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Abstract
A result is obtained, stemming from Gegenbauer, where the products of certain
Bessel functions and exponentials are expressed in terms of an infinite series
of spherical Bessel functions and products of associated Legendre functions.
Closed form solutions for integrals involving Bessel functions times associated
Legendre functions times exponentials, recently elucidated by Neves et al
(J. Phys. A: Math. Gen. 39 L293), are then shown to result directly from the
orthogonality properties of the associated Legendre functions. This result offers
greater flexibility in the treatment of classical Heisenberg chains and may do
so in other problems such as occur in electromagnetic diffraction theory.
PACS numbers: 71.70.Gm, 73.43.Cd, 41.20.−q, 42.25.Fx, 42.60.Jf

Recently, Neves et al presented a closed-form exact solution to an integral, given by
equation (5), which they encountered in the solution of problems in electromagnetic vector
diffraction theory [1]. Subsequently, Koumandos [2] drew attention to this integral as a special
case of an integral result of Gegenbauer [3]. One of the present authors previously used a
similar integral, also obtained as a special case of the same Gegenbauer integral, in treating
the partition functions of magnetic particles with anisotropy [4]. More recently, the present
authors have been making use of this and similar results in treating the partition functions of
classical isotropic Heisenberg chains [5–7]. Historically, Podolsky and Pauling [8] presented
the same result as dealt with by Neves et al. Nevertheless, the present authors share the view
of Neves et al that results of this nature are of use, whilst not easily available in integral
tables, and are not generally well known. A wealth of useful results, many due originally to
Gegenbauer, involving associated Legendre functions are to be found in Watson’s classic
treatise on Bessel functions [9]. However, these are often overlooked, perhaps owing to their
expression in terms of the more general Gegenbauer polynomials, even though these are easily
related to associated Legendre functions. Here we obtain a result stemming from Gegenbauer,
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which expresses a specific product of a Bessel function and an exponential as an infinite
series of products of spherical Bessel functions and Legendre polynomials, or more generally
associated Legendre functions. In this, the result of Neves et al is seen as a direct consequence
of the orthogonality properties of the associated Legendre functions, whereby the infinite
series collapses to a single term. These underlying results have been of particular use to the
present authors in their treatment of Heisenberg chains, applicable to molecular magnets [10],
allowing the order of integration to be altered in multiple integrals. These or other advantages
may also arise for the other problems in which these mathematical forms occur. In the case of
Heisenberg chains these mathematical forms appear in terms of the modified spherical Bessel
functions of the first kind. The derivations are presented for the Bessel form but can be easily
replicated for the modified form.
From Watson [9] section 11.5 equation (9) we have an expansion due to Gegenbauer
1
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valid for all ν, where Jn (x) are the Bessel functions, (ν) is the Gamma function and Cnν (cos θ )
are the Gegenbauer polynomials which relate to the associated Legendre functions Pnm (cos θ )
via [2]
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For m = 0, m  n, making the substitution m = ν − 12 in the Gegenbauer expansion and
noting the properties of the Gamma function [11] we can write in terms of the associated
Legendre functions
Jm (R sin θ sin ψ) exp(iR cos θ cos ψ) =

∞


in−m (2n + 1)jn (R)

n=0

(n − m)! m
P (cos θ )Pnm (cos ψ),
×
(3)
(n + m)! n
where jn (x) are the spherical Bessel functions of the first kind. The reader’s attention is drawn
to the fact that whilst θ and ψ both appear in the arguments of each of the functions on the left,
on the right they are decoupled. Multiplying by Pnm (cos θ ) and applying the orthogonality
condition for associated Legendre functions, namely
 π
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δn,l ,
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(4)
2n
+ 1 (n − m)!
0
where δn,l is the Kronecker delta function, leads to the collapse of the series to a single term
 π
Jm (R sin θ sin ψ) exp(iR cos θ cos ψ)Pnm (cos θ ) sin θ dθ = 2in−m jn (R)Pnm (cos ψ), (5)
0

which is the result of Neves et al [1] or Podolsky and Pauling [8], or indeed a special case of
Gegenbauer’s finite integral [2, 3].
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