1) (—1)kgn-2k-1,

k=0 k=0

|3

We can generalize this result as follows.

Proposition 293. Let h,(r) be the Hankel transform of the sum of the consecutive general-
ized Catalan numbers c(n;r) + c(n+ 1;7). Then

+

NERETS ("7 e e > (") e,

0 k=0

v ‘

e
I
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In other words, h,(r) is the product of ("3 and the (n + 1)-st term of the sequence with
generating function HNZW Equivalently,

n

hutr) = o7 Z( R I e C D Bl (R (R L i

=0 k=0

- R ()R
k=0

SR

k=0
The two last expressions are a result of the fact that 1(+2—)+2 is the binomial transform

1
of gt
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